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L,-MIXED INTERSECTION BODIES

TONG-YI MA

(Communicated by G. Sinnamon)

Abstract. This paper presents the concept of L, -mixed intersection body, and study the mono-
tonicity of the operator 1, ; for L, -mixed intersection body. Meanwhile, we establish Busemann-
type inequalities and the dual Brunn-Minkowski type inequalities for L,-mixed intersection
body.

1. Introduction

Projection body was originally invented by Minkowski [1] in 1934. Minkowski
mapping has a special role in the Banach spaces based on the fact that affine equivalent
convex body has the properties of affine equivalent projection body. The research on the
projection body has attracted much attention. Because the projection body has a variety
of new applications such as the combinatorics, the stereology, the stochastic geometry,
the random determinants, etc.

In [6], Lutwak presented the concept of intersection body and given the duality
relation between the projection body and intersection body.

We recall the definition of the L, -projection body of a convex body in R" (see
[71): For every convex body K in R" andreal p > 1, the L,-projection body, IT,K, of
K is an origin-symmetric convex body whose support function is given by

1
1 ’
h(TT,K 1) = 7/ w-v|Pds K,v> Cforallues™. (1
(oK) = (e [ IS, (5. (1)
where o
+
ey e
W Wy Wp—1

The unusual normalization of the definition (1) is chosen so that for the unit ball B in
R", we have I1,B = B.

Here we use the L,-mixed volume to rewrite the definition of L, -projection body
that its intrinsic geometric nature is even more clear:

Vo (K. [-u,u]) \ 7 .
m) s forallu € § l, (2)
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where [—u,u] denotes the line segment joining —u and u.

Similar to the definition of L,-projection body, Wang and Leng in [14] gave the
definition of L,-mixed projection body as follow: Let K be a convex body origin in its
interior,real p > 1 and i =0,1,---,n— 1, the L,-mixed projection body, I1,K, of K
be origin-symmetric convex body whose support function is given by

1
1 P
h(I1,;K,u) = 7/ u-v|PdS _,-K,v) , forallue s 1. 3
1y ) = (e [ oSyt ®)
Here the positive Borel measure S, ;(K,-) on §"=1 is called the L, -mixed surface area
measure of K which is introduced by Lutwak (see [8]).
Using the concept of mixed quermassintegrals, we can rewrite the L,-mixed pro-
jection body as follows:

WI’J(K7 [—u,u])

1
P
, forallucs" ! (4)
Wp.i(B, [—um]))

h(Hp.’iKﬂ/t) = (

There is a duality relation between the projection body and intersection body, from

this point, we believe that there is a certain duality relations between the L,-mixed

projection body and the mixed intersection body. So that we can use the dual L, -mixed
quermassintegrals to definite the L, -mixed intersection bodies are as follows:

DEFINITION 1.1. Let K be a star body in R", p > 1 and i € R, the Lj,-mixed
intersection body, 1, ;K , of K is defined by

~ 1 1
W,.i(K Bﬁuﬂ)F ( 1 o );
LKu)=|=—"1——") = 7/ k | (v)dS,-
p( P, I/L) (WPJ(B,BQML) (n_ l)wn—l 1L pK (V) Z(V)
(5)

for all u € "', Where Wp7i(K ,L) denotes the dual L,-mixed quermassintegrals of

star bodies K and L in R”. The definition of Wp7,-(K ,L) will be introduced in Section
2.

REMARK. The intersection body was first defined by Lutwak in [6], after the un-
usual normalization we can give the definition of the classic intersection body as fol-
lows: ~
v(KNut)  Vi(K,BNut)
v(BNut)  Vi(B,BNut)
where v(-) denote (n — 1)-dimensional volume of convex body.

1994, Zhang in [17] further proposed the concept of ith intersection body, and ith
intersection body of the unusual normalization are defined as follows:

p(IK,u) = , forallues" !, (6)

wi(KNut)  Wi(K,BNub)
wi(BNut) Wy (B,BNut)

p(LiK,u) = , foralluc s, (7)

where w;(-) denote (n— 1)-dimensional ith dual quermassintegrals of star body. From
the definition of L,-mixed intersection body, we have

LK =IK, ©Lo=IK.
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From a geometric point of view, the L, -mixed intersection body which we defined
is a generalization of the classical intersection body.

The main purpose of this paper is to study the monotonicity of the operator I, ;
base on our definition of L,-mixed intersection body I, ;K. Also the Busemann-type
inequalities for L,-mixed intersection bodies and the dual Brunn-Minkowski type in-
equalities for L, -mixed intersection bodies are established.

The structural arrangements of this article is: In Section 2 we introduces some no-
tations in convex geometry and preparation knowledge in order to discuss in this article;
In Section 3 we discusses the property of operator I, ; of L,-mixed intersection bodied;
In Section 4 we will establish the Busemann-type inequalities for L,-mixed intersec-
tion bodies; In Section 5 we further propose and prove that dual Brunn-Minkowski type
inequalities of L, -intersection bodies.

