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A GEOMETRIC INEQUALITY WITH ONE PARAMETER
FOR A POINT IN THE PLANE OF A TRIANGLE

JiAN L1U

(Communicated by G. Leng)

Abstract. With the help of mathematical software Maple for calculations, we establish a new
geometric inequality with one parameter on a given interval involving an arbitrary point in the
plane of a triangle. Two related interesting conjectures checked by the computer are put forward.

1. Introduction and main result

Let P be an arbitrary point in the plane of triangle ABC. Denote by R|, Ry, R3
the distance of P from the vertices A,B,C, and r;, r», r3 the distances of P from
the sidelines BC, CA, AB respectively. If P lies inside triangle ABC, then we have
the following famous Erdos-Mordell inequality (see [1-5], [8-10], [12], [17-20]) and
references therein):

Ri+Ry+R3=22(r1+r+r3), (1.1)

with equality if and only if AABC is equilateral and P is its center.

There are many methods to prove inequality (1.1) (see e.g. [1-3], [8-10], [16],
[18]). In a recent paper [12], the author gave a new proof, in which the following
inequality (1.2) holding for any point P in the plane was used:

Ry+R3 > \/a>+4r, (1.2)

where a = BC. Equality in (1.2) holds only when R, = Rj3.
Starting from inequality (1.2), the author recently find a new geometric inequality
with one parameter. Let us introduce our original idea as follows:

Noting that R, + R3 < y/2(R3 + R3), it follows from (1.2) that

R3+R;—2r} > —d*. (1.3)

N —

Using (1.3) and its two analogues and adding them, we obtain the symmetric inequality:

R+ R —2rf RI+R{-2r3 Ri+R3-2r3

3
- (1.4)
a? b? c2 2’
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where a,b,c are the lengths of the sides BC, CA, AB respectively. Equality in (1.4)
holds if and only if R = R, = R3,1i.e. P is the circumcenter of ABC.
The inequality (1.4) first inspires the author to find the similar inequality:

RI+R3+2rf R3+Ri+25 RI4+R3+23 5
- >3
a? b? c? 2

(1.5)

It is interesting that the equality of this inequality also holds if and only if P is a special
point of triangle ABC. More exactly, the equality in (1.5) holds if and only if the
barycentric coordinates of P with respect to AABC is (a*,b%,¢?), namely P coincide
with the Lhuilier-Lemoine point K of ABC (see [17, p. 278]).

We also find that
R3+R;—r1 R§+R%—r§+R%+R§—r§>z (16)
a? b? 2 4 '
and
RE+Ri+r R3+RI+13 R2+R2+r3 9
2 L + 2 > (1.7)

hold and both of equality conditions are the same as in (1.1).
Considering the unified generalization of these inequalities, we find the following
conclusion:

THEOREM 1. Let ABC be a triangle with sides a,b,c. If —2 < A <2 be a real
number; then the inequality:

RE+R3+Arl RE+RI+Ar3 RI+R3+Ar; _A+8
5 + 5 + > > (1.8)
a b c 4

holds for any point P in the plane. When A = —2, the equality in (1.8) holds if and
only if P is the circumcenter of ABC. When A = 2, the equality in (1.8) holds if and
only if P is the Lhuilier-Lemoine point of ABC. When —2 < A < 2, the equality in
(1.8) holds if and only if ANABC is equilateral and P is its center.

In particular, when A =0, (1.8) becomes
R3+R3 N RI+R: N R}+R3
a? b? c2

which does not include the distances ry, r, and r3. This inequality can also be deduced
by adding up (1.4) and (1.5) or (1.6) and (1.7). In [13], the author obtained the following
weighted generalization of (1.9):

=2, (1.9)

R2+R R+ R} RI+R3 2
32 2 = Ly? 4 =L 3 222> Z(yz+zx+ay), (1.10)

where x,y,z are arbitrary real numbers.
The main purpose of this paper is to prove Theorem 1. In addition, we also propose
two related conjectures in the last section.

(O]
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2. Several lemmas
In order to prove our theorem, we first give several lemmas.

