lournal of
athematical
nequalities
Volume 8, Number 4 (2014), 823-837 " doi:10.7153/jmi-08-62

NONLINEAR DIFFERENCE INEQUALITIES WITH AN
INFINITE SUMMATION AND THEIR APPLICATIONS

YING LIANG, XI1AOPEI L1, HAISHAN DONG AND SHUISHENG CHEN

(Communicated by A. Gildanyi)

Abstract. Some new infinite difference inequalities involving two independent variables with
more than one nonlinear terms are established. These inequalities provide a handy tool in de-
riving the boundedness and uniqueness of solutions of certain nonlinear infinite difference equa-
tions.

1. Introduction

In this paper, we study a class of nonlinear infinite difference inequalities with the
following form

k m—1 oo
ulm,n) <a(mn)+ > Y filmn,s,0)vi(u(s,1)), mneNo,  (L.1)
i=1 5s=0t=n+1

where a(m,n), fi(m,n,s,t), v;j(u(s,t)) are real functions and m,n,s,r € No={0,1,2,...}.

In the research of solutions of certain difference equations, if the solutions are
unknown, then it is necessary to study their qualitative and quantitative properties such
as existence, uniqueness, boundedness, stability and continuous dependence on initial
data and so on. The Gronwall-Bellman inequality and its various generalizations that
provide explicit bounds play a fundamental role in the research of this domain. Many
such generalized inequalities have been established in the literature (for example, see
[1,4,7,8,9,11, 12,15, 18] for continuous cases, and [3, 5, 6, 17] for discrete cases, also
see the books [2, 14]). As we know, the theory of difference equations is very important
to the study of dynamics of physical systems. In the study of many finite difference and
sum-difference equations, finite difference inequalities which provide explicit estimates
on unknown functions have become very effective and powerful tools for studying the
qualitative behaviors of their solutions. In the past few years a large number of new
finite difference inequalities have been discovered.
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For Eq. (1.1), if we take a(m,n) =c¢ (¢ > 0 is a constant), i = 1, fi(m,n,s,t) =
S(t), vi(u(s,t)) = vi(u(z)), then Eq. (1.1) becomes the variation of [10] considered by
Mate and Nevai

=

u(n) <c+ Y, p(t)u(r). (1.2)

t=n+1

If we take i = 1, fi(m,n,s,t) = f(s,1), v;j(u(s,t)) = v(s,1), then Eq. (1.1) is reduced
to the following inequalities [13]

m—1 oo
u(m,n) < a(m,n)+ Y, 2 b(s,t)u(s,t), m,n € Np. (1.3)
s=0t=n+1
If we take k nonlinear finite terms of Eq. (1.1), it is as follows
k m—1n—1

u(m,n) < a(m,n) —i-z Z Zﬁ(m,n,s,t)v,-(u(s,t)), m,n € No, (1.4)

i=15=0t=0

which was discussed by Deng [6] under the condition that Ufu*i L is increasing.

In order to fulfill the analysis of qualitative and quantitative properties of the so-
lutions of difference equations, the results provided by the earlier inequalities are in-
adequate. Thus, it is necessary to seek some new discrete inequalities so as to obtain
desired results.

In this paper, we present a more general discrete inequality (1.1), which has two
independent variables with more than one nonlinear terms. Moreover, we do not require
that %L is increasing.

This paper is organized as follows. In section 2, we give some assumptions and
lemmas. In section 3, using the mathematical induction, we discuss the upper bound of
the unknown function u(m,n) of (1.1). In section 4, we present some corollaries. In
section 5, we give an example to show the boundedness and uniqueness of solutions of
a certain nonlinear infinite difference equation.

2. Preliminaries

In this section we make some assumptions and lemmas which will be used later.
Assume that

(A1) a(m,n) is nonnegative for m,n € Ny and a(0,) > 0; Ajd(m,n) is nonnegative
and decreasing in n where @(m,n) = maXo<r<m nznr,neN, @(7,n) and Aa(m,n)
=da(m+1,n)—a(m,n);

(A2) film,n,s,t) (i=1,---,k) is nonnegative for m,n,s,r € Ny;

(A3) v; (i=1,---,k) is continuous on [0,e0) and positive on (0,).



