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(Communicated by S. Samko)

Abstract. Let P be areal nx n matrix, whose all the eigenvalues have positive real part, A, =t
t >0, y=trP is the homogeneous dimension on R” and Q is an A, -homogeneous of degree
zero function, integrable to a power s > 1 on the unit sphere generated by the corresponding
parabolic metric. We study the parabolic fractional maximal and integral operators Ms‘a and
Isﬂ , 0 < o <y with rough kernels in the parabolic generalized Morrey space .#, o p(R").
We find conditions on the pair (¢1,¢2) for the boundedness of the operators MS‘ o and IS‘ o
from the space .7, o, p(R") to another one .#y ¢y, p(R"), 1 <p<g<eo, 1/p—1/q=at/y,
and from the space .1 o, p(R") to the weak space W.# g, p(R"), 1 <q<eo, 1 —1/q=
o/7y. We also find conditions on ¢ for the validity of the Adams type theorems MS‘ o IS‘ o

My R 1 (R"),I<p<qg<ecs.
p:9P.P q.99.P

1. Introduction

The boundedness of classical operators of the real analysis, such as the maximal
operator, fractional maximal operators, fractional integral operators and singular inte-
gral operators etc, from one weighted Lebesgue space to another one is well studied by
now, and there are well known various applications of such results in partial differential
equations. Besides Lebesgue spaces, Morrey spaces, both the classical ones (the idea of
their definition having appeared in [22]) and generalized ones, also play an important
role in the theory of partial differential equations, see [12, 19, 20, 29, 30].

In this paper, we find conditions for the boundedness of the parabolic fractional
maximal and integral operators with rough kernel from a parabolic generalized Morrey
space to another one, including also the case of weak boundedness, and prove Adams
type boundedness theorems for this operators. To precisely formulate the results of this
paper, we need the notions given below.

Note that we deal not exactly with the parabolic metric, but with a general aniso-
tropic metric p of generalized homogeneity, the parabolic metric being its particular
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case, but we keep the term parabolic in the title and text of the paper, following the
existing tradition, see for instance [7].

Everywhere in the sequel A < B means that A < CB with some positive constant
C independent of appropriate quantities. If A < B and B < A, we write A ~ B and say
that A and B are equivalent.

1.1. Parabolic homogeneous space {R",p,dx}

For x € R" and r > 0, we denote the open ball centered at x of radius r by B(x,r),

its complement by EB(x7 r) and |B(x,r)| will stand for the Lebesgue measure of B(x,r).
Let P be areal n x n matrix, whose all the eigenvalues have positive real part. Let
A, =1t" (t>0), and set
Y =trP.

Then, there exists a quasi-distance p associated with P such that (see [8])

(@) p(Ax)=tp(x), t >0, forevery xeR"
() p(0)=0, p(x)=p(-x)=0
and p(x—y) <k(p(x—2)+p(y—2)):
(¢) dx=p" 'do(w)dp, where p=pK),w=A,x

and do(w)is a measure on the unit ellipsoid S, = {w: p(w)=1}.

Then, {R",p,dx} becomes a space of homogeneous type in the sense of Coifman-
Weiss (see [8]) and a homogeneous group in the sense of Folland-Stein (see [10]).
Moreover, we always assume that there hold the following properties of the quasidis-
tance p:

(d) For every x,

Al < p(x) <eald®, i p() > 1
3% < p(x) < cad %, if p() <1
and
p(0x) <p(x) for 0<O <1,
with some positive constants ¢; and ¢; (i =1,...,4). Similar properties hold also for

the quasimetric p* associated with the adjoint matrix P*.

The following are some important examples of the above defined matrices P and
distances p.

L. Let (Px,x) > (x,x), x € R". In this case, p(x) is defined as the unique solution
p(x) =t of |A,.1x| =1, and k= 1. This is the case studied by Calderon and Torchinsky
in [7].

2. Let P be a diagonal matrix with positive diagonal entries, and 7 = p(x), x € R”
be the unique solution of |A,-1x| = 1.

2,) When all the diagonal entries are greater than or equal to 1, O. V. Besov, V.
P. I’in, P. I. Lizorkin in [3] and E. B. Fabes and N. M. Riviere in [9] studied the weak
(1,1) and strong (p, p) estimates of singular integral operators.



