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OPTIMAL INEQUALITIES FOR THE CONVEX
COMBINATION OF ERROR FUNCTION

WEIFENG XIA AND YUMING CHU

(Communicated by S. Koumandos)

Abstract. For A € (0,1) and x,y > 0 we obtain the best possible constants p and r, such that
erf(M,(x,y; 1)) < Aerf(x) + (1 —4) erf(y) < erf(M,(x,y;1))

where erf(x) = %jg‘e” dr and My (x,y;1) = (Ax? + (1= A)yP)/P(p #0), Mo(x,y;4) =
x*y'=* are error function and weighted power mean, respectively. Furthermore, using these

results, we generalized and complement an inequality due to Alzer.

1. Introduction

For x € R, the error function erf(x) is defined as

erf(x \/_ /

This function, also known as probability integral, has numbers applications in statistics,
probability theory, and partial differential equations. It’s well-known that the error
function is odd, strictly increasing on (—oo, 4-o0), and strictly concave on [0,+oc0) with
lim,_, ;. erf(x) = 1. For the n—th derivation we have the representation

da" 2
- erf(x) = <—1>"—1ﬁe-x2Hn,1<x>,

where H,(x) = (—1)"6’“2 j—;n (e‘xz) is a Hermite polynomial.
The error function can be expanded as a power series in the following two ways
[35]:
2 2n+1 —x? pay 1 2n+1
erf(x) = =e —_—
Zn' 2n+1 ,Zbl“(n—l—%)
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It also can be expressed in terms of incomplete gamma function and a confluent
hypergeometric function:

ety - (47) - Zon (7).

In the recently past, the error function have been the subject of intensive research.
In particular, many properties and inequalities for error function can be found in the
literature [1, 7, 12, 18,22, 23,25, 30, 31, 33, 34, 37, 39, 40, 41]. In [4, 16, 19, 21, 27],
the authors study the properties of complementary error function. The expressions
in series, rational chebyshev approximates and derivation properties of inverse error
function are given in [5, 6, 9, 10, 11, 20]. Rational approximates for error function
can be found in [8, 15, 17, 26, 42]. In [24, 28, 36, 38] the authors concerned with the
computation of complex error function. It might be surprising that the error function
has application in heat conduction [13, 29].

In [14], Chu obtained the following sharp inequalities:

V1—e o L erf(x) < V1—e b

hold for all x > 0 with the best possible constants a =1 and b = % .
Mitrinovi¢ [32] proved the elegant inequality:

erf(x) + erf(y) < erf(x+y) + erf(x) erf(y)

holds for all x,y > 0.
The following two best possible inequalities were obtained by Alzer [2]:

erf(x + erf(y)) 2
erf(1) erf(y + erf(x)) < NG

and
erf(xerf(y))
erf(y erf(x))

For A € (0,1), we denote A(x,y;A) = Ax+ Ay, Gx,y;A) =x*y' =4 H(x,y;A) =
o and Mr(x,yiA) = (Ax"+ (L= A))"7(r # 0), Mo(x,y;1) = x*y'™* are
weighted arithmetic mean, weighted geometric mean, weighted harmonic mean and
weighted power mean of two positive numbers x and y with x # y. It is well-known

that
H(x,y;1) = M_1(x,y;4) < G(x,y;4) = Mo(x,y;4) <A(x,y;4) = My (x,y;4).

) o
) S
(1—

Very recently, Alzer proved the following Theorem 1.1 in [3].

THEOREM 1.1. Let A € (0, %) be a real number, then

ci(A) erf(H(x,y;1)) < Aerf(x) + (1 — A4) erf(y) < c2(A) erf(H (x,y;4))  (1.1)
hold for all x > 1 and y > 1 with the best possible factors
A+ (1—A)erf(1)

M) = k- n)

and ¢ (A)=1.
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It is natural to ask that if (1.1) holds for 0 < x,y < 1. Moreover we ask: what are
the best possible constants p and r such that the inequalities

erf(M,(x,y; 1)) < Aerf(x) + (1 —A) erf(y) < erf(M,(x,y;1))

hold for all x,y > 1 (or 0 < x,y < 1). In what follows, we answer those questions.