LEMMA 1. For any real numbers x,y,z and triangle ABC withe sides a,b,c, we
have

AP+ 320+ 2P 2y (0P + P - @)+ (A - b +xy(aP bR - cP),  (2.0)
with equality holding if and only if x =y = z.

The inequality (2.1) was first given by J. Wolstenholme in [21] and it has several
equivalent forms. For example, the equivalent trigonometric form:

x2+y2+z2 > 2(yzcosA + zxcos B+ xycosC) (2.2)

(A,B,C are the angles of triangle ABC) which can be used to establish the weighted
Erdos-Mordell inequality (see [17]):

xRy + Y Ry + 2Ry = 2(yzry + zxra +xyr3), (2.3)

with equality holding if and only if x:y:z=sinA:sinB:sinC and P is the circum-
center of triangle ABC.

LEMMA 2. For any triangle ABC with sides a,b,c, we have

Qo = (b* 4+ cha® —2(b* + ) (2b* — b*® + 2¢*)a® + (6b° — 2b°¢* + 6b*c*
=202+ 6¢%)at —2(b? + ) (2b* — bPc* 4 2¢*) (b* — be — ) (b* + be — ¢*)a®
+b'2 — 66" + 13b8¢* — 1450 4+ 13b*c® — 6b%c'0 + 12 > 0, (2.4)

with equality holding if and only if a:b:c =/ (34++/13)/2:1:1.

Proof. Let b+c—a=2u, c+a—b=2v, a+b—c=2w, then a=v+w,
b=w+u, c =u+v. Substituting them into the expression of Qp and using important
mathematical software Maple (we used Maple 15), one obtains

Qo = 2u"? + 12(v+w)u' + (347 + 1120w + 34w?)u'® +20(v + w) (3v> + 1 Tvw
+3w?)u’ 4 (72v* 4 804v3w + 1622v*w? + 80dvw® + 72wh)u®
+4(v 4 w) (15v* 4 2461w + 620v*w? + 246vw> + 15w*)u”
+(341° + 888V w + 5290v*w? + 50081 w> 4 529002 w* + 888vw” + 34w°)u®
+4(v4+w) (30 + 111w + 1397v* w2 — 3200w + 1397v?w* + 111vw°
+3w0)® 4 (20 + 116v7w + 437000 437801 w? — 794v*w* + 3780v°w°
+4370°w® + 116vw +2w®)u* +4(v + w) (208 + 4207w + 148v*w?
—461v°w? + 1482w 4+ 420vw° 4+ 2w®)udvw 4 2(1341° + 26017 w — 125v*w?
—480v>w? — 125v2w* +260vw° 4 134w0)®v2w? +4(v 4+ w) (2v* — 11w
—15v?w? — 11vw® 4+ 2w uvw? +2(0% + vw + w?) vt (2.5)
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where u > 0, v >0, w> 0. Since v,w are symmetric with respect to Qp, we may
assume that v > w and let

v=w-+m, (2.6)
where m > 0. Substituting (2.6) into (2.5) and making use of Maple, we get the fol-
lowing identity:

Q0 =2(Q1 +wQa)m’ +203(u+w)?, 2.7)

where

01 = (u* + 4Pw 4 134°w? + 4uw® + wh)m® + (6u° + 66u*w + 8761 w? + 1332u%w?
+14uw* + 10w°)m* + (17u* 4 26190’ w? + 7156uw’ + 5447w )m> u?
+2(15u* 4 2731w + 22551°w? + 8137uw® + 12069w™) m?u®
+4u? (168u*w + 9u® + 12801 w? + 10982uw? + 10776w° 4 52161°w* )m
+2(u 4 w) (156 +258u*w + 18021’ w? + 7130u?w? + 15720uw® + 16774w” )i,
0> = 3(90u° — 22uw* + 15w)m® + 2(5867u* — 259uw + 59w*)m*w*
+4(3520u% — 352uw + 49w mw® + 2(u 4 w) (5654u> — 1122uw + 105w w” |
03 = (17u® 4 256u"w 4 1704uw? 4 66961 w> 4 15626u*w* + 18160uw>
6448w — 1944uw’ + 141w3)m? + 2(u* + 4w + 181>w? + 28uw’
3w (3ut + 24w + 781w + 64uw® — Owh) (u +w)m + (u* + duPw
+18u*w? 4 28uw® — 3w*)? (u+w)?.