PARABOLIC FRACTIONAL MAXIMAL AND INTEGRAL OPERATORS 259

2;) If there are diagonal entries smaller than 1, then p satisfies the above (a) —
(d) with k> 1.

3. In [28] Stein and Wainger defined and studied some problems in harmonic
analysis on this kind of spaces. Consider a one parameter group of dilations on R”,
A, R" — R" for each ¢t > 0 with the following properties:

(1) Ay =AA; and A is the identity;

(i) }EI&A,X =0 forevery xecR";

(i) A;x =tPx = exp{Plogt}x.

Then all eigenvalues of P have positive real part. Then in this case there exist
0 < Bi < B and 0 < ¢} < ¢} such that A, has the following properties:

(iv) for every x

AiPrx| < |Ax| < P2 |x|, forr>1
and
()" x| < |Aux| < () 1ePrx], for 1< 1.

By [28], if |A,.| were strictly monotonic, then we might define the unique solutions
of |Ax] =1 by p(x). Otherwise, there is a positive definite symmetric matrix B such
that

(Ax) = (Arx)p = (BAtx7Atx)%

is strictly increasing and thus p can be defined as follows: For x # 0, p(x) is the
unique positive ¢ such that (A, (x)) = 1. For x =0, set p(x) = 0. Then for x # 0

X = Ap(x)w(x)7
where (w(x)) =1 and w(x) is unique. Let p*(&) be the quasi-distance function corre-
sponding to the group A’ =" = exp(P*logt). Then & = A;*(g)(w*(é)) where
* * * 1
W'(8)) = (Biw™(§),w"(5))?

for an appropriate positive definite symmetric matrix B.

It was pointed out in [28] that both p and p* satisfy (1.1)—(1.4), and one can
easily see that oy = oy = 13%’ o =03 = ﬁ%’ and ¢; depends on on the matrices P and
B. Moreover, in this case

dx=p?"ldo(w)dp,

where do(w) is a C* measure on the ellipsoid p(w)? = (Bw,w) = 1.
In the standard parabolic case Py = diag(1,...,1,2) we have

)C/2+ )C/4+X%
p(x)z\/' W m W),
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The balls & (x,r) = {y € R": p(x—y) < r} with respect to the quasidistance p
are ellipsoids. For its Lebesgue measure one has

|6 (x,r)[ = vpr?,

. o c
where v, is the volume of the unit ellipsoid. By "&'(x,r) = R"\ &(x,r) we denote the
complement of & (x,r).

1.2. Parabolic generalized Morrey spaces

We define the parabolic Morrey space .7, 3 p(R") via the norm

1/p
— —A P oo
= s ([ lr0Pay) <

il

where | <p<e~and 0 <A <.

If A =0, then .#,0p(R") =L,(R"); if A =y, then .4, yp(R") = L.(R"); if
A <0or A >y,then .#,; p=0, where O is the set of all functions equivalent to 0
on R".

We also denote by W.#), ; p(R") the weak parabolic Morrey space of functions
f € WLI(R") for which

i
= 4 o <
1A llw.z, ;. xe§g§>0r 1 llwe, (&) <o

where WL, (& (x,7)) denotes the weak L, -space of measurable functions f for which
Ifllwrysteny = supt Iy € ) [F ()] > 1}
>

Note that WL, (R") = W., 0 p(R"),
My ppR") CWA, 5 p(RY) and (| fllw, , < flla, -
If P=1,then ., ;(R") = .4, ;(R") is the classical Morrey space.

We introduce the parabolic generalized Morrey spaces following the known ideas
of defining generalized Morrey spaces ([ 15, 24, 26] etc).

DEFINITION 1.1. Let @(x,r) be a positive measurable function on R” x (0, )
and 1 < p < eo. The space .#), o p = .My pp(R"), called the parabolic generalized
Morrey space, is defined by the norm

_1
£ty = sup @) |E |7 | fllL, 6 00))-
x€R™ >0
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DEFINITION 1.2. Let ¢(x,r) be a positive measurable function on R” x (0, )
and 1 < p < . The space W.#), o p = W.2#) »p(R"), called the weak parabolic
generalized Morrey space, is defined by the norm

_1
1 lw.ttyor = sup @Ce,t) HE@ND]? I lwe, (e

xeR™ >0

If P=1,then My o(R") =4, 01(R") and W), o(R") =W M) o1 (R") are the
generalized Morrey space and the weak generalized Morrey space, respectively.

