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A NOTE ON THE NEUMAN-SANDOR MEAN

Hut SUN, TIEHONG ZHAO, YUMING CHU AND BAOYU L1U

(Communicated by E. Neuman)

Abstract. In this article, we present several best possible lower bounds for the Neuman-Sandor
mean in terms of the geometric combinations of harmonic and quadratic means, geometric
and quadratic means, harmonic and contraharmonic means, and geometric and contraharmonic
means.

1. Introduction

For a,b > 0 with a # b the Neuman-Sdndor mean M(a,b) [1] is defined by

a—>b

~ 2sinh! (%) ’

M(a,b) (L.1)

where sinh~!(x) = log(x+v/x2 + 1) is the inverse hyperbolic sine function.

Recently, the Neuman-Sandor mean has been the subject of intensive research. In
particular, many remarkable inequalities for the Neuman-Sdndor mean M(a,b) can be
found in the literature [1-14].

Let H(a,b) = 2ab/(a+b), G(a,b) = Vab, L(a,b) = (b—a)/(logh —loga),
P(a,b) = (a—b)/(4arctan~/a/b — r), I(a,b) = 1/e(b”/a®)"/ =9 A(a,b) = (a+
b)/2, T(a,b) = (a—b)/[2arctan((a — b)/(a+b))], Q(a,b) = \/(a*+b?)/2 and
C(a,b) = (a* + b*)/(a+ b) be the harmonic, geometric, logarithmic, first Seiffert,
identric, arithmetic, second Seiffert, quadratic and contraharmonic means of a and b,
respectively. Then it is well-known that the inequalities

H(a,b) < G(a,b) < L(a,b) < P(a,b) < I(a,b)
< A(a,b) < M(a,b) < T(a,b) < Q(a,b) < C(a,b)

hold for a,b > 0 with a # b.
Neuman and Sdndor [1, 2] proved that the inequalities

T ; p A(a,b)
4log(1 + ﬁ)T( -b) < M{ab) < log(1++/2)’
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T?(a,b)

\/27%(a,b) — Q*(a,b) < M(a,b) <

O(a,b)’
H(T(a,b),A(a,b)) < M(a,b) < L(A(a,b),0(a,b)), T(a,b)>H(M(a,b),Q(a,b)),
M(a,b) < Affi((;":)), A2(a,0)0'P (a,b) < M(a,b) < ZA0) - Q@,b)
VA(@,b)T(a.b) < M(a,b) < \/A2(a,b) + T>(a.b),
Gy L) P(x,y)
G(l—x,1-y) L(l—x,1—-y) P(l—x,1—y)
Ax,y) M(x,y) T(x,y)
Al—x,1—y) MO —x,1—y) T(1—-x1-y)
1 1 1 1 1 1

Al—x1-y) AGy) “Mi-xi—y) May) TU-x1-y) Ty
A, AL —x,1—y) <Mx,y)M(1 —x,1 —y) < T(x,y)T(l —x,1—y)

hold for all a,b >0 and x,y € (0,1/2] with a# b and x # y.
In [15], Neuman proved that the double inequalities

0%(a,b)A" " %(a,b) < M(a,b) < QP(a,b)A' P (a,b)

and
C*(a,b)A' " (a,b) < M(a,b) < C*(a,b)A'~*(a,b)

hold for all a,b >0 with a #b if @ <1/3, B > 2(1og(2+\/§)—1og3) /log2 =

0373--, A <1/6 and u > (log(2—|—\/§) —10g3> /log2 =0.186---.
In [5, 7, 16], the authors proved that the double inequalities

oql(a,b) < M(a,b) < Bil(a,b),

0 Q(a,b) + (1 —m)H(a,b) <M(a,b) < BQ(a,b) + (1 — B2)H (a,b),

030(a,b) + (1 — 03)G(a,b) < M(a,b) < B30(a,b) + (1 - B3)G(a,b),

04C(a,b) + (1 — ou)H (a,b) < M(a,b) < BsC(a,b) + (1 — Bs)H(a,b),
1% (a,b)Q" ™% (a,b) < M(a,b) < IP5(a,b)0'P5(a,b),

b
19 (a,b)C' =% (a,b) < M(a,b) < IPs(a,b)C'Po(a,b)