2. Notation and ready knowledge

The setting for this paper is n-dimensional Euclidean space R” (n >2). Let ¢™
denotes the set of convex bodies (compact, convex subsets with non-empty interiors)
in R". For the set of convex bodies containing the origin in their interiors and the
set of origin-symmetric convex bodies, we write as 7. and 7", respectively. Let
71 denotes the set of all star bodies (about the origin) in R", .7 denotes set of all
origin-symmetric star bodies in .. Let B denote the unit ball in R"” with the unit
sphere S"~!. We use V(K) for n-dimensional volume of geometry body K and denote
w, =V (B).

If K € #", then its support function, hg = h(K,-) : R" — (0,c0), is defined by

h(K,x) = max{(x,y)|y € K}, forallx € R",

where (x,y) denotes the standard inner product of x and y in R".
The proof of Proposition 3.1 in Section 3 we will also be used a property of the
inner product (see [3]): If ¢ € GL,,x,y € R", then

(X, ¢y) = ((Dtx?y)’ (8)

where GL, denotes the non-singular affine (or linear) transformation group, ¢’ denote
transpose of the transformation ¢ .
If L €., its radial function about the origin, pz(x) = p(L,-) : R"\ {0} —

[0,0), is defined by
p(L,x) =max{A >0|Ax € L}, forallx € R"\ {0}.

Two star bodies K and L are said to be dilates (of one another) if px(u)/pr(u) is
independent of u € §"!.

From the definition of radial function, we know that: If K, L € .} and any x € R",
then (see [3,13])

(1) For the radial function pg, if ¢ > 0, then

px(cx) = ¢ px(x);
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(i) For the radial function pg, if ¢ € GL,, then

Pok (x) = px (¢~ "x),

where ¢! denotes inverse transform of ¢ ;
(iii) For A > 0, pk (1) < Apr(u) forany u € S"~! if and only if K C AL.
If K € 2", the polar body, K*, of K is defined by

K*={xeR"(x,y) < L,y e K}.

From the definitions of the support and radial functions and the definition of the
polar body, it follows that for K € #," and any u € §"~!,

1
h(K,u)

and p(K*,u) =

Let f be a Borel function on §"~!, the spherical Radon transform of the function
f is defined by (see [4])

RO = [ F0)aS, ). ©)

Using the spherical Radon transform, we can rewrite the definition of Lj,-mixed
intersection body 1, ;K as follows

1

n—p—i n—1
7(n—l)a)n,1R(pK )(u), foranyue S" . (10)

p (IPJ'K’ u)p =
Spherical Radon transform has the following two important properties:
(i) The spherical Radon transform is a continuous bijection from C*($""!) to
itself;
(i1) The spherical Radon transform is self-adjoint, i.e., if f and g are defined on
S"~1 bounded Borel functional, then

[, FRswas(w) = [ Rywsds(u). (1)

Radial sum of the vector x,xp,---,x, in R” is defined as follows: If xi,x,---,x,
are coplanar lines, then x|+ ---Fx, is the usual vector addition, otherwise it is zero
vector.

If Ki,Ky, -+, K- € 2 and A1, A4;,---,A € R, then the radial Minkowski linear
combination is defined as (see [9]):

AlKl‘T‘""";LrKr:{z/l.XI‘T‘""T‘A«rXAXiEI([,i: 1,2,"',7’}.
It is easy to show that for any K,L € . and o,3 >0

p(aK+BL,u) = ap(K,u)+ Bp(L,u). (12)
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Using the polar coordinate formula of the volume, then the volume of the radial
Minkowski linear combination A K+ ---F+A,K, is defined as

VKT TLK) = Y V(K KAy A (13)

I<iy, - insr

where the sum is taken over all n-tuples (i1,---,i,) of positive integers not exceeding r.
The coefficient V (K, ,---,K;,) depends only on the bodies K, ,---,K;, , and is uniquely
determined by (13), it is called the dual mixed volume of star bodies K; ,---,K;, .
_ If Ky, K, € .7, then the integral representation of the dual mixed volume
V(Ky,---,K,) of Ky, --,K, can be expressed as follows:

)

1
V(K k) =+ | i ()-+p, ()aS(w). (14)
In particular, V(K,---,K) = V(K).
If K,L €./}, then

~ ~ 1 . .
Vi(K,L) = V(K- K, L,--- . L) = — [ px(u)""pr(u)'dS(u).
N—_— e N—— n Jgn—1

Apparently, for K,L,M € ./ and o, > 0, we have
Vi1 (aKFBLM) = oV,_ (K, M)+ BV,_1(L,M).