Obviously, inequality Q; > 0 holds strictly for u,v,w >0 and m > 0. By using
the monotonicity property of the function, it is easy to prove that 90x> —22x+ 15 >0
holds for x > 0. Taking x = u/w, it follows that 90u> — 22uw* + 15w> > 0. Again,
note that 5867u® — 259uw + 59w? > 0, 3520u” — 352uw +49w? > 0 and 5654u* —
1122uw + 105w? > 0, hence we see that 0> > 0 also holds strictly.

Next, we prove Oz > 0. Q3 is a quadratic function for m and its constant term is
nonnegative, to show its quadratic term is positive it suffices to show that

181601 w> + 6448u*w® — 1944uw” + 141w > 0, (2.8)

which can be proved by the method to prove 901> — 22uw* 4 15w > 0 as above (we
omit the details here). So, it remains to prove that the discriminant F;,, of Q3 is less
than or equal to zero. Through the calculations using Maple software, we easily get

Fp = —16(2u® + 28u"w + 165u°w? 4+ 642°w> 4+ 163 1u*w* + 21521 w> + 939u*w®
—198uw” + 15w®) (u* + 4uw + 181’ w? + 28uw® — 3w*)? (u+w)?. (2.9)

Since 9391w — 198uw’ + 15w® = 3w®(313u® — 66uw + 5w?) > 0, F,, <0 follows
and inequality Q3 > 0 is proved.

By Q1 >0, O, >0, O3 > 0 and the identity (2.7), we know that Qp > 0 holds
true. Also, the equality in Qp > 0 occurs only when m =0 and Q3 = 0. Since also the
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equality in Q3 > 0 holds if and only if F,, =0 and

2(17u® 4-256u"w + 1704u’w? + 66961 w* + 156261 w* + 181601 w> + 6448u°w®
—1944uw” 4+ 141w®)m + 2(u* + 4w + 18u*w? + 28uw® — 3w*) (3u* 4 241w
+78u*w? + 64uw® — 9w (u+w) = 0. (2.10)

So, the equality in Qg > 0 holds if and only if m =0, F,, =0 and (2.10) holds. From
F,, = 0, we conclude that

u* + 4w+ 18uw? + 28uw® — 3wt = 0, (2.11)
which is equivalent to

(b4+c—a)*+4(b+c—a)(a+b—c)+18(b+c—a)*(a+b—c)?
+28(b+c—a)(a+b—c)*—3(a+b—c)*=0. (2.12)

Note that m = 0 and (2.11) yields (2.10), while m = 0 means that v = w and then
b = ¢, hence the equality in Qp > 0 holds if and only if b = ¢ and (2.12) is valid.
Using b = c in (2.12) and simplifying, we obtain

at—3a** —b* =0,

and then a> = %ﬁbz. Therefore, equality in (2.4) holds if and only if a:b:c =
(3++/13)/2:1: 1. This completes the proof of Lemma 2. O

LEMMA 3. Let 0 <t < 4 be a real number; then for any triangle ABC with the
sides a,b,c and the area S, we have

fo = apt® + bot +¢o >0, (2.13)
where

ap = 16(2b** +2¢%a* 4 2a°h? — a* — 2b* — 2¢*)$?,
by = —4a® +20(b* + c?)a® — 12(3b* + 2b°c* + 3ch)a* + 4(b* + 2) (Tb* — 1202
+7¢Ma? — 8(b? + be — ) (b* — be — ) (b* — b*c* + ¢*),
co = 64(4b*c* +4c%a® +4aPb* — a* — bt — ¢t S2.
If ag = 0, then the equality in fy >0 holds if and only if t =4, A= /2 and b*> +

2 —\/6bc=0. If ay # 0, then the equality in fo > 0 holds if and only if t =4 and
A=m/2.

