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HARMONIC POLYNOMIALS AND GENERALIZATIONS OF
OSTROWSKI-GRUSS TYPE INEQUALITY AND TAYLOR FORMULA

K. M. AWAN, J. PECARIC AND A. VUKELIC

(Communicated by A. Agli¢ Aljinovic)
Abstract. Some generalizations of Ostrowski-Griiss type inequality and Taylor formula are given,

by using harmonic sequences of polynomials. We use inequalities for the CebySev functional in
terms of the first derivative (see [6]), for some new bounds for the remainders.

1. Introduction

Let the polynomials P (z), k > 0 satisfy the following condition
Pi(t)=P_1(t), k=1; Poft)=1. (1.1)

For a sequence (P(t), k > 0) of polynomials satisfying the condition (1.1), we say that
it is a harmonic sequence of polynomials. From (1.1), by an easy induction it follows
that every harmonic sequence of polynomials must be of the form

where (cg,k > 0) is a sequence of real numbers such that ¢o = 1. In fact, ¢, = P;(0),

k > 0. Especially, we have Py(1) =1, Pi(t) =t+cy, P2(t) = 31>+ cit + 2.
EXAMPLE 1. For fixed x € R define

1

T k!

Then (P(¢),k > 0) is a harmonic sequence of polynomials.

P(1) (t—x)* k>o0.

EXAMPLE 2. Similarly, for fixed x € R define

1 k
Pk(t)zﬁ (t—a;x) , k=0.

Then (P(r),k > 0) is also a harmonic sequence of polynomials.
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EXAMPLE 3. Here we have the well known Bernoulli polynomials By (z). These
polynomials can be defined by the expansion

xe'* & Bi(t) 4
e"—l:g{) Tl x| <27, t€R.

‘We have

1 1 3 1
Bo(t)=1, Bi(t)=t—=, By(t)=1>—t+—, Bs3(t)=1—=t>+~t,---.
o =1, Bil)=1=3, Ba)=r' =1+, Bylr)=r'=3r 4+,
The numbers By := By (0) are called Bernoulli numbers. The polynomials Bi(r) and
the numbers B; have many interesting properties. It can be shown that the polyno-
mials By (¢) are uniquely determined by the following two properties ([[1], 23.1.5 and
23.1.6]):
Bi(t)=kBy_1(t), keN; By(t)=1 (1.2)
and
By(t4+1)—By(t) =kt !, keN. (1.3)

Let P(t) = %Bk(t), k >0, then from (1.1) it follows that (P,(z),k > 0) is harmonic
sequence of polynomials.

EXAMPLE 4. Instead of Bernoulli polynomials By (z) we can have Euler polyno-
mials Ej(z) which have the properties similar to those of Bernoulli polynomials. Euler
polynomials can be defined by the expansion

2% ZE(1) 4
= , <m, teR.
P ;0 P

We have

1 3 1
E0) =1, Ee)=t1-5, Ex)=f—t, Esl)=r=3r+ .-

It can be shown that the polynomials E(¢) are uniquely determined by the following
two properties ([[1], 23.1.5 and 23.1.6]):

Ej(t) =kE,_ (1), keN; Eo(t)=1 (1.4)

and
Ei(t+1)+E(t) =2t%, keN. (1.5)

b= E’,‘c—(!’), k > 0 is harmonic sequence of polynomials.
REMARK 1. In [4] Cerone defined polynomials Py(¢) as
Pi(t)=&P1(t), P(t)=1, teR. (1.6)

When &, = k, then such functions satisfying (1.6) were defined by Appell in 1980,
[3] and are known as Appell polynomials. For & = 1 we have harmonic polynomials.
Polynomials satisfying (1.6) will be termed Appell-like polynomials.
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For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebysev

functional:
1 b
f8)i= a/f dt——/f _a/u e(dr.  (1.7)

In [6] the authors proved the following theorems:

THEOREM 1. Let f,g: [a,b] — R be two absolutely continuous functions on [a,b]

with
(-—a)b—)(f)(—a)(b—)(g) € Lla,b].
Then we have the inequality

1

Tl < et A= ([ e-ae-nlwPea) o
ﬁ (/ab(x—a)(b—x) [f’(x)]zdx>%

<([e-ae-nwPa)

The constant % and % are best possible in (1.8).

Nl—

THEOREM 2. Assume that g : [a,b] — R is monotonic nondecreasing on [a,b]
and f : [a,b] — R is absolutely continuous with f' € Lw|a,b]. Then we have the in-
equality

b
IT(f,2)| < 1l [ = a)b—dg(x) (1.9)

1
2(b—a)

The constant % is best possible.