NONLINEAR DIFFERENCE INEQUALITIES WITH AN INFINITE SUMMATION 825

Define that

[I>

max ﬁ(T7n’S’t)7

0<T<mn>n,TNENy
i(7)

fi(m,n,s,t)
}Wl 1(s),

wi(s) £ max v1(7), w;(s) 2 max

0<T<s o<t<s Wi (1)
u dz wi(u .
Wi(u)é/ el ¢i(u)é%1(i), i=1,2,-k—1, (2.5)
uj 1 1—

where u; is a given positive constant, ¢ (u) =w;(u), Wo =1 (Identity), and ri(m,n,s,t)
are defined as

ri(m,n,s,t) = a(s,t),
s—1 oo
ri+1(m,n,s,t)éW,-(rl(m,n,O,t))—Fz Z J;i(m:":Tan)
T=0N=t+1

s—1
Asri(m,n, Tt
# 3 ot

=0 9 (W1 (1i(0,00,7,0)))”
i(m,n,s+1,1) — ri(m,n,s,t)

it Agr,-(m,n,s,t) .
i(m,n,s,m — , 1=2,--- k. (2.6)
=2 e 0 e s )

i=1,k—1,

Asri(m,n,s,;t) = r

LEMMA 2.1. w; (i =1,---,k) is increasing and satisfies the relationship wy o<
Wo o< -+ - oWy (See [15]) where wj o< iy means that ’“ is increasing on (0,00); then,
¢i(u) is continuous and increasing in its correspondmg domain and is positive; W; is
strictly increasing so its inverse Wi_l is well defined, continuous and increasing in its
corresponding domain; a(m,n) and f;(m,n,s,t) are nonnegative, increasing in m and
decreasing in n, a(m,n) > a(m,n) and fi(m,n,s,t) > fi(m,n,s,t) where i=1,--- k;
a(0,00) >0 in (Ay ) implies that @(m,n) > 0 for all m,n € Ny.

LEMMA 2.2. Asri(m,n,s,t) is nonnegative, increasing in m, decreasing in n and

t, and ri(m,n,s,t) is nonnegative, increasing in m, decreasing in n and t where i =
1.k
) ) M

Proof. By the definitions of @(m,n) and f;(m,n,s,t) and the fact that 71 (0, oo, s,0)
=d(s,e°) > 0, we have

Asri(m+ Lyn,s,t) — Azry(m,n,s,t) =0,

Asra(m+ 1,n,8,t) — Azra(m,n,s,t) Z film+1,n,s,j) Z fi(m,n,s,j)
Jj=t+1 j=t+1

Asri(m+ 1,n,s,t) — Agry(m,n,s,t)
wi (rl (07°O7S7°°))

=0,
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so we know that Azry(m,n,s,t) and Asry(m,n,s,t) are increasing in m. Assume that
Asr;(m,n,s,t) is increasing in m. Then we have

Asriii(m+1,n,s,t) — Azrp 1 (myn,s,t)
Asri(m+1,n,s,t) — Asry(m,n,s,t
Zﬁm—l—lns; ZflmnSJ)—FSl( )~ Aani( )
j=t+1 j=t+1 o (W,_ 1(”1(0 0, 5,%0)))

which means that Azr; ;| (m,n,s,t) is increasing in m. By the mathematical induction,
Azri(m,n,s,t) is increasing in m.
Similarly, since f(m,n,s,t) is decreasing in n, we can have

20,

Asri(myn+ 1,s,t) — Agry(m,n,s,t) =0,
A3r2(m,n—|—l7s7t)—A3r2(m7n7s7t): Z (fl(mvn+l7s7j)_fl(m7n7s7j))
j=t+1
A 1,s,t)—A t
+ 3r1(m7n+ 58, ) 3r1(m,n,s, ) <O
Wl(rl(oaoo7s7°°))
Thus, Azry(m,n,s,t) and Asry(m,n,s,t) are decreasing in n. Assume that Asr;(m,n,s,t)
is decreasing in n. Then

oo

A3rl+l(m7n+ l,S,l) _A3rl+1(m7nasvt) = Z (ﬁ(mﬂl—f— l,S,j) _.fl(m7n7s7j))
Jj=t+1

Asri(m,n+1,s,1) — Asri(m,n,s,t)
G (W (r1(0,00,5,%0)))
which implies that Asr;(m,n,s,t) is decreasing in n. It is easy to check that Azr;(m,n,s,t)

is nonnegative and decreasing in # by the mathematical induction again. Thus, r;(m,n,s,t)
is nonnegative, increasing in m, and decreasing in n and . [