Proof. We consider three cases: ap =0, ap > 0 and ap < 0. Let

ko = 2b%* +2c%a® + 2d°b* — a* — 2b* — 24, (2.14)
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then we obviously have kg =0, ko > 0 and ko < O under the above three cases, respec-
tively.

Case 1. ag=0.

In this case, it follows from the hypothesis that

at—2(* +cAa® +2(b* — b P +c*) =0, (2.15)

and we have to prove
bot +co = 0. (2.16)

From the known equivalent form of Heron’s formula:
168% = 2b°c? 4 2a*b* +2c%a® — a* — b* — ¢*, (2.17)

where S is the area of triangle ABC, we see that ¢o > 0. Hence, if by > 0 then (2.16)
holds for all positive numbers 7. If by < 0, then we obviously need to prove the case
t=4,1ie.

4bg+co = 0. (2.18)

Using the expressions of by and c, it is easy to verify the following identity:
4bg+ co :4(m1k0+n1), (2.19)
where

my =3a* = 8(b* + *)a® + 4(b* — be — ) (b* 4 be — ¢?),
ny = (4b*? — b* — M2 +22d® + 2420 — bt — ¢*).

By the hypothesis ag = 0 we have ky = 0. So, it follows from (2.19) that 4by + co =
4n;. Thus, we need to prove n; > 0. Since

20%¢* + 202 +24°0 — bt — ¢t > 0,
which is clear by (2.17). Hence, it remains to show that
4’ —bpr—c*t>0. (2.20)

Noting that the quadratic equation (2.15) has real roots for a2, the discriminant of it is
greater than or equal to zero, i.e.

4(p? + 1) —8(b* —b*c* +c*) >0,

which is equivalent with the required (2.20). Thus, inequality (2.16) is proved and its
equality occurs only when t =4 and n; = 0. Again, n; =0 yields

4p°c* —b*—* =0, (2.21)

which is equivalent to
b +c* —V6bc = 0. (2.22)
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Solving the quadratic equation (2.15) in @®> and using (2.21), we obtain a® = b? 4 ¢?
which means A = /2. Therefore, the equality in (2.16) holds if and only if 1 = 4,
A =m/2 and (2.22) is valid. This completes the proof under the first case.

Case 2. ag > 0.

In this case, the parabola fy = aot® + bot + co opens up. The discriminant of fy is

Fy = b} — 4apco. (2.23)

We will prove that
Fy>0. (2.24)

Using the expressions each of ag, by, co and making use of Maple, it is easy to obtain
the following identity:
F() = 32m0Q0, (225)

where
mo = a* +b* + c* — b2c? — Pa® — d*b?,

and Q is the same as in Lemma 2. By (2.25), the inequality Qp > 0 of Lemma 2 and
the simple inequality mg > 0, we conclude that (2.24) is true.

If Fy =0, then fy > 0 holds for any real number ¢ under the hypothesis ag > 0.
Also, it is not difficult to know that the equality in fy > 0 holds only when two cases

occur,ie. a:b:c=1:1:1andt=6o0ra:b:c=4/(3++13)/2:1:1 and

t = 8 +2+/3. Therefore, if ag > 0, Fy =0 and 0 < ¢ < 4, then there is no equality in
fo=0,ie. fo >0 holds strictly on the interval (0,4].

If Fy > 0, then there exist two crossover points 77 (1,0) and T»(72,0) between the
parabola fp and ¢ axis (see Figure 1). Assuming that #; > 1, then we have

y = —bo—vh (2.26)
2a0

th = —bo+ vk VFO. (2.27)
2a0

Figure 1

We will prove that two points 77 and 75 lie on the positive ¢ axis (see Figure 1). For
this, we have to prove #; > 0, namely,

— by > \/Fo. (2.28)
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We first show that
—bo>0. (2.29)
In fact, —bg can be written as follow:
— by = 4(MQk0 + nz), (2.30)
where
my = 3(b* +cH)a® +4b*? —a* —b* — ¢,
ny = (b* 4 c*) (b —c)*(b+c)*a* +2b° 2 (b* — b*? + ¢*).
By (2.17), we see that my > 0. Since also np > 0 and ko > 0 from the hypothesis, hence

—bgy > 0 follows from (2.30) at once. We now prove inequality (2.28). By (2.29), we
need to prove b% — Fy > 0. Itis easy to verify that

b} — Fy = 4096konoS*, (2.31)
where
ny = 4b>? + 4*a* + 4a*b* — ot — bt — 4.