2. Lemmas

In the section we present some lemmas, which will used in the proof of our main
results.

LEMMA 2.1. Let r # 0 and w(x) = erf(x%), one has
(1)If r < —1, then w(x) is strictly convex on [1,+o0);
(2)If =1 <r <0, then w(x) is strictly concave on (0,1];
(3)If 0 < r < 1, then w(x) is strictly concave on [1,+o0);
(4)If r = 1, then w(x) is strictly concave on (0,+o0).

Proof. Elementary computation leads to

w(x) = ﬁ;ﬁ*le*x (2.1)
and 5 ,
w'(x) = N r—zxéfzef’ﬁ [1—r— Zx%}. (2.2)

Therefore, Lemma 2.1 follows from (2.2). [

LEMMA 2.2. Let u(x) = erf(e), then u(x) is strictly concave on [0, +eo).

Proof. Simple computation yields
u(x)=—=e" >0 (2.3)

and
2

u//(x) — ﬁ

2x

(1—2e¥)e" ¢ <0 (2.4)

for x> 0.
Therefore, (2.4) leads to u(x) is strictly concave on [0, +e). [

LEMMA 2.3. Let 0< A <1, r>—1(r#0) and y(x) =x " (Ax" +1—1)7 !
2
xe” ~ (=T ypop Y (x) is strictly increasing in [1,+eo).
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Proof. By logarithmic differentiation,

v'(x)
v s iy @5
where w1 (x) = (r— 1)(1 — 1)+ 2x2(Ax" + 1 — 1) — 2Ax"(Ax" + 1 — 1)7.
Casel. If —1<r<0,Let
yii(x) = (r—1)(1—=24)+2(1 - )% (Ax" +1-2)
and 2
Win(x) = 242 (Ax" +1—A) = 2Ax" (Ax +1—A)7,
then
w1 (%) = w11 (x) + yia(x). (2.6)
Since
vin(1)=(1-2)(1+r) >0, 2.7)
vl () =2(1 = A)xA2 4+ +2(1-1)] >0 (2.8)
and .
Wi (x) =242 (A + 1= )1 = (A+(1—=2)x ") 7] >0 (2.9)
forx>1.

From (2.6)—(2.9) we clearly see that y;(x) >0 for x € (I,4o0) and —1 < r < 0.
Therefore, y(x) is strictly increasing in [1,4e0) for —1 <r < 0.

Case?2. If 0 <r <2, then (2.7)—(2.9) hold again, so, y(x) is strictly increasing
in [1,4o0) for 0 <r<2.
Case 3. If r > 2, we let yp(x) = log[2x*(Ax" +1— A)] — log[2Ax" (Ax" + 1 —
|. Then

2
r

A)
lim y»(x) = —%logk >0 (2.10)

X—> o0

and

_2-r(-1)

Vo) = XA +1-2)

It follows from (2.10) and (2.11) that y,(x) > 0 for all x € [1,40) and r > 2.
Hence, (2.5) lead to y/(x) is strictly increasing in [1,4-o0) for r >2. O

<0. 2.11)

LEMMA 2.4. For 0O<A <1, r>—1(r#0) and x > 1, we have

1(hr) < Aerf(x)+ (1 —A)erf(1) (2.12)
T (A 4+ 1—A)7) '

and

Aerf(1)+ (1 — 1) erf(x)
erf((A + (1 — A)x7)7)

ci(A,r) < (2.13)
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where

erf(1-2)7)

A+(1=A)erf(1) —1<r<0
61(2’77.): 7 7
{?L—i—(l—?t)erf(l), r>0.