According to this definition, we recover the space .#,, ; p(R") under the choice
Ay

ox,r)=r7r:

My p(R) = Mypop®) .
olur)=r 7

1.3. Operators under consideration

Let S, = {w € R": p(w) = 1} be the unit p-sphere (ellipsoid) in R" (n > 2)
equipped with the normalized Lebesgue surface measure do and Q be A,-homoge-
neous of degree zero, i.e. Q(A;x) = Q(x), x € R", r > 0. The parabolic fractional
maximal function MS,a f and the parabolic fractional integral 157 o) by with rough

kernels, 0 < o < 7, of a function f € L!°°(R") are defined by

M) =supléCen) F [ 00 70)lay

t>0

R e 2

If Q=1, then M}, = M{, and I, = If , are the parabolic fractional maximal
operator and the parabolic fractional integral operator, respectively. If o = 0, then
MP = Mg o 1s the parabolic maximal operator with rough kernel. If P =1, then Mq o =
Mé o 18 the fractional maximal operator with rough kernel, and M = MI 0 1s the Hardy-
Littlewood maximal operator with rough kernel. It is well known that the parabolic
fractional maximal operators play an important role in harmonic analysis (see [10, 27]).

We prove the boundedness of the parabolic fractional maximal and integral op-
erators MS_ o> IS o With rough kernel from one parabolic generalized Morrey space
My, p(R") to another one Myp,p(R"), 1 <p<q<e, 1/p—1/g=a/y, and
from the space .# o, p(R") to the weak space W.Z, ¢, p(R"), 1 <g<oo, 1-1/g=
o/v. We also prove the Adams type boundedness of the operators MS o> If—la from
M (R") to /// ohp (R") for 1 < p < g < o and from % p(R") to

P9

/// (R")forl<q<oo

1
[0

Q\'—‘ ~
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2. Preliminaries

In the papers [24, 25], where the maximal and other operator were studied in
generalized Morrey spaces, the following condition was imposed on @(x,r):

c_l(p(x7 r) < o(x,t) <cox,r), 2.1

whenever r <t < 2r, jointly with the condition:

[ otsrs <oty

for the maximal or singular operators and the condition

= dt
/ tap(p(x7t)p7 <Cr*Po(x,r)? (2.2)
-
for potential and fractional maximal operators, where ¢ and C do not depend on r and
X.

The results of [24, 25] imply the following statement.

THEOREM 2.1. Let 1 < p <o, 0 < a < %, Ll] = I%—% and @(x,t) satisfy

the conditions (2.1) and (2.2). Then MY, and 1%, are bounded from Mp.pp(R") 10
Myo.p(R") for p>1 and from A\ o p(R") to W My p(R") for p=1.

In [11] the following statement was proved by fractional integral operator with
rough kernels I ¢, containing the resultin [21, 24].

THEOREM 2.2. LetQ € LS(S"_I), 1 < s < o0, be homogeneous of degree zero.

Let0<a<n,s<p<Z, é = % — & and @(x,r) satisfy the condition (2.1) and

/ tap(p(xj)p? <Cr*Po(x,r)?, (2.3)

where C does not depend on x and r. Then the operator lg ¢ is bounded from M,
o My .

The following statements, containing results obtained in [21], [24] was proved in
[13, 15] (see also [4]-[6], [14]-[17]).

THEOREM 2.3. Let 0<a <y, 1<p< L, éz %—% and (@1, ) satisfy the

condition .
/ 19y (x,1)dt < Con(x,r), (2.4)
-

where C does not depend on x and r. Then the operator 1Y is bounded from M), o, p
to My, p for p > 1 and from My o, p to WLMy o, for p=1.
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Let v be a weight on (0,0). We denote by L. ,(0,°0) the space of all functions
g(t), t > 0 with finite norm

18111, (0.00) = 55 supv(r)[ ()]
>0

and write Le(0,00) = L 1(0,00). Let (0,e0) be the set of all Lebesgue-measurable
functions on (0,e0) and 9" (0,e) its subset of all nonnegative functions. By
M T(0,00;7) we denote the cone of all functions in M ™ (0,e0) non-decreasing on (0, o)
and introduce also the set

— (0 oo 1) - T _
A—{(pefm (0, ,T).tli%i¢(t) 0}.

