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LOCAL HOLDER ESTIMATES FOR GENERAL
ELLIPTIC p(x)-LAPLACIAN EQUATIONS

FENGPING YAO

(Communicated by D. Zubrinic)

Abstract. In this paper we obtain the interior Holder regularity of the gradients of weak solutions
for general elliptic p(x)-Laplacian equations

div (a(x, Va)) = div (\f\”()‘)’zf> ,

under some proper assumptions on a and the Holder continuous functions p,f.

1. Introduction

In this paper we mainly study the interior Holder regularity of the gradients of
weak solutions for the following general elliptic p(x)-Laplacian equation

div (a (x, Vi) = div (|f|F<X>*2f> in Q (1.1)
where Q is an open bounded domain in R” and f= (f',---, f) is a given vector field
satisfying

l<y= igfp(x) <supp(x) =9 < oo, (1.2)
Q
px) €CYN(Q) and  fi(x) €2 (Q) (1.3)

for 1 < i< n, where the constants ¢, 0, € (0,1). Moreover, the structural conditions
on the function a(x, &) are given as follows

C|E—n|PW, plx) =2
alx, —alx, : - > px)—2
&) mabemi (=) {Cl(u2+|§|2+ln|2) TE R 1< pl) <2,
(1.4)
la(x, )| <G (1+ |€|2)$, (1.5)
a(x,&)-&>Cs (u2+|€|2)% —Cy, (1.6)
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x)—1

a(v.8) (&) < Csl—y1™ [log (w2 + [£P) | (42 +1€D) T (1)

for all £,1 € R", x,y € Q and some positive constants ,03,C;, i =1,2,3,4,5. We
point out that the above structural condition (1.4) for p(x) = p is the monotonicity
condition (see [6]) while the remaining conditions were previously used in [3, 8].

When p(x) = p, many authors [4,5,9, 13, 14, 19,20,23,26] studied the regularity
for weak solutions of quasilinear elliptic equations

div(a(x,Vu)) =div (") in Q (1.8)

under some proper assumptions on «,f.

When p(x) is not a constant, such elliptic problems (1.1) appear in mathematical
models of various physical phenomena, such as the electro-rheological fluids (see, e.g.,
[2,24,25]). Especially when a(x,Vu) = [Vu|[P®~2Vy and f =0, (1.1) is reduced to
the p(x)-Laplacian elliptic equation

div (|Vu|1’<x)*2vu) -0 ingQ, (1.9)
which can be derived from the variational problem

1
®(u) = min ®(v) =: min /—Vv PO g,
Q v[pa=¢ ) v[pa=¢ QP(X)| |

There have been many investigations [8, 22, 27] on Holder estimates for the p(x)-
Laplacian elliptic equation (1.9). Recently, Challal and Lyaghfouri [7] obtained the
local L™ estimates of |Vu[P™¥) for the weak solutions of (1.9). Moreover, Acerbi and
Mingione [3] have proved that

£ e L

loc

Q) = |VufWerL!

loc

(Q) forany g >1

for weak solutions of (1.1) under some assumptions on a, p(x),f.

Recently, many authors (see for example [10, 11,12, 15, 16, 18]) have studied the
properties of the variable exponent Lebesgue-Sobolev spaces. We denote by LP(Y) (Q)
the variable exponent Lebesgue space

LPY(Q) = {f :Q — R | f is measurable and/ 1£1PY) dx < oo} (1.10)
Q

equipped with the Luxemburg type norm

Ak xgl}. (1.11)

[l g = inf {

Furthermore, we define the variable exponent Sobolev space

WPt (Q) = {u e LPV(Q) : |Vul € Lp(x)(Q)} (1.12)
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equipped with the norm
HMHWLI’(X)(Q) = ”””LP(X)(Q) + ||VMHLI’(X)(Q)' (1.13)

Moreover, W, 0(Q) is the closure of C3*(Q) in W™ (Q). Actually, the LP™)(Q),
whr6)(Q) and Wol’p(x)(Q) are Banach spaces.