Proof. Tt is not difficult to verify that 0 < ¢;(A,r) <1 for 0<A <1 and r> —1.
Since the proof of (2.13) is similarly with (2.12), so we only prove (2.12).
Firstly, we prove that
A+ (1—=A)erf(1) o Aerf(x) 4+ (1 — A) erf(1)
erf(1—-1)7)  erf(Ax"+1—2)7)

holds for —1 <r<0 andx? 1.
Let G(x) = erf((1—24)7)[A erf(x)+ (1—A) erf(1)] — [A + (1 = A) erf(1)] erf((Ax"+
1 —JL)%) and Gy (x) = E/—fe"zG’(x), then one has

G(1) = [erf((1 —A)7) — (A+ (1 —A)erf(1))] erf(1) > 0, (2.14)
Jlim G(x) =0, (2.15)

— Vi _ r—1 r ! xz—(lx'+l—7t)%
Gi(x) = erf((1—A)}) = A+ (1= A)erf()¥ " (Ax + 1 —2)F e :
(2.16)

Gi(1) = erf((1—A)7) — [A+(1—A)erf(1)] >0 (2.17)
and
lim Gi(x) = —co. (2.18)

X— oo

Therefore, Lemma 2.3 and (2.16) imply that G (x) is strictly decreasingin [1, <o),
thus from (2.17) and (2.18) we conclude that there exists x; € (1,4e0), such that
Gi(x) > 0 for x € (1,x1) and G;(x) < O for x € (x;,+e0). So, G(x) is strictly in-
creasing in [1,x] and strictly decreasing in [x, +e0).

It follows from (2.14) and (2.15) together with the piecewise monotonicity of G(x)
that G(x) > 0 for x € [1,+e0) and —1 < r < 0.

Next, we prove that

< Aerf(x)+ (1 —A)erf(1)

A+{l-A)erdll) erf(Ax" +1—A)7)

holds for x > 1 and r > 0. .
Let H(x) = A erf(x) + (1 — A) erf(1) — [A + (1 — A) erf(1)] erf((Ax" +1—A)7)
and H(x) = ‘z/—fe"zH’ (x), then we have

H(1) = (1—2)(1 —erf(1)) erf(1) >0, (2.19)

lim H(x) =0, (2.20)

X——+oo
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r—1 r 11 2 (Ax41-2 3
Hi(x) =1—[A+(1=A)erf()]x"H(Ax" +1—A)7 L ~WH1=07 0 (901
Hi(1) = (1—L)(1 —erf(1)) >0 (2.22)
and
Jim Hy (x) = —ee. (2.23)

Hence, Lemma 2.3 and (2.21) imply that H (x) is strictly decreasing in [1,4-c0). It
follows from the monotonicity of H;(x) and (2.22) together with (2.23) that there exists
X2 € (1,4e0), such that H;(x) > 0 for x € (1,x2) and H;(x) < 0 for x € (xp,+o0).
Therefore, H(x) is strictly increasing in [1,x;] and strictly decreasing in [x, +eo).

From the piecewise monotonicity of H(x) and (2.19) together with (2.20) we
clearly see that H(x) > 0 for x € [1,4) and r >0. O

LEMMA 2.5. For 0< A <1 and x > 1, we have

A erf(x) + (1= 2) erf(1)
A+ (1—A)erf(1) < erf(x*)

(2.24)

and

Aerf(1)+ (1—A) erf(x)

A+ (1—A)erf(1) < )

(2.25)

Proof. Let E(x) =2 erf(x)+ (1 —A) erf(1) — [A+ (1 —A) erf(1)] erf(x*), Ey (x) =

VI X2 1 e e e . .
e  E'(x) and Ex(x) = Triayerm £l (x), then simple computation leads to

E(l)=(1—2A)(1 —erf(1))erf(1) > 0, (2.26)
lim E(x) =0, (2.27)
X—> o0
A—1 —x24x2
Ei(x)=1—-[A+1—=A)erf(1)]x* e ,
Ei(1)=(1-A)(1—erf(1)) >0, (2.28)
lirf E(x) = —oo, (2.29)
Ey(x) =1 —A+2Ax%" — 242,
E,(1)=A-1<0 (2.30)
and
Ej(x) = 4x(A%x** 72— 1) <0 (2.31)
forx>1.
Therefore, Inequalities (2.31) and (2.30) imply that E/ (x) is strictly decreasing in
[1,+e0).