In this paper we will show some generalizations of inequalities of Ostrowski-Griiss
type and generalizations of Taylor’s formula using sequences of harmonic polynomials.
We will use the above theorems to get some new bounds for the remainders.

2. On some identities related to Ostrowski inequality

The well-known Ostrowski inequality (see, for example [18]) states that if f €

C'([a,b]), x € |a,b], then
L I, (x=(a+b)/2)
m/a f(Y)dy—f(x) < <Z W) ||f ||oo 2.1

G. V. Milovanovi¢ and J. Pecari¢ in [17] and A. M. Fink in [14] (see also [18], p.
470) have considered generalizations of Ostrowski inequality in the form

n—1
X Fi(x
1+ S ] -5 [ s
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where Fy(x) is defined by

n—k
_ (k—1) Nk p(k=1) Nk
B = gy [/ @@ = Vo) 0]
For n =1 the sum above is defined to be zero.
In fact, G. V. Milovanovi¢ and J. Pecari¢ have proved that ([ 18]):

(x_ a)n+1 + (b _x)n+1

Kl oo) = T Do —a)

while A. M. Fink proved that

[(x_a)np’Jrl + (b_x)npurl}l/p’
n!(b—a)

K(n,p,x) = B((n—1)p'+1,p' + 1)1/,

where 1 < p< e, 1/p+1/p’ =1, B is the beta function, and

(n—1)"1

Kin 13) = i —a)

max|[(x —a)", (b —x)"].

In [7], the authors gave some generalizations of previous results:

(2.3)

2.4)

(2.5)

(2.6)

Let (P,,n > 0) be a harmonic sequence of polynomials. Furthermore, let I C R
be a segment and f : I — R such that f (n=1) jg Lipschitzian or has bounded variation

on I, for some n > 1. Then, using notations

= CO R 1 (0) 60 (@) - P )]

and

| t—a, té€]ax]
k(t’x)_{ t—b, te((xb ’

the following identity holds:

1 b
_b—a/u Sf(t)de

1
n

n—1 n—1
fO)+ X DR P )+ Y F
k=1 k=1

= ,gzbl)_n;; /aan,l(t)k(t7x)df(n—1)(t).

The sums above are defined to be zero for n = 1.

2.7)

For the harmonic sequence of polynomials from Example 1 relation (2.7) becomes

1 b
b—a/a Sf(t)de

L [0t

B nl(b—a

1
n

n—1
f@)+ Y Fulx)
k=1

2.8)
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where Fy(x) is defined by (2.3).
Ostrowski inequality has been also generalized by Anastassiou [2]. He proved that
if f€C""(]a,b]) for n € N and x € [a,b] fixed, then

/f )y — £(x)

1 | ‘ k+1 k
b + +l‘
‘b a SHo a[z k+1)! ‘ W la=x)

(n+1) -
+||£l+2)! ((x_a)n+2+(b_x)n+2)] )

This reduces to the Ostrowski inequality in the extreme case n = 0, when the sum
becomes empty and so vanishes identically.

Another form of this has been obtained by Cerone, Dragomir and Roumeliotis [5],
who have shown that

b— xR (x — @)k
/fdz;f o e
—a) 1
<(1{+ b a6 T I(Infn " 29

In [19] the authors gave further generalizations of the above results.
Let the sequel (P,(x)),(Q,(x)) denote sequences of harmonic polynomials. Set

ser={3 150
Then,

FU”h&ﬁwﬂﬂ“W0=h@% (2.11)
where '

—Pla)f / f(@)

With the convention that the empty sum represents zero, the same definition gives

Io(x) = [ f(t)dr

The special case (see Example 1)

P(t):=(t—a)"/n!  Qu(t):=(t—0b)"/n!, (2.12)

arises in the literature. The corresponding values of I,(x) for these choices we denote
by I (x), so that

no(_1\k
:/bf(t)dt—kkz(kl‘) |(x=a)* = (r= )] 47D ().
a —1 .
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In following (see [21]) we will show a generalizations of the above results using
more than two sequences of harmonic polynomials.
Let 0 ={a=x¢ <x; <...xy—1 <x, =b} be asubdivision of the interval [a,b].
Set
Piy(1), t € [a,x1]
Py (1), t € (x1,x2]
Sm (ta G) = .

an(t)7 re (xnfhxn}a

where (Pj,)n are sequences of harmonic polynomials. By successive integration by
parts we have whenever the integrals exist that

(—1)'"/bSm(nG)df(’“‘l)(t) :/bf(t)dt—l—]i(—l)k [Pnk(b)f("‘l)(b)
a a :1

n—1
+ X (Pic(x)) = Pryr alx) £ 571 () —Plk(a)f(k_l)(a)] . (2.13)

J=1

The right-hand side of the previous identity is denoted by I,,(0).