Hence b(z) — Fp > 0 holds since we have kg > 0 and ng > 0 by (2.17). The inequality
(2.28) is proved.

The double inequality #, > #; > 0 shows that fj is greater than or equal to zero
when ¢ lies in the interval (0,#;] (see Figure 1), namely fy > 0 holds for 0 <t <17y,
and the equality holds if and only if # =¢,. Thus, to prove fy > 0 for 0 <7 <4 we
have to prove that

H = 4. (2.32)

By (2.26) and the hypothesis, it is equivalent to
— (8ag+bo) =V Fo. (2.33)
But, we have the following identity:
— (8ap+ by) = 4(koms +n3), (2.34)
where
msy = a* +b* 4t — (b + F)d?,
n3 = a* (> + ) (b+¢)*(b—c)> + 207 (b* — b* P + ).

Clearly, m3 > 0 and n3 > 0 are valid, hence —(8ag+ bg) > 0 holds and the proof of
(2.33) turns to
(8ag+bo)> — Fy > 0. (2.35)

Again, using Maple software we easily obtain that

(8ag + bo)* — Fy = 256ko(a* + b* + c*) (b* + ¢* — a*)*$?, (2.36)
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which shows that (2.35) holds if ko > 0. So, inequality (2.33) is proved, and its equality
holds only when b +c* —a*> =0, i.e. A= r/2. Further, it is easily seen that if ag > 0
and Fp > 0 then the equality in fy > 0 holds if and only if t =4 and A =7/2.

Combining the above arguments under the two cases, Fp =0 and Fy > 0. We
know that if ag > 0 then fy > 0 holds for 0 < r <4 and the equality in fy > 0 holds if
andonly if t =4 and A = /2.

Case 3. ag <0.

In this case, the parabola fy = agt> + byt + co opens down. Also, it is easy to know
that inequality (2.24) holds strictly (we can show that the case Fy = 0 is incompatible
with ag < 0). Therefore, there exist two crossover points 7i(z;,0) and T»(f»,0) be-
tween the parabola fj and ¢ axis. We will show that the crossover points 7Tj(z1,0) lies
on the positive 7 axis and T>(#,,0) lies on the non-negative ¢ axis (see Figure 2). It is
sufficient to prove the double inequality:

Hh>0>n. (2.37)

fo

Figure 2

By (2.26) and the hypothesis, inequality #; > 0 is equivalent with

VFo > —by. (2.38)

If by > 0, then (2.38) holds tritely. If by < 0, then we need to prove Fy— b(z) > 0. Under
the hypothesis we have ko < 0, hence Fp— b% > 0 follows from (2.31) and 7 > 0 is
proved. In the same way, we can prove the second inequality 7, < 0 in (2.37).

The double inequality (2.37) shows that fy > 0 holds if 7 is on the interval (0,#,].
Thus, to prove fy > 0 for 0 < ¢ < 4, we need to prove t, > 4. By (2.27) and the
hypothesis, inequality 7, > 4 is equivalent to

/Fo > 8ay + by. (2.39)

Obviously, is suffices to prove for 8ag+ by > 0. So, the inequality to be proved is
equivalent with Fy — (8ag +bo)? > 0, which is obtained by identity (2.36) and ko < 0O
from the hypothesis ap < 0. Hence (2.39) is proved and it is easily known that the
equality in fy > 0 holds if and only if 7 =4 and A = /2 under the third case.
Combining the arguments of the three cases above, Lemma 3 is proved. O

LEMMA 4. Let p1, p2, P3, 91, 92, q3 be real numbers such that py >0, py >0,
p3>0, 4pap3—qi >0, 4p3pi—q3 >0, 4pipy— g3 > 0 and