hold for all a,b > 0 with a # b if and only if a; < 1, B; > e/[2log(1 ++/2)] =
1.5419---, 0p <7/9=10.777---, Bo > 1/[\/2log(1 ++/2)] = 0.802---, 03 <2/3 =
0.666---, B3 > 1/[v2log(1 ++/2)] = 0.802---, oy < 1/[2log(1 4 +v/2)] = 0.567 ---,
Bi>7/12=0.583---, as > 1/2, Bs <log[v2log(1 ++/2)]/(1 —log\/2) =0.337 ---,
06 >5/7=0.714--- and B¢ < log[2log(1 + v2)] = 0.566--.
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Very recently, inequalities for quotients involving the Neuman-Sandor mean M (a, b)
were given in [17].
The main purpose of this paper is to find the least values ¢, o, 03 and oy such
that the inequalities
M(a,b) > H* (a,b)Q' "% (a,b),

M(a,b) > G*(a,b)0'"*(a,b),
M(a,b) > H*% (a,b)C' =% (a,b)

and
M(a,b) > G™(a,b)C'~%(a,b)

hold for all a,b > 0 with a # b.

2. Lemmas

In order to establish our main results we need four lemmas, which we present in
this section.

LEMMA 2.1. (See [18, Theorem 1.25]). For —eo<a<b <oo,let f,g:[a,b] =R
be continuous on [a,b], and be differentiable on (a,b), let g'(x) # 0 on (a,b). If
f'(x)/g (x) is increasing (decreasing) on (a,b), then so are

)= fla) o f)— f(b)
g(x) —g(a) g(x)—g(b)’

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

LEMMA 2.2. (See [19, Lemma 1.1]). Suppose that the power series f(x) =
Y apx" and g(x) = Y bpx" have the radius of convergence r > 0 and b, > 0 for all

n=0 n=0
ne€{0,1,2,---}. Let h(x) = f(x)/g(x), then

(1) If the sequence {an/b,};_ is (strictly) increasing (decreasing), then h(x) is
also (strictly) increasing (decreasing) on (0,r);

(2) If the sequence {a,/b,} is (strictly) increasing (decreasing) for 0 < n < ng
and (strictly) decreasing (increasing) for n > ng, then there exists xo € (0,r) such that
h(x) is (strictly) increasing (decreasing) on (0,x¢) and (strictly) decreasing (increas-
ing) on (xo,r).

LEMMA 2.3. Let

[3 — cosh(2¢)][sinh(2¢) — 2¢]

) = i ()5 + cosh(2r)

2.1

then ¢ (1) is strictly decreasing in (0,log(14+/2)), where sinh(t) = (¢! —e™")/2 and
cosh(t) = (&' +e~")/2 are respectively the hyperbolic sine and cosine functions.
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Proof. Let us denote by ¢;(7) and ¢,(z) respectively the numerator and denomi-
nator of (2.1), then simple computations lead to

¢1(1) = 3sinh(2r) — 61+ 2¢ cosh(2r) — % sinh(4z), (2.2)

0r(1) = % 8 cosh(2¢) + cosh(4r) —9). 2.3)

Using the power series sinh(¢) = ¥ 2" /(2n+1)! and cosh(t) = 35>, 1>"/(2n)!,
we can express (2.2) and (2.3) as follows

2n 2n o ~2n+4 2n
221t (2p 44 -2 )2”+1:t3 224 (n 43 -2 H)tzn, 2.4)

:gl 2n+1)! = (2n+3)!

oo 22n(4+22n 1 22n+4(1+22n l)

2n+1 3 2n
t)= =t ", 2.5
0= 2 =, 2 2n+2)! 23)
It follows from (2.4) and (2.5) that

oi ant2n

o) = =2 2.6)
z bnt2n
n=0

with a, = 224 (n+3 —22""1) /(2n+3)! and b, = 22" T4(14+-22""1) /(2n +2)!.
Let ¢, = a, /by, then simple computations lead to

(n+3)—2%2+1

= Rt 3122y
2 4 3 122
9 15 7 <B=-5 2.7
WZGTaAT TS T T TS T Ty 2.7)
o — 2443 (6n% +5Tn+76)2%"1 -3
ntl—Cn T (2n+3)(2n+5) (142271 (1 4-220+1)
_ [2(4" — 38) + 6(4" _ n2) + (128 w 4n=2 _ 57”)]22n—1 3 o o8

(2n+3)(2n+5)(1 +22-1)(1 +22n+1)

forall n > 2.