In particular, ‘7,(1( ,B) is said to be an ith dual quermassintegrals of star body K and is
written as W;(K), namely

WiK) = [ Pl as(w) (15)

DEFINITION 2.1. For K,L € ./}, real p >0 and o, 8 > 0 (not both zero), the
L, -radial linear combination, o - K F pﬁ -L,of K and L is the star body whose radial
function is defined by

plo-K+,B-L,-)" = ap(K, )" +Bp(L,-)"

Corresponds to the L,-mixed quermassintegrals and the L, -radial linear combi-
nation, we will introduce the concept of dual L,-mixed quermassintegrals as follows:

DEFINITION 2.2. If K,L € .7}, forreal p > 1 and real i # n, the dual L, -mixed

quermassintegrals, WW-(K ,L), of K and L is defined by
i Wi(KT, e-L) —Wi(K
W, (K. L) = lim (KFpe L) = WiK)
p

e—07" €
Apparently, for p =1, Wp7i(K,L) = Wi(K,L); Forany p>1,
Wpi(K.K) = Wi(K). (16)

According to the above definition 2.2 and the polar coordinate formula for volume,
we easily get the following integral representation of the dual L, -mixed quermassinte-

grals W, ;(K,L) of K,L € .7
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LEMMA 2.1. If K,L € /), forreal p > 1 and real i # n, i # n— p, the integral

representation of dual L,-mixed quermassintegrals, Wy, ;(K,L), of K and L can be
expressed as follows:
1 .
Wyi(K,L) = P (K,u)" " p (L,u)PdS(u). (17)
S}’l

Proof. According to the definition of W, ,;(K,L) and W;(K), together with the
dual L, -radial linear property, we have

i~ L (p(K¥pe-Lou)" ' —p(K,u)")dS
i — iy o (UL plKo st
) e—0t S
1 K,u)? Lu)?) 7 —p(K,u)"
:_/ iy (PEWP +ep(Louw)) » —p(K,u) aS()
Snl£_>0+ E
l’l—l

- - n—i—p 4
L P (L s ().

This complete the proof of Lemma 2.1. [

In the following we will give the dual L,-mixed Minkowski inequality.

LEMMA 2.2. IfK, L€ .}, and p > 1, while real i # n,n—p. Thenfor i <n—p,
WK L)' < Wi(K)"™ " PWi(L)", (18)

with equality if and only if K and L are dilates. For n—p < i <n or i > n, inequality
(18) is reversed.

Proof. First we need the following extended Holder’s inequality (see [5]): Sup-
pose f and g are two almost everywhere nonnegative bounded Borel functions on a set
X, and real p,q € R satisfies Il—?—i-é = 1. Then

[ rosan(s (/f Pdux ) (/g JPdu(x ) (19)

If one is negative of both p and ¢, the above inequality is reversed. For both cases
the equality holds if and only if one of the two functions for measure u is almost
everywhere zero, or there exists insufficiency zero non-negative constants «a,b, such
that af? = bg? for the measure u almost everywhere in the establishment.

Therefore, for i < n— p, we use integral representation (17) of W, ;(K,L) and
Holder’s inequality (19) can be obtained

WKL) = = [ p(Kouy™p (L dS(u)
Sn
n—i—p L

(% [ p(L,u)"—de(u)) "

N

(1 [, o ast)

n—i—

= Wi(K) " Wy(L)
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Thus, we obtain inequality (18). For n — p <i < n or i > n we similarly can prove the
reverse inequality.

Note that the equality holds in Holder’s inequality if and only if p(K,u)" " =
cp(L,u)"™" (c is a constant), i.e., p(K,u) = Ap(L,u) (A is a constant). Thus the
equality holds in inequality (18) if and only if K and L are dilates. [J

LEMMA 2.3. Suppose K, L€ ./}, andic Rn—i#p>1.1If

pl(K Q) = pl(L Q) or Wp, (Q,K) = 177i(QaL) forallQ € .7,
then K = L. And vice versa.

Proof. We only show the first conclusion. Taking Q = K, using the known condi-
tions W, ;(K,Q) = W, (L,Q), we have

Wi(K) = Wy i(K,K) = W,i(L,K),

for i < n— p,using Lemma 2.2, it is easy to know

Wi(K)"™ < Wi(L)"~PWi(K)P.
then W;(K) < Wi(L), with equality if and only if L and K are dilates.

For i < n— p, taking Q = L, we have W;(L) < W;(K) with equality if and only if
K and L are dilates. _

Thus, W;(K) = Wi(L), and K and L are dilates each other. Therefore K = L.

Similarly, we can prove that for n—p <i<nori>n, W, i(K,Q)=W,,(L,0)
is also implication K = L. We have completed the proof of Lemma 2.3. [

We need to use the famous Jenesen inequality in the proof of Proposition 3.3 (see
Reference [5], Chapter 6). Suppose p # 0, is a finite Borel measure in set X, and
f and o are almost everywhere non-negative L -integrable functions on X . Then pth
weighted mean, M, o f, of f is defined as

Myl = ( iy [0 oau()) :

hm N Mp.of = esssup f(x),

xeX

there w(X) = [y w(x)du(x). And we are easy to know

tim 07 =exp 57 [0 oe W) ).