Let u be a non-negative continuous function on (0,00). We define the supremal opera-
tor S, on g € M(0,0) by

(Sug)(t) := [|ugl|o(reo)s t € (0,00).
The following theorem was proved in [5].

THEOREM 2.4. Let vi, vo be non-negative measurable functions satisfying 0 <
[Villz(e0) < oo for any t >0 and let u be a continuous non-negative function on

(0,0). Then the operator S, is bounded from Le,y, (0,50) 0 Les,y, (0,0) on the cone A
if and only if

Hvz§u <HV1 HZ:(~»0>> Hme,w) < oo (2.5)

We are going to use the following statement on the boundedness of the weighted
Hardy operator

Hg(t) := /[wg(s)w(s)d& 0 <1 <eo,

where w is a fixed function non-negative and measurable on (0,0).
The following theorem was proved in [18].

THEOREM 2.5. Let vy, vy and w be positive almost everywhere and measurable
Sunctions on (0,e0). The inequality

ess supvy(r)H,yg(r) < Cess supvy(1)g(t) (2.6)
>0 >0

holds for some C > 0 for all non-negative and non-decreasing g on (0,) if and only

if

> w(s)ds
B :=ess supv t/ ——— < oo, 2.7
,>op 2(1) ¢+ esssupvi(T) @7
§<T<o0

Moreover, if C* is the minimal value of C in (2.6), then C* =B

REMARK 2.1. In (2.6) and (2.7) it is assumed that i =0and 0-=0.
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3. Boundedness of the parabolic fractional
operators in the spaces L,(R")

In this section we prove the (p,p)-boundedness of the operator Mg and the
(p.q)-boundedness of the operators 15, , and ML .

THEOREM 3.1. Let Q € Ly(Sp), 1 <s < oo, be A;-homogeneous of degree zero.
Then the operator M& is bounded in the space L,(R"), p > s'.

Proof. In the case s = o the statement of Theorem 3.1 is known and may be found
in [8] and [27]. So we assume that 1 < s < o,
Note that

. 1/s
26— e = ([ 100)I1a)

&(0.1)
_ (/(:ryldr/sp |Q(co)\“‘da(w)>l/s (3.1)

= co 19| (s,) |6 (x,1)[1V5,

where ¢ = (yvp)fl/s and vy, = |&£(0,1)].
The case p = o is easy. Indeed, making use of (3.1), we get

IMEA Iz < |1 f i f;lloo\éo(x,t)l_”sl’ 1Q0x = )l zy(s ) < €0 1Qly(s,) 1o
So we assume that 5’ < p < oo. Applying Holder’s inequality, we get
MEf(x) < fgg\é”(m)l‘l\\ﬂ(x— Ny 1L, @) (3.2)
Then from (3.2) and (3.1) we have
MGf(x) < co IIQIILs@,)fgglf(x’t)l"“/‘ 1Al (e

-1 s I/S/
= <o 19,5 (59p 16 o) 1A ey

1/s'

= 0 | @lli5,) (M (1) @) (3.3)

Therefore, from (3.3) for 1 <5’ < p < = we get

, 1/s'
IMES 1, < o 1R, sl (M7 UF) @) e,

J1/s Jl/s'
= <o 12,5, 1M7L N, SIATILS, = 1A, O
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THEOREM 3.2. Suppose that 0 < o0 <y and the function Q€ L _y (Sp), is A;-
7—o

homogeneous of degree zero. Let 1 < p < % and 1/p—1/q= o./y. Then the fractional
integral operator I&a is bounded from L,(R") to Ly(R") for p > 1 and from L,(R")
to WLy(R") for p=1.

Proof. We denote
K(x) = 20
p(x)r—
for brevity, and may assume that K(x) > 0. We have
|{x eR": IDf(x) > )L}' < |{x eR": 151 (x) > c;(;x}j <l +h,

where

I = ‘{xeR":\Kﬁ*f(x)\ > %}’, L= ‘{xeR":\Kﬁ*f(x)\ > %} ,

Ky (x) = (K(x) = 1) 2, (¥) and K (x) = K(x) — K, (%),
u>0and E(u)={xeR": K(x) > u}. Note that

Y
]