Inequalities (2.7) and (2.8) implies that the sequence {a, /b, } is strictly decreasing
in 0 < n < 2 and strictly increasing for n > 2, then from (2.6) and Lemma 2.2(2) we
know that there exists 7y > 0 such that ¢ (z) is strictly decreasing on (0,7p) and strictly
increasing in (19,0).

For convenience, let us denote * = log(1 + \/5) =0.881---, then we have

sinh(r*) =1, sinh(26*) =2v2, sinh(3t*) =7, (2.9)
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cosh(t*) = V2, cosh(2r*) =3, cosh(3r*) =5V2. (2.10)
Differentiating (2.1) yields

_ 00 () —90:1(1)9' (1)

¢'(7) o0 : (2.11)
where
o1 (1) = 8sinh(z)[r cosh(z) — 2sinh?(z)], (2.12)
¢5(t) = sinh(¢)[20¢ cosh(z) + 4t cosh(3t) + 9sinh(¢) + sinh(37)]. (2.13)
From (2.2) and (2.3) together with (2.9)—(2.13) we get
¢’(t*):—% <0 (2.14)

It follows from the piecewise monotonicity of ¢(¢) and (2.14) that 7y > ¢*. This
completes the proof of Lemma 2.3. [

LEMMA 2.4. Let

4 X 5
= —log(1 +%) —log ———— + —log(1 —x?). 2.1
(x) = glog(1+x7) —log Sinh 1 (1) + g log(l =) (2.15)
Then ¢(x) <0 forall x € (0,1).
Proof. From (2.15) one has
¢(07) =0, (2.16)
/ ¢(x)
= 2.17
- x(1 =) V1 +xZsinh ! (x)’ 17
where
O(x) =x—x°— [1 - %x2 + gx4] V1 +x2sinh ! (x), (2.18)
0(0) =0, 2.19)
/ xf(x)
= 2.20
where
F(x) = x(49x% — 3)V/ 1 +x2 + (3+ 7x* +20x*) sinh ! (x), (2.21)
£(0) =0. (2.22)
Differentiating (2.21) yields
3 2 2ginh—1
Pl) = 2x[74x+ 108x° + (7 +40x7) v 1 + x?sinh ™ (x)] >0 (2.23)

V14 x2

for x € (0,1).
Therefore, ¢(x) < 0 for all x € (0,1) follows easily from (2.19) and (2.20) to-
gether with (2.22) and (2.23). [
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3. Lower bounds for the Neuman-Sandor mean

In this section we will deal with problems of finding sharp lower bounds for the
Neuman-Sandor Mean M(a,b) in terms of the geometric combinations of harmonic
mean H(a,b) and quadratic mean Q(a,b), geometric mean G(a,b) and quadratic
mean Q(a,b), harmonic mean H(a,b) and contraharmonic mean C(a,b), and geo-
metric mean G(a,b) and contraharmonic mean C(a,b).

Since H(a,b), G(a,b), M(a,b), O(a,b) and C(a,b) are symmetric and homo-
geneous of degree 1. Without loss of generality, we assume that a > b. For the
later use we denote x = (a —b)/(a+b) € (0,1) and ¢ = sinh~!(x) € (0,#*) with
r* =log(1++/2)=0.881---.

THEOREM 3.1. The inequality
M(a,b) > H*(a,b)Q'~*(a,b) 3.1)
holds true for all a,b >0 with a # b if and only if o« >2/9.