From the monotonicity of Ej(x) and (2.28) together with (2.29) we clearly see
that there exists x3 € (1,+e0), such that E;(x) > 0 for x € (1,x3) and E;(x) < 0 for
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X € (x3,400). Thus, E(x) is strictly increasing in [1,x3] and is strictly decreasing in
[)C37 +eo).

Hence, E(x) > 0 follows from the piecewise monotonicity of E(x) and (2.26)
together with (2.27).

The proof of (2.25) is similarly with (2.24), so we omit the detail. [l

LEMMA 2.6. For O<A <1, r>1and 0 <x< 1, we have
Aerf(1) o A erf(x)
erf(A7)  erf(A7x)

(2.32)

and

A erf(1) . (1—A4)erf(x)
erf(A7)  erf((1—A)7x)

(2.33)

Proof. We only prove (2.32). For 0<x <1 and r>1,let J(x) = 4 erf(4 %) erf(x) —
A erf(1) erf(A %x), then simple computation leads to

J(0)=0, J(1)=0 (2.34)
and aa ) .
J"(x) = —ﬁxeﬂ [erf(o) — o erf(1)e!! =] (2.35)
where 0 < or = A+ < 1.
Since
erf(a) — o erf(1)e! =% > erf(ar) — o erf(1)e!~*’ (2.36)
for x € (0,1).

Next, we prove that I(a) = erf(o) — o erf(l)el_o‘2 >0 for o € (0,1).
Elementary computations yield

100)=0, I(1)=0 (2.37)

2

I'(or) = erf (o) — erf(1) (30> — 20*)e! =,

2 2
I'0)=—=, I'(l)=—"=—erf(l) = —0.4276...< 0 2.38
O)= = ()=~ () 2.38)
and )
') = e * (),
where 4
Ii(a) = —— — erf(1)e(6 — 140 + 4a* 2.39
(@) ==~ erf(1)e(6 - 140" + 40, (239)
4
(0)= _ﬁ —6erf(l)e = —16.0009... < 0, (2.40)
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11(1):—% +4erf(1)e = 6.9060... > 0. (2.41)

It is easy to see that the function ¢ (o) = 6 — 140> + 4o is strictly decreasing in
(0,1), then (2.39) yields to I; (o) is strictly increasing in (0,1).

It follows from the monotonicity of /; (o) and (2.40) together with (2.41) that there
exists a; € (0,1), such that I; (o) <0 for o € (0,0) and I () >0 for o € (e, 1).
Therefore, I'(t) is strictly decreasing in [0, o] and strictly increasing in [0y, 1].

From the piecewise monotonicity of I’(¢) and (2.38) we conclude that there exists
op € (0,1), such that I'(ar) > 0 for @ € (0,0) and I; (o) < 0 for o € (0,1). Hence,
I(a) is strictly increasing in [0, o] and strictly decreasing in [0, 1].

It follows from the piecewise monotonicity of I(¢) and (2.37) that I(o;) > O for
o< (0,1).

Therefore, (2.36) and (2.35) lead to J(x) is concave on (0, 1), from (2.34) we have
J(x) = min{J(0),J(1)} =0. O

3. Main results
THEOREM 3.1. Let A € (0,1), the double inequalities
erf(M,(x,y; 1)) < Aerf(x) + (1 —A4) erf(y) < erf(M,(x,y;1)) (3.1

holdforall x>1, y> 1 ifandonly if p= —oc and r > —1.

Proof. Firstly, we prove thatif » > —1 and p = —oo, then (3.1) hold.

The monotonicity of erf(x) implies that the left-hand side of (3.1) is true with
p = —oo. Since the weighted power mean is increasing on R with respect with it’s
order, this implies that 7 — erf(M, (x,y; 1)) is increasing on R. Therefore, it is enough
to prove that the right-hand side of (3.1) is valid for » = —1, which is followed from
(1.1).

Secondly, we prove that the right-hand side of (3.1) imply that » > —1.