3. Generalizations of inequalities of Ostrowski-Griiss type

There have been several extensions of the Ostrowski inequality. It has been shown
in [15] that if f is differentiable on (a,b) and f’ is integrable and satisfies

y< f(t) <Tforallt € [a,b],

then
I f(b)— f(a) a+b 1
— t)dt — — < b—a)(T'—y), (3.1
10 =g | f 0 =P (- 7 ) | < g —a T, G
for all x € [a,b]. A version of this estimate occurs in [10], but without the v/3 on the
right.

Here we give generalizations of above result (see [20]) using sequences of har-
monic polynomials defining in previous section by (2.10).

THEOREM 3. Suppose f : [a,b] — R is such that f") is integrable with
y< f"(t) <Tforallt € [a,b).

Put
Un () 1= [0 1(B) = Qi 1(x) + Pt 1 (x) — Poi1 ()] /(b — a).

Then for any x € [a,b],

K(T'—y(b—a),

B~ (1000 [0 ) - 1 ()] | < 5
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k= { ot | [ Boas [ Goa - [Un<x>]2}%.

COROLLARY 1. Under the assumptions of Theorem 3,

where

Lo Lo (=)t vk p(k—1)
bal, a3 g s [0-BA )
=) = =B ) = (=2 a)

_1\n( £(n—1) — =1 (4
_( 1) ((J;_Fl)('lz)_f;)z ( ))[(b_B)n+l_(x_B)n+l

Ha- A = (@AY < S0 Ky

forall x € [a,b] and A,B € R, where

K 1 (x_A)2n+l _ (a_A)2n+l T (b_B)2n+l _ (x_B)2n+l
1'__< (2n+1)(b—a)

n!
_ <(b — B — (x—B)"" 4+ (x—A)" —(a —A)n+1)2 /2
(n+1)(b—a) :

In [1 1], Dragomir proved some of above results in terms of the Euclidian norm of
™ which is valid for a larger class of mappings, i.e., for the mappings f for which
£ is unbounded on (a,b) but ") € Ly[a,b].

THEOREM 4. Assume that the mapping f : [a,b] — R is such that f"=") is ab-
solutely continuous on [a,b] and f") € Ly[a,b], (n > 1). Then we have the inequality

(x) = (=1)" (b= a)Un(x) "~ [,

<K(b-a) [ﬁf@“% — (s [a,b])z]i (3:2)

forall x € [a,b], where K,y and T are as in Theorem 3 and

" Vla,b] =

S0 (b) = f"(a)
b—a

is the divided difference.

Now, we will apply the Griiss type inequalities from Theorem 1 and Theorem 2 in
pointing out different bounds for the remainder for identities (2.7) and identities (2.11).
Using Theorem 1 for identity (2.7) we get the following Griiss type inequality:
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THEOREM 5. Let f: [a,b] — R be such that f) is absolutely continuous and
(Py,n = 0) be a harmonic sequence of polynomials. Then we define the remainder

Fu(fsa, b) (3.3)
1D*Py(x <k>(x)+"§F— t /hf(t)dt
2 e k=1 “b-ala
+(‘” [Pa(3)(b — @) — Pas(b) + Prsa(a)] £ Ve,

b—a

and F,(f;a,b) satisfies the estimation

|Fu(f3a,b)|
1 b s [Px)(b—a)—Puyy(b) + P (@) | ®
< o= / (Pa1 (1)k(t,x))? di — - - ]
X (/ah(t—a)(b—t) [f("H)(t)rdt) ' (3.4)

forany x € [a,b].