Proof. First we take the logarithm of each member of (3.1) and next rearrange

terms to obtain
log[Q(a,b)] B log[M(a,b)]

log[0(a,b)] —loglH(a,b)] ~ & (3.2)
Note that
M(a,b)  x H(a,b) . 5 Qlab) _ .
A@b) soh ') Awh) T A@p) VT G

Use of (3.3) followed by a substitution x = sinh(¢) (0 < < ¢*), inequality (3.2) be-
comes

ft) < a, (3.4)
where
_log[cosh(z)] —log[sinh(z)/t]  fi(t) (3.5)
~ log[cosh(z)] —log[1 —sinh?(r)] ~ fo(r)” .
In order to use Lemma 2.1, we consider the following
"t 3 — cosh(2¢)][sinh(2¢) — 2t
(1) 2t sinh”(1)[5 + cosh(2¢)]
where ¢(z) is defined as in Lemma 2.3.
It follows from Lemmas 2.1 and 2.3 together with (3.6) that
_ A A@) = A0F)
ft)= =
L) falt) = f2(0)
is strictly decreasing on (0,7*). Note that
lim £(t) = 2 (3.7)
Jim. =5 .
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Making use of (3.7) and the monotonicity of ¢(z) we conclude that in order for
the inequality (3.1) to be valid it is necessary and sufficient that oo > 2/9. O

THEOREM 3.2. The inequality
M(a,b) > G%(a,b)Q"'%(a,b) (3.8)

holds true for all a,b >0 with a # b if and only if o« > 1/3.

Proof. We will follows lines introduced in the proof of Theorem 3.1. We take the
logarithm of each member of (3.8) and next rearrange terms to get

log[Q(a,b)] - log[M(a,b)]

log[Q(a,b)] —log[G(a,b)]

Use of (3.3) and G(a,b)/A(a,b) = /1 —x2 followed by a substitution x = sinh(z)
(0 <1 <t*), inequality (3.9) is equivalent to

<a. (3.9

g(t) <o, (3.10)

where
_ log[cosh(z)] —log[sinh(z) /1] g1(z)
~ log[cosh(1)] —log[1 —sinh?(r)]/2 = &2(r)

Equation (3.11) leads to

(3.11)

=

Y 22 (2n+4 -2/ (2n+ 1)) 2 !

81(t) _ [3—cosh(2r)][sinh(2r) 2] =
g5 (1) 8¢ sinh? (1) § 22042 / (2) 1] 21
n=1
S P2 (4322 /204 32 S dl
= = (3.12)
[/ (2n -+ 2) > by
n=0 n=0

af'“ _%:_3—1—(&1—1-7)22"+1 <0 3.13)
b, ., b, (2n+3)(2n+5)
forall n€{0,1,2,---}.

It follows from Lemmas 2.1(1) and (3.12) together with (3.13) that g (r)/g5() is
strictly decreasing on (0,7*).

From Lemma 2.1 and (3.11) together with g;(0") = g2(0) = 0 and the mono-
tonicity of g} (¢)/g5(r) we clearly see that g(¢) is strictly decreasing on (0,7*).

Therefore, Theorem 3.2 follows from the monotonicity of g(z) and (3.10) together
with the fact that

1
lim g(1) = 5. O

t—0t
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THEOREM 3.3. The following simultaneous inequality
M(a,b) > H*(a,b)C'~%(a,b) (3.14)

holds true for all a,b >0 with a # b if and only if o > 5/12.

Proof. We take the logarithm of each member of (3.14) and next rearrange terms
to get
log[C(a,b)| —log[M(a,b)]
log[C(a,b)] - log[H(avb)]
Use of (3.3) and C(a,b)/A(a,b) = 1+ x> followed by a substitution x = sinh(¢) (0 <
t <t*), inequality (3.15) becomes

a. (3.15)

h(r) < a, (3.16)

where
log[cosh(r)] —log[sinh(¢) /7] /2 Ii(2)

= = . 3.17
log[cosh(r)] —log[1 —sinh?(r)] /2~ ha(t) G4
Equation (3.17) gives
(1) _ [3 — cosh(2¢)][sinh(27) 4 £ cosh(2r) — 3¢]
() 161 sinh? ()
S [22743 (3= 22)(2n+3) +3—2242) J2n+ 3|2 ¥ g
_n=0 ._ n=0
3 [2205 /(20 4 2)1]e2n Y d2
n=0 n=0
(3.18)
Cur1 m-2 3 (6n+7)2>"
_n_ _3%x2 — — .1
AN A 2on+3)2nts) @ntdenss) 0 G

forall n€{0,1,2,---}.

It follows from Lemmas 2.2(1) and (3.18) together with (3.19) that & (¢)/h,(t) is
strictly decreasing on (0,7*).