As usual, the solutions of (1.1) are taken in a weak sense. We now state the defi-
nition of weak solutions.

DEFINITION 1.1. Assume that f € L™ (Q). A function u € ;""" (Q) is a local

loc loc

weak solution of (1.1) in Q if for any @ € W, ™)(Q), we have

/ a(x,Vu) -V dx = / fPC 2. Vo dx.
Q Q
Now let us state the main result of this work.

THEOREM 1.2. If u is a local weak solution of problem (1.1) under the assump-
tions (1.2)—(1.7), then Vu is locally Hélder continuous.

2. Proof of the main result

In this section we provide the proof of Theorem 1.2. We first recall the following
reverse Holder inequality.

LEMMA 2.1. (see [3], Theorem 5) If u is a local weak solution of problem (1.1)
under the assumptions (1.2)—(1.6), then there exist positive constants 0y,Ry < 1,C,
depending on n, L, y,v,C; >0, i =1,2,3,4, such that

1+o
7/ VP99 gy < € (7/ Vi) dx) e (7/ 1+ [fP@(+e) dx>
Bg)> Bg Bg

forany R < Ry and o < 0y.

We denote

pm(R)=r%np(X) and pM(R)=H;_aXp(X)-

Furthermore, we can obtain the following result.

LEMMA 2.2. If u is alocal weak solution of problem (1.1) under the assumptions
(1.2)=(1.6), then there exists a positive constant R| € (0,Ry) such that

f ‘VM‘P(X)(HGO) dx < Canﬁof
Bg)2

Bg

(17 ® 1) dx

forany R < Ry with Bg, C Q.



242 F. YAO

Proof. We shall initially take R; small enough such that 0 < Ry < Rp < 1 and

oon

- <Clx—y|™ < C2R)™ <
Ip(x) = p(y)] < Cilx—y] 1(2Ry) p—)

for any x,y € Bg, . Assume that R < R;. Then we find that p,,(R) > 7 > 1 and

O
pu(R) < put(R) = pm(R) + pu(R) < pun (R) + —21
op+2
which implies that
oo
pm(R) < pu(R)(1+0p/2) < (pm(R) + Go+2) (14+0p/2)

< on(®) (14 220 ) (14 00/2) = pulR)(1 + 0

< p(x)(1+09). 2.1

From Lemma 2.1 and the fact that {f} € C:*?(Q) we have

loc

1+o09p
7[ |Vu|p(x)(1+ao) dx < C{ (7[ |Vu|17(x) dx) +1 } ’
Bgya Br

which implies that

]
7[ |Vu|p(x)(1+oo) dx < C{ (7[ |Vu|”(x) dx) % (7[ |Vu|p(x) dx) + 1}
Bg> Br Br

<cC {R—""Of IVuP™) dx+ 1}
Bg

< CR—"%][ 1V +1) ax
Bg

< CR*V[O'()][

Bg

(|Vu|pM(R) + 1) dx 2.2)

forany R < R; < Ry < 1 with Bg, C Q, since u € lef(x)(Q). O

Assume that R < R;/2 < Ry/2 with Bg, C Q. We may assume that

plem) = py(2R) = max p(x).

Bor
For simplicity we write
p2=:p(xm).
Let us consider the weak solution of the following reference equation

div a(xp,Vv) =0 in Bg,
vV=ou on dBg,
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which implies that

div a (xp, Vv) = div (|f(xar) P28 (xar) ) in Bg, 2.3)
V= u on dBg, ’
since div (|f(xar)[P22f(xp)) = 0.

LEMMA 2.3. (see [21], Lemma 5.1) If v is the weak solution of problem (2.3),
then we have

sup [Vv[P2 < CR™" [ |Vv|P2 dx, (2.4
Bg)a Br

P2 pA\Bi P2
pr Vy— (VV)BP dx<C (E) 7[3R Vv—(Vv)g, | dx, (2.5)
/ \Vv|p2dx<C/ |Vu|P? 4+ 1dx, (2.6)

Br Br
forany p < R, where
\% = Vvdx,
(¥, =, Vv

and By € (0,1) and C are two positive constants depending on py,n, 1, 7,%,Ci (1 <
i<5).