Proof. 1f we apply Theorem 1 for f — k(-,x)P,_1, g — f), we deduce

1 b 1 b
Ta/u Py ()k(2,x) f) dt——/ P (1 tx)dt.b—a/a £ ()t

b
< % [T (k(Hx)Pn—l;k(',x)Pn_l)}%
‘ bl—a (Lb(t_“)(b_’) [f(nH)(t)rd’) g (3.5)
where
2
T (k(-s )Pt k() Py1) = ﬁ/ﬂh (P (1)(1,x)) di — [Pn(x)—%

Using (2.7) and (3.5), we deduce the representation (3.3) and the bound (3.4). [

REMARK 2. Using Theorem 5 for the harmonic sequence of polynomials from
Example 1 we get:

Fu(fa, b) (3.6)
n—1

2 DR P+ Y R
k=1

1
T E ) —a)

[(x_ b)n+1 _ (x_ a)n+1] f(n—l)[a7b]
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and
|Fu(fsa,b)|

o 1 (x_a)2n+1_(x_b)2n+1 B 1 [(x—a)"“ (x b)"*‘l}z%
S V20b—a) |[[(n-D)PCrt+ )2n—1)n b—a (1)

x </ab(t—a)(b—t) [f(’”rl)(t)rdt)%.

The following Griiss type inequality also holds.

THEOREM 6. Let f : [a,b] — R be such that f") is absolutely continuous and
fU+Y >0 on [a,b] and (P,,n > 0) be a harmonic sequence of polynomials. Then we
have the representation (3.3) and the remainder F,(f;a,b) satisfies the bound

(n—1) (n—1)
[Fa(f3a,0)| < |[k(-,%) Py + Py 1|w{f (a);rf (b)—f<"—2>[a,b]} (3.7)

forany x € [a,b].

Proof. 1f we apply Theorem 2 for f — k(-,x)P,_1, g — f), we deduce

L 0 L 7w
‘b—a/u Py ()k(t,x) f dt——/ Pi( tx)dt-b_a/a S (e)de

1/2
S |(/ (1—a)b- r>f<"+”<t>dt) : G8

Since
/b(t—a)(b O£ (1)de
—/ FO @21 (a+b)]di
~(b-a) [f< )+ @)| -2 (12 w) - 1)
Using the representation (3.3) and the inequality (3.8), we deduce (3.7). O

REMARK 3. Using Theorem 6 for the harmonic sequence of polynomials from
Example 1 we get:

|Fa(f3a,0)| <

1 (1) () £=1) (p
(n_z)! xgl[g.)li]{‘b_ﬂnfl, |x_a|n71} {f (a);f ( ) _f(n72) [a,b]} )

Using Theorem 1 for identity (2.11) we get the following Griiss type inequality:
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THEOREM 7. Let f :[a,b] — R be such that f\") is absolutely continuous and
(Py,n =2 0) and (Qn,n = 0) be harmonic sequences of polynomials as in (2.10). Then
we have

n(f a b)

(3.9)
=3 (D [ FEDB)+ (B~ Q) )
—Pi(a /f

+(=1)" 1[ 11 (X) = Q1 (x) + Q1 (b) — Pos1 (@) £ V[a, b]
and A, (f;a,b) satisfies the estimation

|An(f;a7b)|

b—a

UL Pet(®) = Oot )+ Out () — Poa (@]
%[/u So(t)dt — ]

x (/ab(z —a)(b—1) [f<"+1>(z)]2dz)%

(3.10)
forany x € [a,b].
Proof. 1f we apply Theorem 1 for f — S,_1(-,x), g — f), we deduce
’b a/Stx dt——/Stxba/f
< E[T(Sn(Wx)vSn(Wx))P
1 b 2 \?
. _ (n+1)
X b_g(/a (t—a)(b z)[f (t)} dt) , G.11)
where
2
e e L e e

Using (2.11) and (3.11), we deduce the representation (3.9) and the bound (3.10). U
REMARK 4. Using Theorem 7 for the harmonic sequence of polynomials from
Example 1 we get:

A"(f;aab)

= [ s+ 3 S [emat— ] £ e
(1!

(n+ 1)! [(x_ a)n+1 _ (x_ b)n+1] f(n—l)[a7b]

(3.12)




OSTROWSKI-GRUSS TYPE INEQUALITY AND TAYLOR FORMULA 307

and
|An(fsa,b)|
1 (x_a)2n+l (x b2n+1 n+1 x b)"'H 2 %

x </ab(t ~a)(b-n) [ )] dt)

The following Griiss type inequality also holds.

THEOREM 8. Let f : [a,b] — R be such that f") is absolutely continuous and
Frt) >0 on [a,b] and (Sy,n = 0) be a harmonic sequence of polynomials defined
with (2.10). Then we have the representation (3.9) and the remainder A,(f;a,b) satis-
fies the bound

(n-1) (n-1)
|An(f;a,b)|<(b—a)|5n—1|oo{f G/ (b)—f("2)[a,b}}, 6.1

forany x € [a,b].