<0,

3. Main results

THEOREM 3.1. Suppose that (Ay)—(A3) hold and u(m,n) is a nonnegative func-
tion for m,n € Ny satisfying (1.1). Then

m—1 o
u(m,n) < W, {Wk( O.n)+ Y, Y, flmn,s,)
5s=0r=n+1

m—1

Asri(m,n,s,n)
" 2 G 0.

where M| and N are positive integers satisfying

0<m<M, nz=Ny, (3.D

Ml e M AerleNl)
Wia(o,N))+ Y Zf,Ml,Nl,st—f—Z SMAS LA
s=0 t=N;+1 ¢t( (rl(O o0, 5,0)))
g/ ﬁ, i= 1,k (3.2)
u; Wi(Z)
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Proof. Consider an auxiliary inequality

k m—1 oo

u(m,n) <ri(mimn)+Y Y, Y, film, i, s, O)wi(u(s,1)) (3.3)

i=1s=0rt=n+1

for 0 < m < 7 and n > i where the arbitrary positive integers /m and 7i satisfy m < M,
and 7i > Ny . Claim that u(m,n) in (3.3) satisfies

m—1 oo
u(m,n) < W, ! [Wk(rl (m,71,0,n))+ > > fuli,ii,s,t)
s=0t=n+1

m—1

Asry (i, i, s,n)
- sgz) (Z)k(Wkill (I"k(O,OO7S7°°)))}

for 0 < m < min{7,M,} and n > max{ii,N,} where M, and N, are positive integers
satisfying

(3.4)

M s Mol Asri(m, i, s, Ny)
‘/V[(rl(l’?l,fl,o,Nz))—F fl(ﬁl,ﬁ —|— 371
%% 2 G (05
g/ i, i=1,- k. (3.5)
u; Wi(Z)

Since r;(rit,ii,m,n), Asri(,ii,m,n) and f;(m,ii,m,n) are increasing in 7 and
decreasing in 7 by Lemma 2.1 and Lemma 2.2, M, gets smaller and N, gets bigger
as m is chosen bigger and 7 is chosen smaller. In particular, M, and N, satisfy the
same (3.2) as M and N; for in = M, and 7 = N;. Thus, we may choose M| < M, and
Ni = N, so that 0 < m < min{7it,M,} and n > max{7i,N,} are reduced to 0 < m <7
and n>1n.

Now we prove (3.4) into two steps by using the mathematical induction.

Step 1. k=1.

For k =1, we have

m—1 oo
u(m,n) < ry(m,i,m,n) + 2 2 Fi(m,ii,s,t)wy (u(s,t)) (3.6)
5s=0r=n+1

and let z(m,n) = "' 32 | fi(ii, i, s,0)wy (u(s,t)) and z(0,n) = 0. Thus, z(m,n)
is nonnegative, increasing in m and decreasing in n. Hence (3.6) is equivalent to
u(m,n) < ri(m,ii,m,n) +z(m,n) for 0 < m <m,n > i and

=

Ayz(m,n) = 2 fr(m,ii,m,t)wy (u(m,t))
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Since w is increasing and ry (1, 7i,m,n) > 0, we have

Arz(m,n)+Asry (m,ii,m,n — Asry(m,ii,m,n
1Z( ) 3 I(N = ) S Z fl(mvnamat)+ 3 1( - ~)
wi(z(m,n)+ri(m,i,m,n)) = 4=, wi(z(m,n)+ri(m,fi,m,n))
~ A n, i
< (G, i, m, 1 s, fmon) (3.7)
t=n+1 wi (rl (0a°°7m7°°))
Note that
/z(m+l,n)+r1(n“1ﬁ7m+l7n) dr z(m—+1,n)+r (A,iA,m+1,n) dr
</ —
z(m,n)-+ry (i, m,n) wi (T) Z(m.n)+ry (m.fi,m.n) Wl( (m,n) +n (m7n7m7n))

<Alz(m,n)+A3r1( Jii,m,n)
= wi(z(m,n) + ri(m,ii,m,n))’

which implies together with (3.7)

Z(m+1,n)+r (miam+1n) g . X B
/ < >, filim,i,m.t 31 (m,ii,m,n) '
2(m,n)+ry (,ii,m.n) wi(t) ~ 4 w1 (r1(0,00,m,0))