Jensen’s inequality may be stated that: If p,q # 0, p < ¢, and both M), ,,f and
M, [ are existence, then

Mp,wf g M ,wfa (20)
with equality for p # ¢ if and only if f is a constant or if and only if p = q.
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The following the concept of L,-mixed harmonic Blaschke plus K+,L will be
used later.
DEFINITION 2.3. [12] Suppose K, L€ ., p>1,andanyreal i#n, i#n+p.
We denote & >0, i.e.,
)L

| ~ P~ -
ST = ‘/S (Wi(K) ™ p (K. a0y =+ Wi(L) ™ p (L,u)y™ P~ | 0 dS (). (21)

Then the L,-mixed harmonic Blaschke plus, K+,L € .}, of K and L is a star body
contains the origin in its internal whose radial function is defined by

E T p(KFpL, )" P = Wi(K) ™ p (K, u)™ P - Wi(L) ' p (L™ P (22)

For i = 0, Definition 2.3 is introduced by Yuan in [15] whose it is called L,-
harmonic Blaschke plus and write K + pL. For i=0, p =1, Definition 2.3 is intro-
duced by Lutwak in [10] whose it is called harmonic Blaschke plus and write K4L.

3. The property of the operator /,,;

PROPOSITION 3.1. Suppose K € ./

0’

andreal p > 1. If ¢ € GL,, then
1
Ip 9K = |detd|" 79" (I K).
Proof. Let u € "', Using three properties (i), (ii), (iii) of the radial functions,
and the property (8) of the inner product, we have

1 n—p—i
pLpi0K u)P = CEr. /S — Por” (V)dSya(v)

! n—p—icy—1 .
G dSn— Lety=

(n_ l)wnfl /{v:(v7 )=0} Pk (q) V) 2(‘}) ( y q) V)
o /
(n = 1)@n—1 J{oy:(0y.u)=0}

Py " ()| det@|dS, 2 (y)

= |det¢| pr P (3)dSu—2(y)

o)
(= 1)@n-1 Jgy:(r0ru)=0}
= [det@|p (K, 9'u)"
= [det|p(¢~"1piK,u)".
From this, we obtain Proposition 3.1. The proof of Proposition 3.1 is completed. [
PROPOSITION 3.2. If K,.L€ ./}, p>1,and i,j€R, then

WI’J(K’ IPJ'L) = Wm‘(La Ipij)~ (23)

Proof. Using Lemma 2.1, (10) and (11), we easily show that the results (23).
Now define a class
ZII;I. ={I,,K:Ke.7}.
We establish the monotonicity of the operator 1,; (p > 1), the result is the fol-
lowing proposition. [
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PROPOSITION 3.3. Let K,L € "

", and real p > 1. Then
(a)If p < q < oo, then

1 1

Wy —1 P Wp—1 4
V' KC|—2l ) Ik,
(wiumw)) —(wamuL))

with equality if and only if p = q or K is a ball centered at the origin.
(b) Let K € /) and any real i € R. If

Wp’i(K, Q) < Wp,i(L7 Q)

holds for all Q € ./}, then

Wj(IpiK) < W;(IpL) for j<n—p,

and

Wi(IpiK) = W;(IpL) for j>n—p,

with equality if and only if K = L.
(c) Let K € er;J and L € 7). If for 1 < p <n—i satisfying 1,;K C I, L, then

Wi(K) < Wi(L),

with equality if and only if K = L.
Let L € ZZJ- and K € ). If for p > n—i satisfying I, ;K C I, ;L, then

with equality if and only if K = L.
(d)If K C L, then
1,;K CI,;L fori <n-—p,

and
I,;K D 1I,;L fori>n-—p,

with equality if and only if K = L.

Proof. (a) Note that for any u € S"~!, we have
/ L (A2 (v) = (n— )wi(K Nue).
sn—1n,L

From the definition 1.1 of L,-mixed intersection body, Jenesen’s inequality (20)



568 TONG-YIMA

and the property (iii) of the radial functions, we have

CE /S’"lﬁuL Pz_p_i(")dsn—z(")) '

p
() |
- (Mo l)) (e b (pKl<v>)p”’?i(V’dS“(V’> p
(

1

= (gT 1u L)) % ((n — 1)wj(zm ul) /S,l,lmL ( pKl(v) ) qp}é“'(v)dsnz(w) '

1

1 1

Wy —1 4 Wp—1 q
= I, iKu) < | ————~ I,:K,u).
(Wi(,mul)) p (UK ) (Wi(,mw)) (I iK )

Therefore, we get

1 1
Wy—1 P Wy—1 4
— | L KC| —— | [,;K.
(Wi(KﬁML)> P (Wi(KﬁML)> "

We easily verify equation is true if and only if p = ¢g. Or according to the conditions of
equality hold in Jenesen’s inequality, we know that the equality holds in (a) for p # ¢ if
and only if pg(v) is a constant for v € §"~!. Namely, K is a ball contains at the origin.

(b) Forany Q € .} and real p > 1, we have that VT/p’i(K, 0) < ‘X/W-(L7 Q). Taking
0 =1,;,M with M € ./}, we have

Wpi(K, I, iM) < W, i(L,1,;M). (24)

By Lemma 2.3 we know that the equality holds in (24) if and only if K = L. Using
Proposition 3.2 in (24), we get

Wp.j (M, IPJ'K) <Wp,j (M7 Ilu'L) .