Proof. 1f we apply Theorem 2 for f — S,(-,x), g — ", we deduce

1 b
(") -
lb_a/[; Sn(tvx)f dt /S txdt —a/f
1 b 1/2
S Z(b—a)_HS”’lH'x’ (/a ( _a)(b—l)f("+1)(t)dt) ) (3.14)

Using the representation (3.9) and the inequality (3.14), we deduce (3.13). [

REMARK 5. Using Theorem 8 for the harmonic sequence of polynomials from
Example 1 we get:
a f @)+ (b)

b— n— n— n—
|An(f§a7b)\<mx1§%]{\b—x| ! x—al 1}{ 5 —ft 2)[61719}}

4. On generalizations of Ostrowski-Griiss inequality via Euler harmonic
identities

In this section (see [9]) we use Euler identities involving harmonic sequence of
polynomials to show some generalizations of Ostrowski inequality.

Assume that (P(z),k > 0) is a harmonic sequence of polynomials i.e. the se-
quence of polynomials satisfying the condition (1.1). Define P; (¢), k >0 to be periodic
functions of period 1, related to P (), k>0 as

Pl (1) =P(t), 0<r<1, P (t+1)=P (1), t€R. 4.1)
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Thus, Fj(¢) = 1, while for k > 1, P;(¢) is continuous on R\ Z and has a jump of

= P(0) = Pi(1) (4.2)
at every integer 7, whenever oy # 0. Note that o = —1, since P, (f) =¢ + ¢, for some
c1 € R. Also, note that from (1.1) it follows

Pl(t)=P_,(t), k=1, teR\Z (4.3)

Let a,b€R, a<b and f:[a,b] — R be such that f"*~1) is a function of bounded
variation on [a, b] for some n > 1. For every x € [a,b] and 1 < m < n we introduce the
following notations

< yet Xr—a (k=1) 7\ _ plk—1)
k;b a) Pk(b a) 0w - 1V @) (4.4)
with convention Ty(x) = 0, and
) = 3 (0 @) a4 ), (4.5)

k=2

with convention 7;(x) = 0.

THEOREM 9. Let (Py,k > 0) be a harmonic sequence of polynomials and f :
[a,b] — R such that f"=Y) is a continuous function of bounded variation on |a,b) for
some n = 1. Then for every x € |a, D]

flx)= A /abf(t)dt + T (%) + T (x) + RL(x), (4.6)
1 b - .
fx) = — / FOd+ Ty () + Ta(x) + B2 (x), @.7)

where T,(x) and 1,(x) are defined by (4.4) and (4.5), respectively, and

R =—@-art [ 5 (5=5)ar o,

Re=-w-ar [ (e (520) - n (522 [ar o

Let (P, k > 0) is as in Example 3, then we get (see [8]):

Tt = 3 O (524 [0 -4

R = -2 [ (22 ) are

(s - () e
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Also from Example 1 we have

Livh R =L~

P (0) = 7

Therefore, in this case

o =P(0)— (D)= [(=7 = (1=7]. k=1

Further, we have

i (b— a)k ! (x—a _y)k [f(k_l)(b)_f(k—l)(a)}

>~
—_

and

for every x € [a,b].
Using Theorem 1 for identity (4.6) we get the following Griiss type inequality:

THEOREM 10. Let f: [a,b] — R be such that ") is absolutely continuous and
(P¥,n>0) be defined as in (4.1). Then we have

Ey(fa,b) (4.8)
= 1)~ 5 [T+ 50

b= [ (5=2) i (=2 )] £Vt

and E,(f;a,b) satisfies the estimation

|En(f3a,D)] )
[T G o G2 (2O
«([[a-ae-0 [f(””(t)rdt)% @9)

forany x € [a,b].

Proof. If we apply Theorem 1 for f — P} (=), g — ), we deduce

T A e e = R v =T
<l (7 (=) % (=)

x bl_a (/ah(t—a)(b—t) [f(”H)(t)]zdt)%, (4.10)
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(e (=) () LB e
) 2

Using (4.6) and (4.10), we deduce the representation (4.8) and the bound (4.9). [

where

The following Griiss type inequality also holds.