Therefore,

/-z(m,n)+r1(n"1ﬁ7m,n) drt m1/-Z(S+1,n)+r1(rﬁﬁ7s+l7n) dt
z(

2(0.n)+ry (,7i,0n) W1 (T) =0 Jz(s,n)+r (i7i,s,n) w1 (T)
m—1 oo m—1 o~
s A3rl (m7n7s7n)
< film,i,st)+ ) ——————.
s=0 t:%rl s=0 wl(rl (0,00,5,00))

m—1 o
Wi (z(m,n) + ry (A, ii,m,n)) < Wy (ry (m,i,0,n)) + 2 S, film,i,s,1)
s=0 r=n+1

(3.5) shows that the right side of (3.8) is in the domain of W, ! forall 0 < m <7 and
n > i. Thus,

u(m,n) < z(m,n) + ry(f, i, m,n)

m—1 o m—1 JO
o~ Agrl(m,n,s,n)
W [W1 r1(m,7i,0,n)) + 1(m, 7, s, t) + _—
! ( ( ;)t %l‘f ) \g() wl(r1(07w7s7°°))

(3.9)

for 0 <m < and n > 7i. Hence (3.4) holds for k=1.
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Step 2. k+1.
Suppose that (3.4) is true for k. Consider

k+1m—1 oo
ulm,n) <ri(m,dmn)+ Y > Y, filim, s, t)wi(u(s,r))
i=1 s=01t=n+1

for 0 <m <7 and n > ii. Let z(m,n) = Y& ymye n+1ﬁ(m it,s,t)wi(u(s,t)) and
z(0,n) = 0. Itis clear that z(m,n) is nonnegative, increasing in m, decreasing in n and
satisfies u(m,n) < ry (i, ii,m,n) + z(m,n) for 0 < m </ and n > 7i. Obviously,

k+1 oo
Arz(m,n) = N, film,i,m,t)wi(u(m,r))
i=1t=n+1
k+1 o 5
< 2 l(maﬁamvt)wi(rl(’h7ﬁ7m7t)+Z(m7t))
i=1t=n+1
We have
Avzlm )+ B3 () _ S8 52 s R (con) + 1 (. 1)
wi(z(m,n) +ri(,fi,m,n)) wi(z(m,n) +ri (i, ii,m,n)
Asry (i, ii,m,n)
+ ——
wl(rl(m7n7m7n))
o o~ A3rl(ﬁl7n7m7n)
g l(m7n7m7t
t=§-1 w1 (r1(0,00,m,0))
k+1 oo ~ o~
., wi(z(m,t) +ri(m,n,m,t
LSS Gmam) i(z(m,1) 1(~ ! )
i=2t=n+1 WI(Z(m,t)—Frl(m,l’l,m,t))
. o~ A3rl(ﬁl7n7m7n)
< fl(m7n7m7t
t=§-1 w1 (r1(0,00,m,0))
+Z Z fl+l I’fl il mvt)(ﬁiJrl(Z(mvt)+r1(’h7ﬁ7m7t))
i=1t=n+1
for 0 < m <7t and n > it where ¢;11(u) = va()) for i=1,--- k, which implies
Z(m+1,n)+r (mim+10) g o A >
/ LY Almamy g SR
z(m,n)+ry (m,fi,mn) w1 (T) t=nt1 w1 (rl (O,w,m, °°))

+2 2 ﬁ+1(’h7ﬁ7m7t)(5i+l(z(m7t) —|—I"1(}’7l7ﬁ,m,l)).
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Thus, we obtain

/‘Z(m,n)-‘rrl (mjiimn)  dt m—1

Z(07")+rl(m7ﬁ707n) Wl (T) s=0 [:nJ,»l s=0 Wl (rl (O,°°,S,°°))
k m—1 oo
+3 2 i1 ( )Piv1(2(s,1) +ri(m,ii,s,1)),
i=1 s=0r=n+1
which yields
m—1 oo
Wi (z(m,n) +ri(m,ii,m,n)) < Wi(ri(@,7,0,0))+ Y, Y, fi(m,i,s,1)
s=0 t=n+1

+2 2 2 ﬁ+1 ¢1+1( (s7t)—|—r1(n”1,ﬁ,s,t))7

or equivalently

é(WZJl) gcl(m7ﬁ7m7n)+2 2 2 f}+1(’h7ﬁ7s7t)(§i+l(Wlil(é(sﬁ)))

m—1 oo m—1 &~
- - Azry (1,1, s,n)
Cl(manaman)_Wl(rl(m7na03n))+ fl(manasat)+ N .\
2.2 2 (0.5