[E(w)] < Bu7 (3.4)

where B = 1(|Q|7 as seen from the following estimation:

a
7 (Sp)
=

L o)
WIS G o 07 o

L[ owyasw) /

W Js, 0

By means of (3.4) we can prove the estimate

K> ,\(Y—B> o, 1<p<-L.
1Ky llz , Ba)n P<

For p =1 it easily follows from (3.4), and for p > 1 we have

/ H /
[ K ax=p' [ E@)ar
R" 0

we oy
<p’B/ e gy
0

Y—o A
= —Bquvfoc q
Y



266 V. S. GULIYEV AND A. S. BALAKISHIYEV

Then by the Young inequality we obtain

Y—o v
65l < IR e, < (7 Ba) " w7 171,
Now fora A > 0, we choose i such that
1
Yy—o )17 T A
~—B (r-a)q = —
(= Ba)" 17 7l = 5
then
GR”WKQ*f(H:>& =0
x DK f(x 5| =0
Thus

‘{xER" 1L f(x) >7L}| < ‘{xER" : \Kﬁ*f(x)\ > %}‘
< (5 I3l ) (35)

The following estimations take (3.4) into account:

L Ka@e= [ (K@) - p)ax
< [ IEC+

<B/z7%m (3.6)
u
oB

o

R Yo,

For all f € L.(R") and x € R", from (3.6) it follows that
aB o
Ko F < Wl [ KRl < 250 w7 | (3.7)

For all f € L;(R"), from (3.6) follows

aB o
KAl < [ [ IR G 0)dxdy < 2 0 e G

Y—o
Thus from (3.7) and (3.8) follows that the operator 7} : f — Klll * f is of (e0,00) and
(1,1)-type. Then by the Riesz-Thorin theorem the operator 7; is also of (p,p)-type,
1 < p <o, and
oB

1T £z, < P o | flle,- (3.9)
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From (3.5) and (3.9) we get
n. P 2 r
{re R 15700 > 2| < (T 1Kk Fll )

<c(3 11", (3.10)

where C is independent of A and f.

To finish the proof, i.e. prove that the operator IZ is bounded from L,(R") to
Ly(R™) for 1 <p< L and 1/p—1/q=a/y, observe that the inequality (3.10) tells
us that 1%, is bounded from L;(R") to WL,(R") with 1 —1/g = o,/y. We choose any
po such that p < pg < g, and put qLo = % — % By (3.10) the operator 7 is of weak
(Po,qo) -type. Since it is also of weak (1,q)-type by the Marcinkiewicz interpolation

theorem, we conclude that 17, is of (p,q)-type. [

COROLLARY 3.1. Under the assumptions of Theorem 3.2, the fractional maximal
operator Msl')z,a is bounded from L,(R") to Ly,(R") for p > 1 and from L\(R") to
WL,(R") for p=1.

Proof. Tt suffices to refer to the known fact that

r-o
Y

Mg,af(x) < C%Otlg,af(x)7 C%Of - ‘5(07 1)| ) U

Note that in the isotropic case P = I Theorem 3.2 was proved in [23].

4. Parabolic fractional maximal operator with rough kernels in the spaces
Mp.g.p (R")

Note that in the next Section 5 we obtain boundedness results of Spanne and
Adams type for the fractional integral operator IS o+ Although MS o 1s dominated

by IS.’ o) and consequently from the results of Section 5 there may be derived the cor-
responding results for MS o) » we obtain here a Spanne type statement for the operator

M& o) separately from Section 5, because for this operator we are able to obtain the
boundedness results under weaker assumptions than in Section 5, see Remark 5.3.

Recall that in the classical isotropic case, i.e. in the case of of the operator My,
0 < o < n on R" with Euclidean distance, sufficient conditions on for the boundedness
of this operator in generalized Morrey spaces .#), ,(R") have been obtained in [2, 5,
15, 24].