For j <n—p,taking M =1, ;K , using (16) and L, -mixed Minkowski inequality
(18), the above inequality can be turned into

Wil iK)" ™ < Wy j(Ip,iK Iy L)) < WL, K)"P~IW; (I, L)P.

Simplified it into

Wi (1K) < Wj(I, L), (25)
with equality if and only if I, ;K and I, ;L are dilates.
According to the condition of equality hold in the inequalities (24) and (25), we
know that the equality hold in (25) if and only if K = L.
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For n—p < j <n or i > n, using the same argument as in the first part of the
proof, we get B B
W'(Ip iK) > W'(Ip iL).
(IfKeZy, Le S and 1<p<n—i.LetMe.S}

", from Proposition 3.2 and
Lemma 2.1, we can get

Wi (K. TpaM) = Woa (M. 1K) = [ a7y, (s ).

Similarly,

W LolpM) = WM Ipi) = [ put*™ 7, a0 ().
According to the condition 1, ;K C I, ;L, we can get
Wy.i(K, I, iM) < W, i(L,I,;M) forany M € 7. (26)

For each fixed i < n— p, taking I, ;M = K in (26), and using the inequality (18),
we get .
n—i—p ~ A

Wi(K) = Wpi(K,K) < Wy i(L,K) < Wi(L) 5 Wi(K)m.

By this inequality, we immediately get
Wi(K) < Wi(L).

According to the condition of equality hold in the inequality (18), and known
conditions I, ;K C I, ;L, it is easy to know the equality holds in W;(K) < W;(L) if and
only if K =L.

IfLeZ) K € .7} and p >n—i. Taking Ip;M = L in (26), and using the in-
equality (18) we have

WA(L) = WpilL.L) > Wyi(K.L) > Wi(K) 77 Wi(1)75.
Therefore, W,(K ) > W,(L) , with equality holds if and only if K = L.

(d) By the property (iii) of the radial functions, for any u € S"~!, px(u) < pr(u).
Therefore, for any u € §"! and i <n—p, pp ' (u ) oy P u ) Together with the
definition of L,-mixed intersection body, we have pI k) < p, (). Thus we get
I, ;K C I,;L, with equality if and only if 1, ;K = I, ,L Because for any Q € .¥,
have

we

()7

Wpi(Q.1piK) = Wy i(Q.Ip.L).
Using Proposition 3.2, from the above equation, we can get
Wpl(K Ip lQ) pl(L IpﬂQ)

Further, by Lemma 2.3, we immediately have K = L.
For i > n— p, using the same argument as in the first part of the proof, we get
K C L implies I, ;K 2 I, ;L with equality if and only if K =L. [
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4. The Busemann-type inequalities for L,-mixed intersection bodies

A classic affine inequalities in convex geometry and affine geometry is the Buse-
mann intersecting inequalities (see [2]). It can be expressed as follows: Let K be a

convex body in R”, then
VIK)V(K)'™" < 0?7, (27)

n

with equality if and only if K is an ellipsoid.
In this section we will establish the Busemann-type inequalities for L, -mixed in-
tersection bodies. To this end, we need the following some lemmas.

LEMMA 4.1. (see [11]) If K€ " and i =0,1,---,n—1, then

with equality if and only if K is a n-ball.

LEMMA 4.2. (see [[9]]) If K€ %", i€ R and 0 <i < n, then

Wi(K) < of V(K)"" (29)

with equality if and only if K is a n-ball centered at the origin. For i = 0,n, the equality
hold in inequality (29) for any convex body K in R".

Now we establish the following Busemann-type inequalities for L,-mixed inter-
section bodies.

THEOREM 4.1. Let Ke %", p>1,i,jER and 0<i,j<n. Thenfor 1 <p <
n—i,
~ n—i 27"*7’-
Wil K)Wi(K)' ™7 <wp 7 (30)

For p > n—1, the inequality (30) is reversed. When p # n— i, the equality holds if and
only if K is a ball centered at the origin in the above two inequalities.

Proof. If 1 < p <n—1i,using (5), (6) and Holder’s inequality (19), we have

pti—1_n—j

! 1P dS T
- pHi—
. (n_l)wnfl/S"’*lr'mL n—2(V)

(n=p=i)(n—j)

= pix(u) r 3D
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By (15), (31), Holder’s inequality (19) and Lemma 4.2, we can get

_ 1 »
Wi(tpK) =~ [ Pyl Tas(w)

1 (n—p—i)(n—j)
< — [ pix(u) 0 dS(u)
n Jsn—1
1 /1 ) SEI
. n—=1)p n—1)p n—=1)p
<( p,K<u>"-fds<u>) (5 [ 1 asw)
sn—1 n . Jsn—1
n(p 1)+i
= ," " W;(IK) 0
w (n—j)(n—p—i)
<o, "™ VUK) WD (32)
Using Lemma 4.1 and (27), and note that 1 — %i < 0, from (32) we have
B | nz(p—n(ﬂ(nl;pfi)wn Jp=n+i) Ly =) e—p=i)
Wil KOWi(K) 7 <, T xa, 7 x (VIK)V(K)') e
w2 (p—1)+j(n—p—i)+in —j(n—p—i) (2-n)(n—j)(n—p—i)
< o, n(n—1)p X ) np X n(n—1)p
= . (33)