Do =4p1paps — (919293 + P1gi + P23 + p3q3) = 0. (2.40)
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Then the inequality
P1IX° + P2y’ + paz > yaqn + 22 +Xyg3 (2.41)

holds for all real numbers x,y,z. If x,y,z # 0, then the equality in (2.41) holds if and
only if Do =0 and

(2p1g1 +q293)x = (2p2g2 + q3q1)y = (2p393 +q192)z- (2.42)
Proof. Putting

Eo = p1x* + pay* + paz® — (yzq1 + 2xq2 + xyq3),

it is easy to verify the following identity:

2p1x—q2y—q32) . Api1pa—q3 2p1q1+ 2 Dox?
Ey — GP1=a2y=432)" | 4pipa—q3 ( _2pan ngsz) LD o)
4p1 4p, 4p1p2—q3 4pap3—qi
Using (2.43) and its two analogues and adding them, we get
3Ey=E|+ E> + E3, (2.44)
where
C Q2pix—q@z—q)* | 2py—gx—qi12)® | 2psz—q1y— qox)?
E) = + +
4py 4p> 4p3
E, = AP — 43 ( _2pigi+ g3 2)2 L Apps—ai (Z_ 2pzqz+q3q1x)2
4p1 dpipr—q3 4p> © Apaps— 43
L App -3 (x_ 2p3q3+ 142 )2
4p3 4p3p1—q3 ’
2 2 2
X Z
Ey =Dy ( 2 2) :
dpop3—q7  4p3p1—q;  Apip2—q3

By identity (2.44) and the given conditions, inequality Eq > O is proved.

We now discuss the equality conditions of (2.41). If x,y,z # 0, from identity (2.44)
we see that the equality in (2.41) holds if and only if E; = E, =E3; =0. By E3 =0 we
conclude that Dy = 0. By E; =0 we have

2p1q1 +q2q93
Yo 5>=0,
4p1p> — g5
2 +
PP qacznx _o, (2.45)
4prp3 —qy
2p3qzs+qi1q92
X——————y= 0.
4p3p1 —q;
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Using (2.45) and Dy = 0, we get

2p1x — q2z—q3y

(2p3q3 + q192)y (4p1p2 — 43)y
e gy — 3y
4psp1 —q; 2p1q1 + 9293

_ —4yp1g2(4p1P2p3 — 419293 — P14T — 243 — P343)
(4p3p1 — 432) (2p1g1 + G293)

=2p;

=0.

Similarly, we obtain 2p,y — q3x — g1z = 0 and 2p3z— g1y — qox = 0. Thus, we have
E; =0 by (2.45) and Dy = 0. On the other hand, by Dy = 0 and (2.45) one has

(2P191 + q2q3)x — (2p2g2 + q3q1)y
(2p3g3 +q192)y
T A2 (
4p3p1—q;
_ —2yq2(4P1P2p3 — 419243 — P1qt — P24 — P3G3)
(4p3p1 —q3)

= (2p191 +q293) - 2p2g2 +q3q1)y

=0.

whence (2p1q1 + q293)x = (2p2g2 + q3q1)y. Similarly, we get (2p2qa2 + q3q1)y =
(2p3g3 + q192)z and then the continuous identity (2.42) is obtained.

Combing the above arguments, we know that if x,y,z # O then the equality in
(2.41) holds if and only if Dy = 0 and (2.42) is valid. This completes the proof of
Lemma 4.

REMARK 1. Lemma 4 gives a sufficient condition of the quadratic inequality
(2.41) holding for all real numbers x,y,z. In fact, using other methods we can prove that
the necessary and sufficient condition of inequality (2.41) holding for all real numbers

X,z p1 =0, p2 =0, p3 =0, 4paps—q3 =0, 4p3p1 — g3 >0, 4pipr— 3 >0
and Dy > 0.

REMARK 2. As an application of Lemma 4, the previous Wolstenholme inequal-
ity (2.1) can be derived readily. Some other applications, see [14], [15], [22].

3. Proof of Theorem 1

For simplicity, we denote by Y, cyclic sums in the next proof.