LEMMA 2.4. Assume that R < Ry /2 < Ro/2 with Bg, C Q. If u is a local weak
solution of problem (1.1) under the assumptions (1.2)—(1.7) and v is the weak solu-
tion of the reference equation (2.3), then there exists a positive constant 3 € (0,1),
depending on n,00,,7,0; (1 <i<3), suchthat

7[ Viu— Vo[ dx < CRﬁY/ (IVul” + 1) dx,
Bg Bog

where C depends on n, |1, 71,%,0; (1<i<3), C; (1< j<5), and the Holder norms

of {f'}, p(x).

Proof. Without loss of generality we may as well select the test function ¢ =
u —v. From the definitions of weak solutions we have

/ a(x, Vi) - V(u—v) dx — / I£(0)| P92 £(x) - V(= v) dx
Bpr Bg
and
/ a(xpy,Vv)-V(u—v) dx = / |£(xp) |72 € (xar) - V(e — v) dix.
Bpr Br
After a direct calculation we show the resulting expression as

Li=1+5L+1,
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where
L= —fBR (a(x, Vat) — a (var, Var)) - V(= v) dix,
B=f (IR 00) — s P08 - =) i,
L= fBR (18Cn0) P28 0yr) — [8Cean) 722 ) - V(=) i

L= Y/BR (a(xp, Vu) —a(xp,Vv)) - V(u—v) dx.

Estimate of ;. From (1.7) and Holder’s inequality, we have

p-l
T

log (4 + V) ‘ (w2 +1vu?)

< CRazf (14 1V 149) [V (u—v) dx
Br

I < C7[ |x — xp| % V(u—v)|dx
Bg

1/p2 (p2=1+8)py p%i;l
< CR* (f [V(u—v)? dx) (f (|Vul+1) 1 dx)
BR BR

forany 6 > 0. Selecting proper 6 € (0, (y1 —1)0p/2), we deduce from (2.1) that

p2(p2—1+9) o o o)
re\rs - "~ ") __ — 1L — 1 KL — ) K .
PR £ sz—l P2 l+%_1 \pz(l+2>\p(X)(1+Go)

Therefore, Lemma 2.2 implies that

Pl
ro—1

1/p> 2
I < CR* (7[ |V(u—v)|1’2dx> (7[ (|Vu|+1)p(x)(l+60)dx)
Br Bgr

nogy(pr—1) 1/p2
< RO (7[ |v<u—v>|”2dx> (f (V”m“”") m
Bg Bog

03 — N Oy Jrm V2 %
< CR% "0 (7[ |V(u—v)|1’2dx) (7[ (|Vul?2 + 1)dx> ,
Bg Bog
since
nog(pr—1) noy noy
OC3—T :Rag,—nﬁo-‘rﬁ < Rog—nozﬁ-%.

Estimate of I,. We consider the following two cases.

Case 1. p(x) > 2. Using the elementary inequality

|EP~2E — In|P~2n| < C €]+ n])’ 1€ -
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forany p > 2, £, € R" with C = C(p), Holder’s inequality and the fact that {f'} €
%% (Q), we have

loc
L < f
Bg

<8+ 8 )72 6 — ) [V =)
Bg

< CRO‘27[ [V(u—v)|dx
Bg

1
< CR* (7/ Vu—Vv|p2dx> "
Bg

Case 2. 1 < p(x) < 2. Using the elementary inequality

|[E[P=2E — nP~2n| < Clé -

for any p € (1,2), &,n € R" with C = C(p), Holder’s inequality and the fact that
{f1} € C>*(Q), we have

loc

(01772 8x) = £ Cean) P8 (xan) | |V (e = v) |,

b < 7[ I£(x) — F0eng) PO |V (1 — ) dx
Bg

< RPWON2 |y ()| dx
Br

< CR(VI’I)‘”][ V(u—v)| dx
B

R

1
< CRM-De (7[ Vi — VP2 dx) "
Bg

Estimate of I;. From the mean-value theorem, Holder’s inequality and the facts
that p(x) € C>*(Q) and {f'} € CV*(Q), we have

loc loc

1y <€ 1pa=p ) (1 )| ) i (RCsw) DIV )