For x > 1 and y > 1, from the right-hand side of (3.1) we can let

K(x,y) = erf(M,(x,y;A)) — A erf(x) — (1 — A) erf(y) > 0.

Then simple computation leads to

0
K(y,y) = aK(x,y) li=y="0

and )

J 21 _»

- =A== [r— 2>
8X2K(x,y) lx=y=A(1 k)ﬁye [r—1+2y7]>0,

this leads to r > —1.
Thirdly, we suppose that there exists a real number p such that the left-hand side
of (3.1) hold for all x > 1 and y > 1. We divide the proof into two cases.
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Case A. If p >0, for fixed y € R we have

lim erf(M,(x,y;4)) =1

X——o0

and
lim [A erf(x) + (1 = A)erf(y)] =42+ (1 —A) erf(y) < 1.

X—o0

This contradict with the left-hand side of (3.1).
Case B. 1If —eo < p <0, then for x > 1, from the left-hand side of (3.1) we let

1
B=A7,y— e and

O(x) = Aerf(x) + 1 — A — erf(Bx) > 0. 3.2)
Hence we get
lim Q() =0 (3.3)
and 5 . .
0= e A~ Bel! =PIy, (3.4)

Since f > 1, then (3.4) leads to that there exists 11 € (1,+o0), such that Q'(x) >0
for x € (11, +o°), this implies that Q(x) is strictly increasing in [11,+o°).

It follows from (3.3) and the monotonicity of Q(x) that there exists 12 € (1,4-o0),
such that Q(x) < 0 for x € (12, +eo), this is contradict with (3.2). O

THEOREM 3.2. Let A € (0,1), the double inequalities
erf(My (x,y; 1)) < A erf(x) + (1 — A) erf(y) < erf(My (x,y;1)) (3.5)
hold for all 0 < x,y < 1 ifandonlyif u < —1 and v > 1.
Proof. Firstly we prove thatif u < —1 and v > 1, then (3.5) is valid.

Foruy<—land 0<x,y<1,welets=x" and t =y", then s,# > 1. It follows
from Lemma 2.1(1) that

w(ds+ (1= A)1) < Aw(s) + (1= A)w(r).

This leads to
erf(My (x,y;4)) < A erf(x) + (1 —A4) erf(y)

forall 0 <x,y <1.
Forv>1,0<x,y<l,welet s=x" and ¢t =y",then 0 <s,7 < 1. From Lemma
2.1(4) we clearly see that

w(ds+ (1= A)1) = Aw(s) + (1— )w(t).

This leads to
erf(My (x,y;1)) > A erf(x) + (1 — A) erf(y)
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forall 0 <x,y<1.
Secondly, we prove that the right-hand side of (3.5) implies v > 1. Let

T (x,y) = erf(My(x,y;A)) — A erf(x) — (1 — A) erf(y) > 0.

Then 5
T(y,y) = ET(W)IX:y =0
and 5
21 2
_ — R R Y | _ 2
(Q)CzT(x,y)LC:y Al )L)\/ﬁye [v—1+2y7>0. (3.6)

Therefore, (3.6) leadsto v > 1 forall 0 < x,y < 1.
Finally, we prove that the left-hand side of (3.5) implies u < —1.
Let y — 1, then from the left-hand side of (3.5) we obtain

L(x) = Aerf(x) + (1 —A) erf(1) — erf(M, (x,1;4)) > 0 3.7)

forO<x<1.
By elementary computations, we get

L(1)=0 (3.8)
and ” ,
ey — 2 Ll e (A1) E
L'(x) ﬁe I—x (At +1-2)F " ] (3.9)
Let )
Li(x) = log 1 — log[tt~ (Ax 4 1 — A)8 ¥ —(Rat+1-2) Ty (3.10)
Then
1il‘{17 Li(x)=0 (3.11)
and {
I(y) —
Ll(x)_x(lx#+l—A)L2(x)’ (3.12)
where
Ly(x)=(1—p)(1—=2A)+2A(Ax" +1 —?L)%x“ — 23 (At +1-2)
and
lir}{Lz(x):(l—)L)(—l—u). (3.13)

In fact, if 4 > —1, then by the continuity of L, (x) and (3.13) we know that there
exists a small 6; > 0 such that Ly (x) < 0 for x € (1 —§8;,1). Therefore, (3.12) leads to
Ly (x) is strictly decreasing in [1 — &y, 1].