LEMMA 4.1. Suppose that 0 < oo < y and the function Q € L_y (Sp) is A;-
7—a
homogeneous of degree zero. Let 1 <p< L, L=1_ %. Then for any ball & = & (x,r)

g p
in R" and [ € L};’C (R™) there hold the inequalities

Y ~
MG o f g8y S Mo 79 SUZEI Q= ) fOllzyway, P> 1
1>2Kkr
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Y _
MG o fllwiy (@) S N2y (o200 + 79 Sglzt TNQx =) f )y s P=1.
t>2Kr
(4.1)

Proof. Given aball & =& ( ,r), we split the function f as f = f1 + f», where

J1=FXeonr) and fo = fxn w2r))’ and then

\\Mg,af\\Lq((f) < IMG o 1l )+ IMG, o Sl (5)-

Let p > 1. By Corollary 3.1
IM&, o 1|1y ) S Lo wann) -

To estimate MS’afg (v), observe that if &(y,7)N B(é(’(x, 2kr)) # 0, where y € &, then

t > r. Indeed, if z € &(y,1) N (& (x,2kr)), then 1 > p(y—2) > Lp(x—2)— p(x—y) >
2r—r=r.

On the other hand, &(y,7)N B(@@ (x,2kr)) C &(x,2kt). Indeed, for z € &(y,7) N
c

(&(x,2kr)) weget p(x—z) <kp(y—2)+kp(x—y) <k(t+r) <2kt.
Hence

Mo fo) =sup o @00 —2)ldz

>0 |00 Jeynnbeann)

1
< (27 —/ )| Q(x —z)|d
R D e k) a7 gy H 2

1
= (2k)""% su 7/ 2)||Q(x —z)|dz.
B A oo Jogy TN

Therefore, for all y € & we have

M o f2(y) < (2k)7% sup

1
t>2krW/(;ﬁ(xJ) If)Q(x—z)|dz.  (4.2)

Thus

t>2kr

P < b eup / _
Mg o fllL &) SNz, (&arn) +1E]9 sup ST Jeiu) |f(2)]|Q(x — z)|dz.
Let p=1. We have

1MG o fllwi, &) < IMG o filwey o)+ IMG o fallwe,e)-
By Corollary 3.1 we get

MG o filwry &) S Le i)

Then by (4.2) we arrive at (4.1) and complete the proof. [

Similarly to Lemma 4.1 and Theorem 3.1 the following lemma may be proved.
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LEMMA 4.2. Let the function Q € Ly(Sp), 1 < s < oo, be A;-homogeneous of
degree zero. Then for p > s' and any ball & = &(x,r) the inequality

”MSf”L,, &(x,r)) < ”fHL,, & (x,2kr)) -‘r}"” Sugt YHQ(X_ ) (')HLl(é’(x,t))
t>2kr

holds for all f € L}°(R").

LEMMA 4.3. Suppose that the functlon Qe L (Sp) is A;-homogeneous of de-

gree zero. Let 0 < a <y, 1<p< a, Llj = p y. Thenfor fe L?C(R") there hold
the inequalities
HMS afHLq Exr)) ~S N rq SUépl q Hf”L,, Exp)) P > 1, (4.3)
t>2kr
1M& o fllwe, (6 ey S i Sugf a ||fHLl v P =1 (4.4)
t>2kr

Proof. Let p > 1 Denote

; 1
:co@q(supi/ P02 dz)7
’ ok |E(x,1)[1-e/Y (S"(x,z)| @)]|Q(x—2)|
= | fllL, (& 2nr)-
Applying Holder’s inequality, we get

1

o S |61 sup e (g o 190 =y (s ap [€C60I77

t>2kr 7=

S 18]7 sup [&(x0)|” q”fHL,, &(x))

t>2kr

On the other hand,
1 _1
|&4 sup [E ()] 9| fllz, (&)
t>2kr
1 _1
Z &1 sup [E(e,)| 9| fllL, (& x2kr)) = S
t>2kr

Since ||ME afllLy (&) < 1+ o, by Lemma 4.1, we arrive at (4.3).
Let p = 1. The inequality (4.4) directly follows from (4.1). [J

Similarly to Lemma 4.3 and Theorem 3.1 the following lemma is also proved.

LEMMA 4.4. Suppose that the function Q € Ly(Sp), 1 <5 < oo, is A;-homoge-
neous of degree zero. Then for p > s' and any ball & = & (x,r), the inequality

Y
IMGS N2y (6 ST7 supt "||fHLp E(x1))

t>2kr

holds for f € L;OC (R™).



270 V.S. GULIYEV AND A. S. BALAKISHIYEV

THEOREM 4.1. Suppose that 0 < o < 7/ and the function Q € L (Sp) is A;-

homogeneous of degree zero. Let 1 < p < L, Ll] = 11—7 — %, and (@ ) satisfy the
condition
ol . Y
sup 17 7 essinfQ;(x,7)t? < C@a(x,r), 4.5)
r<t<eo [<T<e

where C does not depend on x and r. Then the operator Msl')z,a is bounded from
My, P(R") to My, p(R") for p > 1 and from M, o, p(R") to Wy, p(R") for
p=1.