From the assumption (C3) and the definition of w;, q5i+1(Wfl) (i= 1, .-+ k) is con-
tinuous and increasing on [0,0) and is positive on (0,c0) since W,"! is continuous
and increasing on [0,0). Moreover, ¢ (W, ') o< g3(W; 1) o< -+ o< ¢k+1( ~1). By the
inductive assumption, we have

m—1 o
&(m,n) < q)k+1[q)k+1(01(m ,0,n) + 3, D, frra (M, dis,1)
5s=0r=n+1
m—1 ~ o~
A
3f’j(m’”’s’”) } (3.10)
5=0 Wit (D (cx(0,00,5,0)))
for 0 <m < min{i,M3} and n>max{i,N3} where ®;i(u) = [i —&

i gy (W1 (2)”
u>0, ® =1 (Identity), iiy; = Wy (uir1), O | is the inverse of @1, i 1(u) =

G W ') _ win W ') k

i+

= 7l:

Gi(W, () wi( Wy ()

ciy1(m,ii,m,n) = @y (c1(m,71,0,n)) +z 2 fiv1 (i, 5,1)
s=0r=n+1
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m—1 ~ =
Agc,(m,n,s n) el k1
50 Wit (@7 (ci(0, 00, 5,0)))
and M3 and N3 are positive integers satisfying
M;3—1 oo M;3—1 A ~ o~
o sci(im, i, s,N3)
®;y1(c1(m,71,0,N3)) + > fivi(m,is,)+
l ;() 1=N3+1 l =0 Vir1(®; 1( (0, °°S°°)))
Wi(e)
</ #, i=1,-- k. (3.11)
i G (W (2)

Note that ¢y (1,71, 0,n) = Wy (ry (m,71,0,n)),
() = /“ dz B /” wi (W ' (2))dz /Wll(”) dz
l a W @) Iwie wi(W ' (2) i '
:W,-oWl_l(u), i=2,--k+1

and

oty W WO 0) i (W (W 0)
Vi B0 = T @, ) W T O, )

wit (W () —
—W ¢z+1( (“))a i=1--k

We have from (3.10) that
w(m,n) < ri (i, it,m,n) + z(m,n) = Wy (& (m

< WkJrl [WkH(W Y ey (m,ii,0,n))) + i i Frr1 (i, s,1)
ml Ascy (i, s,n)
i ZB ¢k+1(Wk_1(0k(07°°»S»°°)))]

m—1 oo

<SWek Wt (n(2,3,0,0) + % 3 Forn (t,s,1)
s=0t=n+1

m—1

Ascy (i, s,n) ] (3.12)

s=0 ¢k+l (Wk_l (Ck(07 oo,s,oo)))

for 0 <m < min{7i,M3} and n > max{ai,N3}.

Now we prove that ¢;(iit,7i,m,n) = riy (i, 7i,m,n) by the mathematical induction
again.

It is clear that ¢, (7i1,7i,m,n) = rp (i, 7i,m,n). Suppose that it is true for i = [. For
i=1+1, we have

cio1(m,ii,m,n)
m—1 m—1

= @11 (c1(m,7,0,n)) + Jrv1 (i, s,1) + -
\2;)1 %rl ;) Wl+1(q)l l(cl(O’oo,s,oo)))

A3cl(ﬁ1,ﬁ,s,n)
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m—1 ~ o~
JO A3rl+1(m,n,s,n)
_VVlJrl(rl(m7n70n +2 2 fl+1 m,n,s t)+2 —
s=0 t=n+1 s=0 ¢l+1(VVl 1(7’[+1(0,°°,S,°°)))

= rl+2(mvﬁamvn)a

which implies that it is true for i =1+ 1. Therefore, ¢;(iit,7i,m,n) = rixy (M, ii,m,n) for
i=1,--- k.
Thus, (3.11) becomes

Mz—1 o Mz—1 A O
- 3r1+1(m ii,s,N3)
Wi1(r1 (m,7,0,N3)) + fiv1 (i, s,1) +
\2(‘) 1= %4’1 Z ¢t+l( (rt+l(0 ©0,5,%0)))

Uit ¢i+1(W1 (Z)) i1

— —_— (3.13)
Wi+1(W1 I(Z)) Uit Wi+1(Z)
fori=1,---,k. Again we may choose M3 = M, and N3 = N,. Thus, (3.12) becomes
m—1 oo
u(m,n) < Wk+1 [WkH(rl(m A,0,n)+ > Y, fip1 (i, s,1)
s=0t=n+1
m—1 >
A3rk+1(mvnasvn)
t2 wl 0 }
=0 D1 (W (110,00, 5,00)))
for 0 <m < and n > 71. It shows that (3.4) is true for k+ 1. Therefore, the claim is
proved.