From (3.11) and the monotonicity of L;(x) in [1 — ;,1] we conclude that there
exists a small &, > 0, such that L;(x) > 0 for x € (1 —&,,1). Hence, (3.9) and (3.10)
imply that L(x) is increasing in [1 — &,,1].
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It follows from (3.8) and the monotonicity of L(x) in (1 — &, 1) that there exists a
small &3 > 0, such that L(x) < 0 for x € (1 — 83, 1). This is contradict with (3.7). O

The following Theorem 3.3 generalized Theorem 1.1.

THEOREM 3.3. Let 0 < A < 1 and r > —1, then the double inequalities
c1(A,r) erf(M,(x,y;A)) < Aerf(x) 4+ (1 — A) erf(y) < c2(A,r) erf(M,(x,y;A)) (3.14)
hold for all x,y > 1, and the factors

A+(1-A) erf(1) Cl<r<0
erf(1-2)7) ’
0

ci(A,r) =
: At (1= 2A)erf(1), r >0,

are the best possible.

Proof. The right-hand side of (3.14) follows from Theorem 3.1, so we only need
to prove the left-hand side of (3.14). We divide the proof into three cases.

Casel. —1<r<0.Forx>1andy>1, welet w(z)= erf(z%), s=2x" and

t =y, then 0 < s, < 1. From (2.1) and (2.2) we clearly see that w” < 0 and w' < 0
on (0,1) for —1 < r < 0. Therefore, —w’ is positive and increasing in [0, 1]. Let

Ay (s,1) = Aw(s)+ (1 = A)w(t) —c1 (A, r)w(As+ (1 = A)1). (3.15)

Subcase 1.1. If 0 <s<tr<1,then s<As+ (1 —A)r <r. Differentiating (3.15)

leads to
1 0

HEAA(SJ) =w(t)—c1(A,r )W (As+ (1 —2A)t) <O0.

Thus
Ay (s,1) Z A (s,1) = Aw(s) + (1 —A)w(l) —c1 (A, r)w(As+1— Q). (3.16)

Therefore, A (s,7) > 0 follows from (3.16) and (2.12).
Subcase 1.2. If 0 <t <s<1,thens<As+ (1—A)r <s. Differentiating (3.15)
yields to

iA;L(sJ) =w(s)—c1(A, )W (As+(1—A)t) < 0.

So
Ax(5,0) = Ag(1,1) = Aw(1) + (1= D)w(t) — cr(A, w(A + (1= A)r).  (3.17)
Hence, A) (s,1) > 0 follows from (3.17) and (2.13).

Case 2. r=0. For x> 1 and y > 1, we let u(z) = erf(¢*), s = logx and
t = logy, then s,¢ > 0. From (2.3) and (2.4) we know that ¥’ < 0 and «’ > 0 on
[0,+o0). Therefore, u’ is positive and decreasing in [0,+0). Let

B (s,t) = Au(s)+ (L — A)u(t) — cy(A, r)u(As+ (1 — A)t). (3.18)
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Subcase2.1. If 0<s<t,then s <As+ (1 —A)r<r,(3.18) leads to

22y (s.) = 0 (5) —ea(A, P (s + (1 A)r) > 0.
This implies that
B) (s,t) = B;(0,1) = Au(0) + (1 = A)u(r) — c1(A, r)u((1 —A)r). (3.19)

Hence, B, (s,t) > 0 follows from (3.19) and (2.25).
Subcase2.2. If0<t<s,thenr <As+ (1 —A)r<s, (3.18) yields

ﬁ%Bl(s,t) =u'(t) —c1(A,r)u’ (As+ (1 —A)t) > 0.
Thus, we have
B, (s,1) = By (5,0) = Au(s) + (1 — 2)u(0) — c1 (A, r)u(Ls). (3.20)

Hence, B, (s,t) > 0 follows from (3.20) and (2.24).