Namely

WL, KWK~ <o 7.
We have proved the first part of Theorem 4.1.
If p>n—i,then 0 < p+l 1 <1land 0< E;%p)’jri < 1. Therefore, according to
Holder’s 1nequa11ty we see that the inequalities in (31) and (32) are reversed. And noted
that 1 — 7 > 0 and % < 0, the inequality in (33) is reversed. This proves
the second part of the Theorem 4.1.

In the following we consider the conditions of equality holds in the inequality (30).
According to the conditions of equality hold in Holder’s inequality (19), we know that
the equality hold in (31) and (32) if and only if pk(-) is a constant. Namely, K is a ball
in R". This, combined with the conditions of equality holds in (27) and (28), we see
that for p # n — i the equality hold in Theorem 4.1 if and only if K is a ball centered at
the origin. This completes the proof. [

Taking j =0 in Theorem 4.1, we obtain that

COROLLARY 4.1. Let Ke #", p>1,ieR" and 0 <i<n, thenfor 1 <p<
n—i,

n—i

n—i 2 —
V(L KV(EK)' 7 <o, " . (34)

For p > n—i the inequality (34) is reversed. The equality holds for p #n—i if and
only if K is a ball centered at the origin.

Taking i = 0 in Corollary 4.1, we obtain that
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COROLLARY 4.2. Let K € Z" and p > 1, thenfor 1 < p <n,

_n

n 2
VILK)V(K)' » <aw, ". (35)
For p > n the inequality (35) is reversed. The equality hold for p # n if and only if K
is a ball centered at the origin.

Corollary 4.2 is just Theorem 2.1 in [16]. Taking p = 1 in Corollary 4.2, we get
well-known Busemann intersecting inequalities in [2] (see (27) in our article).
Below, we will establish a relationship between 1, ,,;K, I, ;K and I, ;K.

THEOREM 4.2. Let K € ./, i,j €R and p,q > 1. Then for p > q,
2

(—Wi(’p+q7i’()_>p2 > <_W£(IP+W'K)>[1 , (36)
W;(1p,K) W;(14,iK)

with equality holds if and only if K is a ball.

Proof. According to the definition of the L, -mixed intersection bodies and Holder’s
inequality (19), we have

1 o
pI,,+q,iK(M)P+‘I = m/anmul PK(V) rP—4q dSnfz(v)
! n—p—i\ 757 n—q—i\~ oz
BRCEN /SHW (Px (V)P P77 (pic(v)"47") " PTdS, o (v)
1 o >
> | fos, PRV S 20
1 o aa
Do /Sm L Pr(v)" IS, (v)
7 _ &
= PIP‘,-K(M) Piqplp*iK(u) p=a.
Therefore,
2 2
~ 22 1 . P —q
Willp1qK)P ™7 = - Sn,1p11’+q~,iK(u) JdS(u)}
:l n—j 1727512
- ;/sn—l (pll’miK(”)p-‘_q)WdS(”)}
1 2 2N\ p*—q
> 5 (et #9) Mast]
- ? 2 2 2
_ ! n—j P e . s r—aq
;/n—l pIp’K(u) pIp,iK(u) (M)
1 nej Pz 1 o _q2
>\ o Pk (1) dS(“)) (; SHPI‘,,,-K(u) dS(u))
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According to the condition of equality holds in the Holder’s inequality (19), we know
that the equality holds in (36) if and only if K is a ball. This completes the proof. [

From Definition 1.1 of the L,-mixed intersection bodies and Theorem 4.2, we
have

COROLLARY 4.3. If K€ ./}, p>q>1,i,jeR and 0 <i<n—1. Then for
ptq+i=n,
~ 2 ~ 2
Wj(lpiK)?” Wi(lgiK)™ " < of =%, (37)
with equality if and only if K is a ball.

5. Dual Brunn-Minkowski-type inequalities for L,-mixed intersection bodies

In this section we establish the dual Brunn-Minkowski-type inequalities for L, -
mixed intersection bodies. To do this, we first give following two lemmas.

LEMMA 5.1. (Minkowski integral inequality, see [S]) Suppose f and g are two
nonnegative bounded Borel functions ina set X. Then for p > 1,

(fow=swyan)’ < ( [ sranes)+ ( [strans)s o

For 0 < p < 1, the inequality (38) is the reverse. In both cases, the equalities holds if
and only if f and g are proportional.

LEMMA 5.2. Let K,.L€ .7}, p>1, ¢>0,and A, u >0 (not both zero). Then
fori<n—p—q,

_ra_ _ra_ —Pd
P Ak T gur) )" S AP & ()77 A+ ppy, i () (39)

For n—p—q <i<n—p, the inequality (39) is the reverse. In both cases, the equality
hold if and only if K and L be dilates. When q = n— p — i, the equality also holds in
inequality (39).