THEOREM 11. Let f:[a,b] — R be such that f"+Y) is absolutely continuous and
" >0 on [a,b] and (P;,n > 0) be defined in (4.1). Then we have the representation
(4.8) and the remainder E,(f;a,b) satisfies the bound

P (;— ) {ﬂ"”«ﬂ+f“lxw

|En(f3a,0)| < (b—a)" — f"a,b]

2

@11
forany x € [a,b].

Proof. 1f we apply Theorem 2 for f — P} (=), g — f, we deduce
1 b x—t 1 b x—t 1 b
P () (4 __/p* _/ (n)
’b—a/a n (b—a)f Wt == |, P (b—a)dt b—al,’
o 1/2
1 P;1<x )
b—a

S 2(b—a) . (/ah(t—a)(b—t)f(””(t)dt) : (4.12)

Using the representation (4.8) and the inequality (4.12), we deduce (4.11). O

5. On estimation of the remainder in generalized Taylor’s formula
S. S. Dragomir in [12] has obtained the following result:

THEOREM 12. Let f:1— R, I CR, is a closed interval, a € I be such that f™
is absolutely continuous. Then we have the Taylor’s perturbed formula:

_ \n+l
F®) =Ta(fra,2) + %ﬂ”) [a,x] +Ga(f:a,), (5.1)
where i
T.(f:a,x) 2 (a). (5.2)
The remainder G, (f;a,x) satisfies the estimation:
_ \n+l
Gutrsa0) < S 2D — po), 53

4(n!)
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where
Ix) = sup fO0(), y(x) = inf f00(0) (5.4)

1€[ax] t€la.x|

forall x> a, x€ I

In this section we will show improvement and generalization of this (see [16]). At
first we consider a formula which can be regarded as generalized Taylor’s formula.

THEOREM 13. Let (Py,k > 0) be a harmonic sequence of polynomials, Further,
let I C R be a closed interval and a € 1. If f: 1 — R is any function such that, for
some n € N, £\ is absolutely continuous, then for any x € I

n

z 1)kt [Pk )P () = P(@) f M (@)| + Ru(f3a,%),  (5.5)

where

Ru(f3a,x) = /P 7 (). (5.6)

We can call (5.5) the generalized Taylor’s formula. Namely, if we use polynomials
from Example 1 we get the classical Taylor’s formula:

(@) + Ry (f3a,x), (5.7

where |
R (fra,x) = E/a (x— 1) £ (1)t (5.8)

For Example 2 we have

fx) =T (fra,x) + R (f1a,x),

where ) o
(i) = fla) + 3 U [ (1 ) (59)
and o
R (f:a,x):= (_nl!>" /ax (z—%”)nﬂ'““)(z)dt. (5.10)

Here we give another special case of (5.5) by using Bernoulli polynomials (see
Example 3). If we set

Py = 5= (t_“), neN, P()=1,

n! xX—a

we can apply (5.5) to obtain

n k
Z k+1 k.) [Bk(l)ﬂk)(x)—Bk(O)f(k)(a) + Ry (f3a,x),
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where
RB (fra,x):

(- l)”M/:Bn (t_—“) I ()ar, (5.11)

n! X—a

We have that B, (1) — B,(0) = 0, for n # 1, thatis B,(1) = B,(0) = B, for n # 1.
Also, Bi(1) = —B;(0) = 1/2 so that we have

£ = f@)+ =2 [F () + £ (@)]

2
x—a)k

S (
+ Z(_l)k+l T

k=2

B[00~ (@) + RE(f2a.0).

Finally, we can use the fact that By =0 for k=1,2,---, ([[1], 23.1.19]), so that

f() =T (fra,0) + Ry (fra,%),

where

1 (i) = f(@) + 5= [f )+ f (@) - z =B [~ 12 a)]

(5.12)
and RE(f;a,x) is given by (5.11). (Here, as well as in the rest of section, [z] denotes
the greatest integer less than or equal to z.)

Using Euler polynomials from Example 4 we see that

By =g, (

n!

t—a

eN, P@i)=1
x—a)7 " o(t)

is a harmonic sequence of polynomials so that (5.5) yields

n _ kK
1) = @)+ 3 (-0 B (1) 70 0) — E(0) ) @) + RE (700,
k=1 :
where .
RE(fia,x) := (—1)"(x;!a) /E (;%Z) £ (. (5.13)
Further, since ([[1], 23.1.20])
2

E,(0) = —E,(1) = ———(2""' — 1)B,1, for neN,

n+1

we get

n ak k+1 _
) = st +23 (1 e [0 + 0w
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Finally, since By =0 for k=1,2,---, we get
f@x) =T (f3a,%) + Ry (f30.%),
where

kel >%%ﬂ Do o e
TE (fia,x) == 2 201 By | f* V() + fH V()| (5.14)

and RE(f;a,x) is given by (5.13).
Now we show the generalization of the result stated in Theorem 12. As we shall
see, this result also improves the estimation (5.3).