Proof. Clearly, the inequality (1.8) is equivalent to
2 (A+8)

1 1 r
2R%<b—2+c—2)+lza—12> = (3.1)

For the distances R and r;, we have the following known formulae (see, e.g. [6], [7],

[17]):

(x+y+2)°R} = (x+y+2)(ye* + 2b%) — (yza® + zxb” + xyc?) (3.2)
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and
2xS

(x+y+2z)al’ (3-3)

ry =

where x,y,z are real numbers and related real triple (x,y,z) denotes the barycentric
coordinates of the point P with respect to AABC. For Ry,R3 and ry,r,, we also have
similar formulae.

By (3.2) and (3.3), we know inequality (3.1) is equivalent to

Z ye2 + zb? B yza2+z,xb2+xyc2] <i i) 4082 2 (7L +38)
x+y+z (x+y+z2)? b? (x+y+z2)? A7
namely,
1 1 2% vzd® « 1 4/1S2 8)
- b? - - - >0. (34
Zyc +z )<b2+ ) (2 “a 22 (3.4)

If we make the substitutions: x — xa2, y— ybz, 7 — zc2, then (3.4) becomes

S+ (B +c?)  2Xyz¥ b N 40873 A48
Y xa? (Zxaz)2 (2xa2)2 4

> 0. (3.5)

Multiplying both sides by 4(3 xa*)? and using area formula (2.17), that is
42)6612 Y (v+2) (b*+c*) -8 Zyszzcz +2(2 szcz - Za“) sz
—(2+8) (Y xa?)’ >0. (3.6)

Expanding out, we obtain the following equivalent inequality required to prove:

e1x’ + 2y’ + 3z’ — fiyz— frzx — faxy 2 0, (3.7
where
4a* (0?4 ¢*) + A(2b° 2 + 2¢%a* + 2a*0* — b* — ¢ — 24,
e = 4b2(c +a®) 4+ A (20 +27a° 4+ 2a°b* — ¢t — a* —2b%),
=4cX(a® 4 b))+ A (2b%* +2%a* 4+ 2a*b* — a* — b* —2¢Y),
42 (B + ) +2Ab° — 4(b+¢)*(b—¢)?,
4% (c? +a*) +2Ac%a* — d(c+a)?(c —a)?,
402(a +b%) +24a*b* — 4(a+b)*(a—b)*.

When A = —2, inequality (1.8) becomes (1.4), which has been proved by a straight-
forward way in the first section. So, we now consider two cases A =2 and —2 <A <2
to finish the proof of inequality (3.7) and Theorem 1.

Case 1. AL =2.

We will use Lemma 1 to prove this case.
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If we let A =2 in (3.7) and divide both sides by 2, then the inequality becomes

g1+ g2y* + 832> — hiyz— hpzx — haxy > 0, (3.8)
where

g1 = —2a* +4(* +*)a® — (b+c)*(b—c)?,

g = 26"+ 4(F 4+ a*)b* — (c+a)*(c—a)?,

g3 = -2+ 4(a>+ b)) — (a+b)*(a—b)?,

hy =2(b*? + *d® +a®b?) —2(b+¢)*(b—¢)?,
hy =2(b*c? + 2d® + a*b?) = 2(c +a)?(c — a)?,
hy =2(b*? + 2ad® + a®b?) — 2(a+b)*(a — b)*.

Next, we are going to prove that gy >0, g» >0, g3 >0 and /g1, \/g2, /83 forma
triangle. First observe that

g1 =40+ ovw w4 +w) (V6w whut (v—w) (v+w)?,  (3.9)

where u=s—a>0,v=s—b>0, w=s5—c>0. Thus, g; > 0 holds true. Similarly,
we have g2 >0 and g3 > 0. Let ) = /g1, b = /82, I3 = /g3, then by Heron’s
formula:

S=+/s(s—a b)(s—c) (3.10)
and its equivalent form (2.17), we know that l1, I, I3 form a triangle A’B'C’ if and
only if

Go =28>83 +28381 +28182 — 81 — g5 — &3 > 0. (3.11)

Using the expressions of g1, g2, g3 and formula (2.17), it is easy to verify that
Go = 64n(S?, (3.12)

where ng is the same as in (2.31) and ng > 0. Thus, Gy > 0 holds and the claimed
conclusion is proved.