From Lemma 2.1 and (3.17) together with /;(0") = hy(0) = 0 and the mono-
tonicity of 7} (¢)/h,(r) we clearly see that h(z) is strictly decreasing on (0,7*).

Therefore, Theorem 3.3 follows from the monotonicity of /(z) and (3.16) together

with the fact that 5
lim h(t) = —. O
JNim ht) =15

THEOREM 3.4. The following inequality
M(a,b) > G%(a,b)C'~%(a,b) (3.20)

is valid for all a,b > 0 with a # b if and only if ot > 5/9.
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Proof. Making use of (3.3) and C(a,b)/A(a,b) = 1+x* together with G(a,b)/
A(a,b) = V1 —x* we get

log[C(a,b)] —log[M(a,b)] _ log(1 4 x?) — log[x/sinh ! (x)]
log[C(a,b)] —log[G(a,b)] log(1+x%) —logv1—x2

Elaborated computations lead to

(3.21)

log(1+x%) —log[x/sinh ' (x)] 5
i _ 2 (3.22)
=0t log(1+x?)—logv1—x? 9

Taking the logarithm of (3.20), we consider the difference between the convex
combination of log G(a,b), logC(a,b) and logM(a,b) as follows

5 4
5 logG(a,b) + 5 logC(a,b) —logM(a,b)

5 4 X
=ZlogV1—x24—log(l+x*)—log——— = , 3.23
5 log *+3 g(1+x%) gsinh,l(x) o(x) (3.23)

where ¢(x) is defined as in Lemma 2.4.

Therefore, M(a,b) > G%/°(a,b)C*°(a,b) forall a,b > 0 with a # b follows from
(3.23) and Lemma 2.4. This in conjunction with the following statement gives the
asserted result.

If o < 5/9, then equations (3.21) and (3.22) lead to the conclusion that there exists
0 < & < 1 such that M(a,b) < G*(a,b)C'~%(a,b) forall a,b >0 with (a—b)/(a+
b)€(0,61). O

REMARK 3.1. From the inequalities M(a,b) < $0Q(a,b) + %A(mb) in [14] and
A(a,b) < Q(a,b) < C(a,b), it is not difficult to prove that the inequalities M(a,b) <
H" (a,b)Q' M (a,b), M(a,b) < G*(a,b)Q'*(a,b), M(a,b) < H"(a,b)C'~%(a,b)
and M(a,b) < G*(a,b)C' % (a,b) hold for all a,b > 0 with a # b if and only if
M <0,4 <0, A3<0and A4 0.

REMARK 3.2. All the lower bounds H%/°(a,b)Q7/°(a,b), G'*(a,b)0*?(a,b),
H'2(a,b)C7/"2(a,b) and G*/°(a,b)C*°(a,b) for M(a,b) in Theorems 3.1-3.4 are
weaker than the lower bound Q'/3(a,b)A?(a,b) given by Neuman in [14]. In fact,
elementary computations show that

[0 a0y (a.p)] ~ [H(a.5)0" ()]
0%(a.b) [A*(a,b) + H(a,b)0*(a.b)] [4(a,b) — H(a,b)Q%(a,b)]
_ [A3(a b)+H(a,b)0*(a,b )] Q3(a, b)( —b)4
8(a+b) ’
(03 (a,0)A%(a,b) ’ - 6" (@,b)0*(a, b)}

= Q(a,b) [A*(a,b) — G(a,b)Q(a,b)]
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[10]

[11]
[12]
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[15]
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_ Q(a,b) Pl )
= Rab 1 Ganaas A @b =G @b (ab)]
. 0(a) o

16[A2(a,b) + G(a,b)Q(a,b)] )

[0 (a.b)a(a.p)] ” ~ [H/2(a.b)C" (0. b)]

12

= C2(a.b) [A"(a,b) — H(a,b)C(a, b))
(a—b)*
[0 (@p)a?ab)] = [6¥* (@) @ b)]

3 a
- % [Alo(a,b) —Gs(a,b)Qs(a,b)]

A? (a,b) —H(a,b)C(a,b) =

A(a,b) — GX(a,b)0(a,b) = 11—6(a by,
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