Case3. r>0.Forx>1andy>1, welet w(z) = erf(z%), s=x"andt=y",
then s,z > 1. It follows from (2.1) and (2.2) that w” < 0 and w' > 0 in (1,+o0) for
r > 0, therefore, w' is positive and decreasing in [1, o).

Subcase 3.1. If 1 <s<t,then s <As+ (1 —A)r<r,(3.15) leads to

Therefore,
Ay (s,0) 2 A (1,1) = Aw(1) + (1 = A)w(t) — c1 (A, r)w(A + (1 — A)e). (3.21)

Hence, A) (s,1) > 0 follows from (3.21) and (2.13).
Subcase 3.2. If 1 <t <s,then s <As+ (1 —A)r<s, from (3.15) we obtain

ﬁ%mm — (1) — er(A, W (s + (1= A)t) > 0.
Thus
Ay (s,1) Z A (s,1) = Aw(s) + (1 —A)w(l) —c1 (A, r)w(As+1— Q). (3.22)

Therefore, A (s,7) > 0 follows from (3.22) and (2.12).
The following (3.23) and (3.24) imply that ¢;(A,r) and c¢3(A,r) are the best pos-
sible.

lim lim ={ af((1-2)7)

Aerf(x)+ (1 —A)erf(y) [2HUAeD - <o, 323)
yolamte o erf(Mr(x,y; 1)) A4+(1—A)erf(1), r=0
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and
lim Aerf(x)+ (1 —2) erf(y)

y—x erf(M,(x,y; 1))
This complete the proof of Theorem 3.3. [

=1 (r=-1). (3.24)

The following Theorem 3.4 complement of Theorem 1.1.

THEOREM 3.4. Let 0 <A < 1, r > 1, then the double inequalities
c3(A,r) erf(M,(x,y; 1)) < Aerf(x) 4+ (1 —A) erf(y) < ca(A,r) erf(M(x,y; 1)) (3.25)
hold for all 0 < x,y < 1, and the factors
A erf(1)
" ef(Ah)

c3(A,r) and c4(A,r)=1

are the best possible.

Proof. The right-hand side of (3.25) follows from Theorem 3.2, so we only need
to prove the left-hand side of (3.25). We let w(z) = erf(z%) and

D (s,t) = Aw(s) + (1 =A)w(t) —c3(A, r)w(As+ (1 —A)r). (3.26)
Forr>1,0<x,y<l,let s=x",t=y",then 0 <s,f < 1. From (2.1) and (2.2)
we see that w” < 0 and w' > 0, thus w' is positive and decreasing in [0, 1].

Casel. If0<s<r<1,then s<As+ (1—A)r <r. It follows from (3.26) that

%%Dl(s,t) =w/(s) —e3(A, W' (As+ (1= A)1) > 0.
This leads to
Dy (s.1) > D3 (0.0) = Aw(0) + (1 = Apw(t) = es(A,rw((1=A)).  (327)

Hence, B, (s,1) > 0 follows from (3.27) and (2.33).
Case2. If0<r<s<l,thent<As+ (1—A) <s.From (3.26) we get

1 _1)L %DA (s,8) =w(t) — c3(A,r)w' (As+ (1 — A)t) > 0.
So
Da(51) > DA (5:0) = M) + (1 =A)w(O0) —3(Rrwlhs). - (329)

Hence, D) (s,7) > 0 follows from (3.28) and (2.32).
The following (3.29) and (3.30) imply that ¢3(A,r) and c4(A,r) are the best pos-

sible.
Aerf(x)+(1—A)erf(y)  Aerf(1)

lim li _ 3.29
Vo0t erf(M,(x,y:2)) erf(A7) (329

and A erf(x) + (1— A) erf
fim 2ot + (1= A) erfly) (3.30)

y—x erf(M,(x,y; 1))
forr>1. O
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