Proof. Since p>1, ¢>0, i<n—p—q,this yields ~ 5 2Pt~ 1. Then from (38),
we have

- q

plp.i(lKjrqllL)(u)nf’ii - m/s,ﬂmw P(rkF,uL) (")npidsn2(v)] o
I 1 n—p—i nf{;]H'
= _m /S"*'mui (APK(V)[]‘HJPL(V)({) ! dSn—Z(V)}
< ot o 2 ot
L (n— 1)@, Jsr—1rut

q
1 n—p—i e pi W
+[m/snlmuj‘ « pL(v)"r dS,,_z(V)]

Prq

— Apr, ik (W)™ + pupp, 1 () =
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From this, we know that the inequality holds in (39). _
On the other hand, if p>1, ¢>0,n—p—qg<i<n-—p,then 0 <=L~ <1,
Similar to the proof of the above process, we can prove the reverse inequality of (39).
According to the conditions of equality holds in Minkowski integral inequality
(38), we know that the equalities holds in (39) and its the reverse inequality if and only
if K and L are dilates. The proof of Lemma 5.2 is completed. [

Particularly, taking ¢ = n — p — i, we obtain that
plp‘i(lK:‘;n,p,i[JL) (u)p = A’pIp#iK(u)p + .Llp]’”-L(M)p. (40)
Here we establish dual Brunn-Minkowski-type inequalities for L, -mixed intersec-
tion bodies.
THEOREM 5.1. Let K, L € %, A, i >0 (not both zero), p > 1, ¢ >0 and i, j

are real numbers. Then for i<n—p—gq, j<n—p,

W (1 i(AK T L) &7 001 < AW;(1iK) P 007+ W1, L) #7107 (41)
Forn—p—q<i<n—p,n—p<j<n, the inequality (41) is the reverse. In both
cases, the equality holds if and only if K and L are dilates.

Proof. By the known conditions i <n—p—gq, j <n— p, we know
nmp—io g (n—p=Dn=J)
q rq
From Lemma 2.1, Lemma 5.2 and Minkowski integral inequality (38), we get
rq

~ rq 1 nej (n—p—i)(n—j)
Wi(IpiAKFquL) P00 = | | Py uny (@) dS ()

(n—p—i)(n—j) rq

! e L Pa G p- )
S [Z /sn—l (xp]f’»fK(u) T AUy, (u) "”') dS(u)}

rq
| . T (1 -
< (32 [Pty tastw)) # (31t asto)

n sn—1

rq
(n—p—=i)(n—j)

v e ~ S
= QLW, (IPJ'K) (n=p=i)(n—Jj) 4 “Wf(lp,iL) ) |

From this, we immediately gives the inequality (41).

According to the conditions of equality holds in the inequality (38), we know that
equality holds in the inequality (41) if and only if py, ;x(-) and py,.(-) are proportional.
Therefore, the equality holds in (41) if and only if K and L are dilates.

On the other hand, since n —p—g<i<n—p,n—p < j<n,this yields

(n—p—l)(n—1)<l7 0Pl
pq q

0< < 1.
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Similar to the proof in the first case, from Minkowski integral inequality (38),
we can obtain the reverse inequality of inequality (41), with equality in the reverse
inequality if and only if K and L are dilates. [

Particularly, taking ¢ =n — p —i > 0 in Theorem 5.1, we obtain that

COROLLARY 5.1. Let K, L€ ./}, A, u >0 (not both zero), p > 1 and i, j are

real numbers. Then for i <n—p, j<n—p,

Wil (AK T e p it L) ™7 < AW, (1K) T+ pWyllp L) . (42)
For i<n—p, n—p < j<n, the inequality (42) is the reverse. In both cases, the
equality holds if and only if K and L are dilates.

Together with Theorem 5.1 and Lemma 5.1, we can get the following an isolated
form of inequality (42).

THEOREM 5.2. Let K,L € ."

", o€(0,1], p>1andi,j are real numbers. Then
fori<n—p, j<n—p,

W'(lpi(K"T‘nfpﬂ'L))"Lij
W(Ipl(OC K+n P— l(l—a)-L))"%f +Wj(lpvi((1_a)'KlnfpinbL))"%j

<
< Wi(I,K) ™ T W (I L) =8 (43)

with equality if and only if K and L are dilates. For i <n—p, n—p < j <n, the
inequality (43) is the reverse.