THEOREM 14. Let (Py,k > 0) be a harmonic sequence of polynomials. Let [ C R
be a closed interval and a € I. Suppose [ :1 — R, is such that f(") is absolutely
continuous. Then for any x € I we have the generalized Taylor’s perturbed formula:

F0) =Ta(f30,0) + (=1)" [Pos1(x) = Pusa (@) /" [a, ] + Ga(f3a,%),  (5.15)

where

M=

T(fia) = fla)+ X (D [A@ O W - R@rP @] 616

k=1

For x > a the remainder G(f;a,x) satisfies the estimation

—a

G(fra,x)| <

where T'(x) and y(x) are defined by (5.4)

T (P, Py)[T(x) — y(x)], (5.17)

In [13] Dragomir improved the inequality (5.17).

THEOREM 15. Assume that (P,,n > 0) is a sequence of harmonic polynomials
and f:1— R is such that f") is absolutely continuous and f"+tV) e L, (D). If x>a,
then we have the inequality

1

~ 1 212
Gr(fia0| < o=@l | VB = (1)) |
Using Theorem 1 for identity (5.5) we get the following Griiss type inequality:

THEOREM 16. Let f:1— R be such that f""*V) is absolutely continuous, a € I
and (Py,n > 0) be a harmonic sequence of polynomials. Then we have

RT,(f3a,x) (5.18)
= £~ fla)~ 3 (-0 [B) B ()~ Bula) 1 )

—(=1)" [Pas1(x) = Posa(@)] £ [a,x]

w-
Il
-
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and RT,(f;a,x) satisfies the estimation

IRT,(f3a,x)|
L[ - [Pusr(4) = Pro(a nT
x (/ (t—a)(x—1) [f("”)(t)rdt)% (5.19)

forany x € 1.

Proof. 1f we apply Theorem 1 for f — P,, g — f (+1)  we deduce

1 X 1 x
- n+l _ . (n+1)
‘ /P x_a/u P, (t)dt x_a/u FrEY () ar

< ST J% ([e-au-n[i0] ) s

rrn) === [0 _[M(i SnH(a)r

Using (5.5) and (5.20), we deduce the representation (5.18) and the bound (5.19). U

where

The following Griiss type inequality also holds.

THEOREM 17. Let f: I — R be such that f(”+2) is absolutely continuous and
f(”H) >0 on I and (P,,n > 0) be a harmonic sequence of polynomials. If a € I then
we have the representation (5.18) and the remainder RT,(f;a,x) satisfies the bound

(n) (n)
RT(fa.9] < (r—a)| P, 1|M{M—f<"—”[a,x]}, 5:21)

forany x € 1.

Proof. 1f we apply Theorem 2 for f — P,, g — f (+1) we deduce

1 X 1 x
/ Po(0) "D (1) dr — / Pu(1)dt - / £ @)dr
XxX—a X—aJa X—daJa

1 x ) 1/2
< z(x_a)HPn—le <L (l‘—a)(x—t)f(’“r )(t)dt) . (522)

Using the representation (5.18) and the inequality (5.22), we deduce (5.21). U

REMARK 6. Using Theorem 16 and Theorem 17 for the harmonic sequence of
polynomials from Example 1 we get the results from [6].
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The results from following lemma are proved in [16].

LEMMA 1. (i) If P,(t) = % (t — 44%)", then

2 )2n+1
P2( A
/ (Zn +1)22

and

1 a+x\""" (x—a)"!
P = —_ =
Bl = G (- 5

2l -1

315

(ii) Let Py(t) = o) p (:=2), where By (t) are Bernoulli polynomials. Then

n! x—

2n+1
/P2 e = &= “)) IBan .

(iii) Let P () = 4=

X 4(x — 2n+1 4n+1_1
[rwa=20 O D g, )

(2n+2)!

E, (t—) where E,(t) are Euler polynomials. Then

COROLLARY 2. Let f:1— R be suchthat f"*V) is absolutely continuous, a €1.