Proof. By Theorem 2.4 and Lemma 4.3 we get

_Y
MG o f |ty gy p S sUp @2(x,7) " supt ™4 || flL, (00
x€R™ r>0 t>r

I T 4
S osup @) P | f e = 140, 00
x€R™ r>0

if p € (1,00) and

_Y
MG oWty g p < sUD @2006,7) " supt™ || £l ()
xeR" >0 t>r

1 -
S osup o) Nl s = L gy o
x€R"r>0

it p=1. O

In the same way, by means of Lemma 4.4 we can obtain the following theorem.

THEOREM 4.2. Suppose that the function Q € Ly(Sp), 1 <s < oo is A;-homoge-
neous of degree zero. Let p >s' and (@1, @) satisfy the condition

sup 1 P ess inf @ (x, r)rﬁ Coy(x,r),

r<t<eo [<T<eo

where C does not depend on x and r. Then the operator MS is bounded from
M. p(R") 10 Mg, p(R").

5. Parabolic fractional integral operator with rough kernels in the spaces M, , p

5.1. Spanne type result

LEMMA 5.1. Suppose that 0 < oo < y and the function QeL_y (Sp), is As-
7—a

homogeneous of degree zero. Let 1 < p < v and 1 ; — %. Then forall f € Lifc (R™)
there hold the inequalities
6 f Sri [ s tgapdss p>1
Qo) 1Ly (& (x0,r)) ~ 2k Ly(&xo )4y P
and

Y
Moo S [ W st p=1. 1)
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Proof. For a given ball & = &(xy,r) f, we represent f as

f=ha+rf A1) =f0)xue(), fz(Y)Zf(Y)%BQM)(Y), r>0,

and have
HIS,afHLq ”IS afIHLq + ng ocf2HLq

Since fi € L,(IR"), by the boundedness of 15 , from L,(R") to Ly(R") it follows
that '

116,61 I, 8) < G, 01 Ry < CIfL L ey = ClIF L, 206) -

Observe that the conditions x € &, y € C(Zkéo ) imply

1 3k
P 0 —Y) Splx—y) < 5pro—y).
We then get
_ Qx—y)|
Bupl<ave, [ WO
|Q,ocf2( )| 1 C(Zk(?’) p(xO_y)ry_a
By Fubini’s theorem we have
Q( ° dt
/} M ~/ )] Qx — y)‘/ S —dy
(k&) p(xo—Y) 2%8) plro—y) 1717
dt
~ Q d
/2k,/2k,<pxoy o)) ldy——
dt
Q( d
S [ Lo, HONQE i

Applying Holder’s inequality with (3.1) taken into account, we get

lfO)1Qx— )|
Azkm p(xo—y)r— v

© o L dt
S L M eyt 190 =y (st 1600017 g

° dt
< -
S fy Moo £

Moreover, for all p € [1,e0) the inequality
dt
aaholisier S [, I laptstom o7 52
is valid. Thus
dt

. e
16,6/ |, 86) S ”fHL,,(Zké’)"’rq/ 1Ay 77+
2kr ta
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On the other hand,

7 = dt
£y 2ke) = TNl 2ne) Akrﬁ

It

r [ dt
<t [ 1o Ty 5.3)
2kr t

Thus
dt

P r[e
o, f L&) S 1 /2kr ||f“Lp(<§’(x0,t))lF'

Finally, in the case p = 1 by the weak (1,q)-boundedness of I&a and the in-
equality (5.3) it follows that

16,0 filwe, &) < MG ofi lwey@ey S I fillz, @
dt
UL GELd WY RS (5.4
l
Then from (5.2) and (5.4) we get the inequality (5.1). [
THEOREM 5.1. Suppose that 0 < o < y and the function Q € L y (Sp) is A;-
7o
homogeneous of degree zero. Let 1 < p < L, l = % - 7 and the pair (@1, Q) satisfy
the condition
oo ct:zsinfqol (x, T)Tﬁ
T
/ EE e di<Corlon) (5.5)

where C does not depend on x and r. Then the operator IS o 18 bounded from M), ¢, p
10 My, p for p> 1 and from My g, p to WMy, p for p=1.