Proof. Forall o €[0,1],let M =0-K+y—p—i(1—0)-L, N=(1—0)-K+y_p_i0-
L. Since K,L € ., then M,N € .#}'. By the formula (15), (40) and Definition 2.1,
we have

~ - 1 ~ .
Wil (KFnpeil) = [ P KT i) S ()
1 n_j

= | (P + i) T ()

n—j

+((1 —a)pr, k() +opy, 1(u )p)] TdS(u)

B %/S”" {pp(lp’i(a'K"T'"Pi(l —o)-L),u)

P01 0) KTy )| )

1 - .
= - - lp(lw-(M—i-,,,p,,-N),14)"7~’dS(u)

W(p,(M+n p-il))-
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According to Corollary 5.1, for i < n— p, j < n— p, we obtain that

P

Wj(IpJ(K'T‘n—p—iL)) = Wj(lp,i(M'T‘n—p—iN)) W; i(Ip, ,M)" 7+ W; i(IpiN)™7,  (44)

with equality if and only if M and N are dilates. The inequality (44) is just the left part
in Theorem 5.2.

Since M and N are dilates each other if and only if pj; () = cpy 7" (u) (¢ >
0) for all u € §"~'. Therefore, for u € $"~", by Definition 2.1 we get aipg " (u) +
(1—o)py " (u) = c[(1—e)pg " ~"(w)+axp; "' (u)], namely, (ot+ca—c)pg "' (u)
= (ca+a—1)p) "~'(«). Thus M and N are dilates if and only if K and L are dilates.
The equality of the left side inequality holds in Theorem 5.2 if and only if K and L are
dilates.

On the other hand, according to the inequality in Corollary 5.1, for i <n—p,
j<n—p,then

L

Wj(lpM)77 = Willpi(ar- KFumpeil1 =)L) 77
P
OC (II”'K) "’-f + (1 — a)Wf(IPJK) n=j, (45)
and
L g L
Wi (1piN) ™7 = Wj(Lpi((1 = o) - K+ pi0rL))
< (1= ) Wj(1 iK) 77 + W1, K) 77 (46)
with equality if and only if K and L are dilates.
Compare with the above inequalities (45) and (46), we obtain that
L L L L
W; i1y iM) "~ +W(I iN) = W(Ile) - +W(1plL) - (47)

with equality if and only if K and L are dilates. The inequality (47) is just the right
inequality in Theorem 5.2.

Similarly, using the above method of proof, we will be easy to prove that for
i<n—p, n—p<j<n, the inequality in Theorem 5.2 is the reverse. The proof of
Theorem 5.2 is completed. [

Taking i =0 and j = 0 in Theorem 5.2, we immediately get that

COROLLARY 5.2. Let K,L€ ", 1 <p<n, and o € [0,1]. Then

P
n

V(KT upl)) " < V(Ip(o- KT ,,(1_ o) L))" +V(L,((1— ) KTy por- L))
\%

<
<V, K) +V(I, L) (48)
with equality if and only if K and L are dilates.

Finally, we will establish a dual Brunn-Minkowski inequality of L, -mixed inter-
section body associated with L, -mixed harmonic Blaschke plus.
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THEOREM 5.3. Let K,L € /"

", p =1, and i < n is real numbers. Then for
p<n—i,

7 : L 77 L o L
Willy (K L) _ Wil iK) T Wil L)
Wi(K T L) Wi(K) Wi(L)

(49)

If p > n—i, The inequality (49) is the reverse. For p # n—i the equality holds in
inequalities if and only if K and L are dilates.

Proof. From the equation (21), (22) in Definition 2.3 and the formula of dual
quermassintegrals W;(K), immediately yields & = W(K+p ). Therefore, by (22) we
have

PR L)' ™ p(Ku)y™ 7 p(Luy 7 0
Wi(K+pL) Wi(K) Wi(L)

By Definition 1.1 and (50), we have

e G D o o PR 045300
B (n—l)wilvT/,-(K) Jos PR 0008200
T T o P 085200
S TR T

Therefore, for p < n—1i, i < n, by the formula (15), (51) and Minkowski inequality
(38), we can get

2 .

Wil (K+,L)7 1 ( 1 =
Wi(K-+pL) Wi(K+pL) \n S5t
'

P(Ipi(K—i-pL), u)p> %dS(u)) =

P (I (K-E L) 1) idS(u >)

P

p (LK, u)P p(LpiLu)P\ " =
T T isw)
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From the conditions of equality holds in Minkowski inequality (38), we know that
equality holds in inequality (49) if and only if

pUpiK.w) _, plpiL.u)”
Wi(K) W)

b

where A > 0 is a constant. Namely

pUpiK.u) _ (W(K))i
p(IpiL,u) wiL) )

This shows that equality holds in inequality (49) if and only if [,;K and I,;L are
dilates each other. Let I, ;K = ul,;L, together with the concept of dual L,-mixed
quermassintegrals, for any Q € ./}, we have

Wpi(Q.1p,iK) = Wy i(Q, tpiL) = uPWp i(Q,1,,L).

From Proposition 3.2, the integral expression (18) of dual L, -mixed quermassintegrals,
and definition of the radial function, for any Q € .7, the above equation can be turned
into B B B )

Wpi(K,1,;0) = WPW, i(L,1,;0) = W, i(u"=7L,1,;0).

According to Lemma 2.3, we get K = “,1,‘,?,,, L, this means that K and L are dilates.
Similarly, for p > n — i, we can prove the inequality (49) is reversed. []
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