Now, if we apply the Wolstenholme inequality (2.1) to triangle A’B’C’ and note
that

B+3-F=g+g—g =h, (3.13)
B+E-L=g+g1—g=h, (3.14)
B+5—-15=g1+g -8 =hs, (3.15)

(which can be verified easily)then we obtain inequality (3.8) immediately, and by Lemma
1 we know its equality holds if and only if x =y = z. Hence, we complete the proof
of the case A = 2 in (3.1), namely, inequality (1.5) is proved. Moreover, it is easily
seen that if A =2 then the quality in (3.1) holds if and only if x:y:z=a?:b*: >
Therefore, the equality in (1.5) holds if and only if the barycentric coordinates of the
point P is (a?,b*,c?), which means that P is the Lhuilier-Lemoine point of AABC.
This completes the proof of Theorem 1 under the case A =2.
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Case 2. =2 < A <2.
By Lemma 4, to prove (3.7) for this case, we first prove that

4eres — f2 > 0. (3.16)
After calculating with the help of Maple, one obtains
deses — f2 =4 A+ biA +cy), (3.17)
where

a; = 16(2b*? +2¢%a* +2a°h* — a* — 2b* — 2c¢*)$?,

by = —4(b* + *)a® + 8(b? + be + ) (b — be + ¢*)a®

—4(b* 4 P) (b* — 4D + *)a® — 8bP P (b — b2 + ¢*),
—4(b+c)*(b—c)*a* +8(b* + ) (b* + ) a® — 4(b* + ) (b — 4b? S+ ).

C1

Thus, we need to prove
aA? +biA+ep > 0. (3.18)

Letting A =2 —1, thenby —2 < A < 2 we have 0 <t < 4 and (3.18) becomes
a1(2—1)?+b(2—1)+c1 >0,

which is equivalent to
aot® + bot +¢o > 0, (3.19)

where ag, by, co are the same as in Lemma 3. According to Lemma 3, we know that
inequality (3.19) strictly holds for 0 < < 4. Hence, the strict inequalities (3.18) and
(3.16) are proved. Clearly, inequalities 4e3e; — f22 >0 and 4eje; — f32 > 0 similar to
(3.16) are also valid.

Now, by Lemma 4, it remains to prove the inequality:

Ko =4ejeze3 — (fifofs +eifi +eafs +esf3) 2 0.

Applying Maple software and the formula (2.17), it is not difficult to verify the follow-
ing identity:

Ko=5122-2)2+1) X a* =Y p*c?) (3 b°c* +448%) S°. (3.20)

By (2.17) and the fact ¥ a* — ¥ b*c*> > 0 with equality if and only if a = b = ¢, we
see that Ky > 0 holds for —2 < A < 2 and the equality in Ky > 0 occurs if and only
if a=>b = c, namely AABC is equilateral. Further, by lemma 4 we know that the
equality in (3.7) holds if and only if @ = b = ¢ and x = y = z. Thus, when —2 < A <2
the equality in (3.1) holds if and only if AABC is equilateral and P is its center. This
completes the proof under the second case.

Finally, combing the above arguments, the proof of Theorem 1 is completed.
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4. Two related conjectures

The inequality (1.4) inspires the author to conjecture the following similar inequal-
ity:

Ry+R3—2r1 R3+R;—2rn Ri+Ry—2r
2+ 13 1,1 1 2, M cz 353 4.1)

a b

holds for any interior point P of triangle ABC. With the help of the computer for
checking, we propose general conjecture:

CONJECTURE 1. Let A be a real number such that % < A < 2, then for any inte-
rior point P of triangle ABC we have

Ry+R3—Ary R3+R —Arm  Ri+Ry—Ars _ (4—1)V3
a + b + c > 2 '

4.2)

In addition, considering the generalization of Theorem 1, we pose the following
conjecture:

CONJECTURE 2. Let k and A be real numbers such that k >2 and k > A > -2,
then for any interior point P of triangle ABC we have

Rf+Rf+Arf N RE+R}+Arf N Rf+Rf+Arf 3(21+2)
k

- L e @3)
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