Proof. By Lemma 5.1 and Theorem 2.5 with vy(r) = @a(xp,7) "

(2] (X(), r)il

Y Y ’ VI(r) -
r~7 and w(r) =r 4 we have for p > 1

I 0t S S0P 2 (20.1) /r°°||pr<g<x07,))t§%
<509 91(0,1) ™ P Iy et00) = 17 0
and for p=1
1 vt 5002000, [ s 000 7
>0 ;

5 Sugq)l (xOvr)7 rinf”Lp((i"(xo,r)) = ”fHML(pl,P' U
r>

REMARK 5.2. Note that, in the case Q =1 and P = [ Theorem 5.1 was proved
in [17]. Also in the case P =1 Theorem 5.1 was proved in [18]. The condition (5.5) in
Theorem 5.1 is weaker than condition (2.4) in Theorem 2.3 (see [17]).
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REMARK 5.3. The condition (4.5) is weaker than (5.5). Indeed, (5.5) implies
(4.5):

. ess inf @; (x r)rl’
1<T<0o0 dl
Pxr) 2 7+1

- ess inf @; (x r)rl’
1<T<00 dl

N s y+1
. LA el
Zessmf(pl(x,r)rﬂ/ a1
§ST<o0 s

. ¥
essinf(x,7)TP
~ S<T< (Pl( ’ )

~

QR

t

where we took s € (r,e0), so that
. ¥
ess inf @ (x,T)T?

§LT<o0

sup —————— S ¢2(x,7).

s>r ta
On the other hand the functions @;(x,7) =¢~% and @ (x,7) = 1 satisfy the condition
(4.5), but do not satisfy the condition (5.5).
5.2. Adams type result

The following is a result of Adams type ([1]) for the fractional integral operator.

THEOREM 5.2. Suppose that the function Q € Ly(Sp), 1 <s < oo is A;-homoge-
neous of degree zero. Let s <p <q <o, 0 <o < Z and let @(x,t) satisfy the

conditions
sup 1 7ess 1nf(p(x )T < Co(x,r) (5.6)
r<t<eo 1<t
and
* el L _ap
/ t* ox,t)rdt < Cr Tp, 5.7)
-

where C does not depend on x € R" and r > 0. Then the operator IS o 1§ bounded
from Al 1+ (R")to.# 1 (R").
p.oP.P q,99.P
Proof. Let f € .# %P(R"). Write f = fi + f2, where fi = fxes(xr) and
P97,

S = TX e oty
For I§, ,.f2(y) with y € & from (5.2) we have

Iro () /ly_ / (2)ldz

S o it ”fHL,,((f’(x,t))dt' (5.8)
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Then from (5.8) by the condition (5.7) we get

Bhaf0) S OMFO)+ [T 1 ey
1
<OMEFO) e, [ ot
poP p J2kr
_op
SrME0) 4

p.@P P

HfH///Wl/,, .
Choose now r = <7
g ML £(

qa-r
0 )aq and get

1o 0) S MEFONEIAL,T

poP.P

Hence the statement of the theorem follows in view of the boundedness of the maximal

operator MY in .4 | P(]R") provided by Theorem 4.2 in virtue of condition (5.6).
PoP,
Therefore,

Vafle | = s @Cet) 0 0 of lLyec

g04.p xR >0

_L 1y P
S ||fH///q . sup O(P(xyf) a1 qHMs};f”Zp(g(xJ))

ppP p XERT 1>

_s

poP.p \YER"1>0

1-2
= AL ( sup p(x,1) 71 7| MEfl e m)

1-2 P
— q P q
=Ifll.,", IMafll% |

p.oP P p.oP.P

Sifle - O

p.oP.P

In the case @(x,r) = r*~7, 0 < A <y from Theorem 5.2 we get the following
Adams type result [1] for the parabolic fractional maximal and integral operators with
rough kernels.

COROLLARY 5.2. Suppose that the function Q € Ly(Sp), 1 < s <o is A, -homoge-
neous of degree zero. Let 0 < <7y, s <p<g<e, 0<A <y—op and 11—7— ¢

1
q = yA°
Then the operators MQI o and IQI o are bounded from ///I,%P(R”) to //ZLMJ’(

R").
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