Replacing m and n by # and 7 in (3.4) respectively, we have

ml A3rk(ﬁ’l s ﬁ)
& W (0,000 =)

Since (3.4) is true for any m < M| and 71 > Ny, we replace m and 7i by m and n and
get

m—1 oo
u(m,n) <W_ [Wk(rl(mnOn + 3 Y flmn,s,t)
s=0t=n+1

m—1

Asri(m,n,s,n)
2 a0 wsw»)]'

Note that ry(m,n,0,n) = @(0,n) so we have

m—1 oo
u(m,n) <W_ {Wk( (07n))+2 Z fe(m,n,s,1)

s=0t=n+1
m—1

P L L I E
S0 oW (7k(0,00,5,20)))
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This proves Theorem 3.1. [

REMARK 3.1.

(1) In [6], v; is increasing for i = 1,---,k. Here we delete this condition by using
the method in [16].

(2) If a(m,n) =0 forall m,n € Ny, then a(0,e0) =0 so d(m,n) =0. Define W;(0) =
fori=1.--. Azri(mn,tt) —0if A _ h | =
0, for i ,--+,k, and PRI 0 if Azr;(m,n,t,t) =0, where
-, k. Then (3.1) is still true.

4. Corollaries

Assume that ¥y € C(R4,R,) is a strictly increasing function with ) (eo) = oo
where R4 = [0, ). Consider the following inequality

k m—
x(u(m,n)) <a(m,n)+Y 2 2 Sfilm,n,s,0)v;(u(s,t)), m,neNy. (4.14)
i=1 5s=0r=n+1

COROLLARY 4.1. Suppose that (A)-(A3) hold and u(m,n) is a nonnegative
Sfunction for m,n € Nq satisfying (4.14). Then

ml Agrk(m n,s,n)

+ |, 0<m<M =N, @15)

50 dW, (710,00, 5,00)))
where W;(u) = i W, V. is the inverse of Wi, Wo = I (Identity), §i(u) =
W’(i, &1 (u) = wi(x " (u)), and other related functions are given in Theorem

Wi— l

3.1 by replacmg wi(u) with wi(x ' (u)).
Proof. Let &(m,n) = y(u(m,n)). Then (4.14) becomes

k m—1 oo
E(mn) <a(mn)+Y, Y, Y filmn,s)vi(x Y& (s,1), mneNy. (4.16)
i=1 5s=0r=n+1

Note that w;(y~!(u)) satisfies the condition (A3). Using Theorem 3.1, we obtain the
estimate about &(m,n) by replacing w;(u) with w;(¥ ~'(u)). Then use the fact that
u(m,n) = x~1(&(m,n)) and we get Corollary 4.1.

If x(u) = u” where p > 0, then (4.14) reads

k m—1 oo

wP(mn) <a(mn)+% Y Y filmns,0)viu(s,r)), mneNy.  (4.17)

i=1 5s=0r=n+1

Directly using Corollary 4.1, we have the following result. [
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COROLLARY 4.2. Suppose that (Ay)-(A3) hold and u(m,n) is a nonnegative
Sfunction for m,n € Nq satisfying (4.17). Then

u(m,n) < W [Wkd +Z kamnst
s=0t=n+1

2 Asrelm,m5,1) 0<m<Myn>N,  (418)

k(W (1 (0,00, w)))] 7

where Wi(u) = [t ——, W1 is the inverse of W;, Wo =1 (Identity), §:(u) = wilu Pl) ,

u; i
wi(zP) wi—1(u?)

p
1
¢1(u) = wy(u?), and other related functions are in Theorem 3.1 by replacing w;(u)

5. Applications to a difference equation

In this section, we will apply our results to study the boundedness and uniqueness
of solutions of a nonlinear difference equation.