< CR“'7[ IV (u—v)|dx
Bg

1
< CR% (7/ Vu—Vv|p2dx> "
Bg

Combining all the estimates of I; (1 < i< 3), we obtain

L=L+hL+1

o1

1
< CRP (7[ |vu—vvmdx> " (f (|Vu|p2+1)dx) " e
Bpr Bog
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where
. oo
B2 =: min {061,0627 (v —1)on,03 —nop+ ?} :
Without loss of generality we may as well assume that 6y > 0 small enough such that
oon(l1—1/7) < o3. Then we observe that B, > 0.
Estimate of 1. We consider the following two cases.

Case 1. py = p(xy) = 2. Using the following condition

la(x,&) —alx,n)]-(§—n)=Ci|§ —n["Y

we have
I = CH4  |[Vu—Vv|?? dx.
Br

From (2.7) we have

Bopry
7/ Vi— Vo dx < CRprl][ (V)™ + 1) dx
Br

Bog

by
< cm—ljf (IVulP2 + 1) dx.
B

Case 2. 1 < p = p(xpy) < 2. From the following condition

px)-2

la(x,&)—atxm)]-(E—n)=C (L +EP+nP) > E—nP,

we have
cf (124 VP + [Vv2) = [Vu— Vo d. 2.8)

Therefore, using Holder’s inequality and (2.6), we have
-2, 2-pp

Jr
7/ [Vu—Vv|™ dx =7/ (u +[Vu| +\Vv|) VU= V| [Vu— V| dx
Bg Br

1

< (7[ (1? + [ Vul* + | Vv]? ) |Vu—Vv\ dx)

1
2

2=
X (7[ (W2 + |Vu> +|[Vv[*) 2 |[Vu— Vv2p22dx>
Bg
Therefore, it follows from (2.6) and (2.8) that
1

- 2pp-2
7[ |Vu—Vv|P2 dx <C11/2 (7[3 (1—|—|Vu|2+|Vv\) I (1+\Vu\2—|—\Vv|) B dx)

2
<cr/? (7[ (1+ [Vu|P2 + |Vy|P2) dx>
Bg
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1
2
<c1”? (7[ (14 |Vl dx)
Bg

1

<cI'? L (Vi) dx )
<Cly BZR(+|u|)x :

Thus, in view of (2.7) we find that

1 2pp—1

1
2 Ty
7[ |Vu— Vv|P2 dx < CRP2/? (f Vu—Vv|p2dx> " (7[ (l+|Vu|p2)dx> pz,
Bg Br Bog

which implies that

Bypa
f |Vu—VvP2dx < CRZ”Z*'Y[ (|Vul?? +1)dx
Bg B

2R

Bon
< CR272*17[ (|Vul?? +1)dx.

Bog

Thus, combining the estimates of 4 in Case 1 and Case 2, we obtain

By,
7[ |Vu—Vv\p2dx<CR2?’§7*2'f (IVulP? +1)dx,
Bg B

2R

which can finish the proof by choosing 8 = 2@;?1 . O

LEMMA 2.5. Assume that Bgg, C Qo CC Q. If u is a local weak solution of
problem (1.1) under the assumptions (1.2)—(1.7), then for any t € (0,n) there exist
positive constants Ry € (0,Ry) and C, depending on n,u, v, 0,0 (1<i<3), C;
(1< j<3), dist{Qo,Q}, such that

7[ Vul”?dx < Cp~* 2.9)
Bp
Sforany 0 <p <R/16 <Rp/16 <R /16 < Ry/16.

Proof. From (2.5) in Lemma 2.3, Lemma 2.4 and Ho6lder’s inequality we have
/ |Vu|P? dx
Bp
Pz)

<C</ \Vu—Vv|p2dx+/
Bp Bp
p\ P P2
c(zeﬁ/B (|Vu|1’2+1)dx+(§) /B Vv—(vv)BR) dx+/B Vv|p2dx>
R/4 R P

n+ﬁ1
CRﬁ/ Vil + 1ax+ (2 /
( (70l 1) (%) .

P
Vy— (VV)BP‘ 2dx—f—p"

(V")BP

N

N

Vv—(Vv)g,

" axt p"sup |Vv> ,
Bp
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which implies that

|Vu|P? dx
Bp

+
<c Rﬁ/ (\Vu\m—i-l)dx—l-( ‘/ Vo ax+ (B / V[P dx
Brya

<C Rﬁ/ (IVal? + 1) dx+(3)"/ (IVul? + 1) dx
Brya R7 JBg

forany p < R/8 < R;/8, in view of (2.4) and (2.6) in Lemma 2.3. So, we have

/BP Vu?dx < C [(Rﬁ + (%)) /BR VP2 dx+R"} .

Finally, similarly to the proof of (12) in [8], from a covering and iteration argument (see
Lemma 3.2 in [1]), for every T € (0,n) there exist positive constants R,,C > 0 such
that forall 0 < p < R/16 < R/16 < R /16 < R/16 such that (2.9) holds. [J

Now we are ready to prove the main result, Theorem 1.2.

Proof. From Young’s inequality and Holder’s inequality, we have

/Bp
P2
Bp

<CU
Bp
P2
Vv—(Vv), ‘ dx+/ Vu—Vv|p2dx].
P Br

P2
dx

Vu — (Vu)Bp

P
Vu— (VV)BP’ 2dx—f—p"

(Vi)g, — (V)

<cf
Bp
<C {p"y[
Bp

Therefore, it follows from (2.5)—(2.6) in Lemma 2.3 and Lemma 2.5 that

/Bp

<C

Vu— (VV)BP )m dx

Vu— (Vu)Bp )172 dx

B f
Br/16

f |Vv|P2 dx + R™P—7
Br/16

B
lp"Y/ (|Vu|P? + 1) dx+ R B~ }

P2
Vv —(Vv) B 6

dx+RP (IVu]??+1) dx]

Bog

VA
A
—~

N
aQ
/_\
=

—— N—— ~——
=
=

xIT XIT X xlb

VA
a
"

p"R T+ R"B } —CR " hH [p"+ﬁ1 + RVBA
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forany 0 < p < R/32 < R2/32 < R;/32 < Ry/32 with Bgg, C Qy CC Q. Choose

p= R;%, where U = nfﬁ > 0. Then we obtain
p"+ﬁ1 < CR"JrﬁJrﬁl,
which implies that
n+B—t B—un—1
/ Vu—(Vu)g, ‘172 dx <CR"P-"<cp Th <cp"t =
Bp
Choose 7= % > (0. Then we have
BB BB
Bt T At B

Furthermore, from Holder’s inequality we have

i,
<,

forany 0 < p <R/32<R»/32<R;/32< Ry/32 with Bgg, C Qy CC Q. Itis easy to
see that

N
dx

Vu— (Vu)Bp

(B-un—1)y (B—pn—1)y)

n
Pde> r2 <Cp (I+u)py <Cp I+0n =:Cp°‘

Vu— (Vu)Bp

(B—un—1n

(I+u)p
Then from Campanato’s theorem (see [1 7], Theorem 1.3 of Chapter 3) we conclude that
u € C%(Bg, /32)- Thus, we can complete the proof of Theorem 1.2 by an elementary
covering argument. []
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