EXAMPLE 5.1. Consider the following nonlinear difference equation

m—1 oo m—1
b(m,n) = B(m,n) + Z Z G(m,n,s,t,b(s,t))+ Z Z P(m,n,s,t,b(s,t)) (5.1)
s=0t=n+1 s=0t=n+1

for m,n € Ny where b : N(2) — R is an unknown function, 8 maps from N(2) to R, and
G and P map from Nj x R to R.

Let a(m,n) = |B(m,n)| and d@(m,n) = maxXo<r<mn>nrneN,a(7,1n). We have the fol-
lowing theorem.

THEOREM 5.1. Suppose that the condition (Ay) is valid, and the functions G and
P in (5.1) satisfy the conditions

|G(m,n,s,t,b)| Sfl(m,n,s,t) V |b‘a
|P(m,n,s,t,b)| < fo(m,n,s,t)|b|, (5.2)

where f1,f>: Ng —[0,00). If b(m,n) is a solution of (5.1) on N3, then

m—1 2 n+1fl(m”5t)+AlZ((:7:))
b(m,n a(0,0)exp fo(m,n,s,t) — 1,
<0 [3, 5 RS o |
(5.3)

where

fl(m7n7s7t): max f1(17nasat>7

0<t<m,n2n,t,nEN
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f t) = t
f2(m7n7s7 ) 0<T<ml1?§r)tg‘[ n€N0f2(Tvn7s7 )7

\/—_i_lsziAlaToo
,/ Too

Proof. Using (5.1) and (5.2), the solution b(m,n) satisfies

m—1 oo
u(m,n) < a(m,n) + 2 z Si(myn,s,t)v1 (u(s,t))

s=0 t=n+1

m—1 oo
+2 2 f2(m7nasvt)v2(u(s7t))v mvnEN()v (54)
s=0 t=n+1

where
u(m,n) = |b(m,n)|, vi(u)=+vu, vV2(u)=u.

Clearly, d@(m,n) > 0 for all m,n € Ny since the condition (A;) holds. For positive
constants u, uy by (5.1), we have

wi(u) = Vu, wa(u) = u,
U dz _ u 2
W) = [T <oy, W = (5 va)
W () = / 2 wjé) :ln%7 Wy () = up exp(u),
ri(m,n,s,t) =a(s,t) >0, ri(m,n,0,t) =a(0,z),
ra(myn,s,t) =2(1/d0,1) —\/uy) + 2 2 fi(m,n,T,m) 2 M,
T=0n=t+1 a(t,0)
& Ala(s,t) B wz(u) o
Asry(m,n,s,t) ; 1(m,n,s,m) + m, ¢2(u>_w1(u) =/u.

It is obvious that w; and w, satisfy the condition (A3z). Applying Theorem 3.1 gives

m— 121" n+1f1(m7n7s 77)

u(m,n) < exp[z Zfzmnst—i—z

s=0t=n+1 p(s)

which implies (5.3). O

THEOREM 5.2. Suppose that the functions G and P in (5.1) satisfy the conditions

|G(m,n,s,t,b1) — P(m,n,s,t,b2)| < fi(m,n,s,t)\/|by — ba|,
|P(m,n,s,t,by) — P(m,n,s,t,by)| < fo(m,n,s,t)|by — bs|. (5.5)

where f1, f> : Né — [0,00). Then (5.1) has at most one solution on Ng.
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Proof. Let by(m,n) and b;(m,n) be two solutions of (5.1) on Ng. From (4.18),

we have

oo

m—1
|1 (m,n) — by(m,n)| < Z Z |G(m,n,s,t,by) — G(m,n,s,t,by)]|
s=0 t=n+1

=3

m—1
+ 2 2 \P(m,n,s,t,bl)—P(m,n,s,t,b2)|

s=0t=n+1
m—1 oo
<Y Y filmn,s,t)\/|by— by
s=0 t=n+1

=

m—1
+3 Y flmnst)|bi—by|, mneN. (5.6)
s=0t=n+1

Rewriting the above, we have

m—1 oo
u(m,n,s,t) < Y, Y film,n,s,0)vi(u(s,r))
s=0 t=n+1

oo

m—1
+ 2, D falmns)va(u(s,)), (5.7)

s=0 t=n+1

where u(m,n) = |by(m,n) —by(m,n)|, a(m,n) =0, vV2(u) =/u, V1 (u) =u,so wy(u) =

Vi,

wi(u) = u. Apply Theorem 3.1 and (2) of Remark 3.1, the inequality (5.7) leads

us to the equality u(m,n) = 0 which implies that the solution is unique. [
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