Then we have
(i) If TM(f;a,x) is defined by (5.9), then

(r—a)" (14 (=1)")
2t (n41)!

f@x) =T (fra,x)+

" a,x] +RTM (f1a,%),

RT (f3a,%)] <

2m! \[22n+1) 4(n+ 1)

and for f2) >0

2n=1(n— 2

X—a n (n) X (n) a
IRTM (f;a,x)| < ( )1)! {f )+ )—f(nl)[a,x]}.

(ii) If TB(f;a,x) is defined by (5.12), then

f(0) =T, (f1a,x) + RT; (f1a,x)

(x—a)"\/ xX—a (x—a)(1+(=1)")
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and

12
IRTP(f1a.%)| < % [

1/2
(X—a)2n+1 / X 5
57— Bl

(2n)! /(’ —a)(x—0)[f"2 ()] "t

(iii) If TE (f;a,x) is defined by (5.14), then

4(x—a)"tH(2mt2 1)

f(x) =TE(fa,x) + (=1)" Byiaf™[a,x] + RTE (f;a,x)

(n+2)!
and
1/2
ol 4n+1_1 4(2n+2 )
|RTnE(f;a,x)| < Z(X—a) +3 m ‘Bn+2| WB%J’_z

B 1/2

v / (0 —a)(e— ) [f"2(0)] e

a

Proof. (i) Set P, = 1 (1 — 45£)". We have

(r—a)" 14 (=1)"]
2t (n41)!

Pop1(x) = Fopi(a) = (=1)"

Now apply Theorem 16, Theorem 17 and Lemma 1(i).
(ii) Set P, (1) = "2 B, (1=%) . We have

(x—a)"H
(n+1)!

Now apply Theorem 16 and Lemma 1(ii).
(iii) Set P, (1) = “=2F, (1=2) . We have

n!

Pt () = Pyir(a) = Bus (1)~ By (0)] = 0.

(.X—Cl)n+1
Pui1(x) = Poyi(a) = CE [Ep+1(1) = Ent1 (0)]
x—a)"t! x—a)"!
= ﬁ2En+1(l) = % (271+2 _ l)Bn+2~

Now apply Theorem 16 and Lemma 1(iii). [

5.1. Special case for logarithmic function

Consider the logarithmic function f: (0,4e) — R, f(z) = Inz. Then we have

n—1
f(n)(t):W’ >0, neN.
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So that

X
2

/ (t —a)(x— D) [ ()] e (5.23)

a

1 1 1
_ 2
= ((n+ 1)) [2,1_,_1 <x2n+l - a2n+l)

a+x 1 1 ax 1 1
S 2(n+1) \ a2 g2 + 43\ 23 g2n83

Now, let us observe four different cases.
Case 1. Let P,(t) is as in Example 1. An easy calculation gives (see [6])

n A\ A\ 1 1
Inx=1 Lyt @t (et (L LN L e ),
nx na+k§,1( ) o +n(n+l) )T (In;a,x)

Using the results from [6] and (5.23) we get the estimation
n-n! 1 1 1 1
RT,(In;a,x)| £ ————==[x—a|"2 -
| n(nax)| 2(2n+1)‘x a| <2n+1 <x2n+1 a2n+1)

atx (1 1 ax [ 1 12
S 2(n+1) \ 22 g2 T 243 \x2nt3 4243 ’

Case 2. Let P,(t) is as in Example 2. In this case we have

—a)k [1 (—1)’“]

K2k | Xk ak

+M (i _ l) (x—a)"+RTM(In;a,x),

Inx = Ina+ 2

nn+1)2m1 \a» X"

where by Corollary 2 (i) and by (5.23) the remainder RT,{” (In;a,x) satisfies the estima-
tion

IRTM (In;a,x)|

(x—a)"(n+1) x—a  (x—a)[l+(=1)"] 1 1 1
< 2n \/2(2n+ 1) 4(n+ 1) <2n—|—1 <x2n+l B a2n+l)

a-+x 1 1 n ax 1 1 2
2(n+ 1) x2n+2 a2n+2 2n+3 x2n+3 a2n+3 :

Case 3. Let P,(t) is as in Example 3. We easily calculate

2 — 2 15]

1 Boy 1 ok B
Inx = Ina+ > S 3 7(@ x2k>(x a)™ 4+ RT, (In;a,x),

k=1
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where by Corollary 2 (ii) and by (5.23) the remainder RTnB (In;a,x) satisfies the estima-
tion

IRTE(In;a,x)

1
1 — gt nH : 1 1 1
< L |xza (4 ]) Bo|| (n+ 1)1 -
V2 (2n)! 2n+1 \ a2l g2l

a+x 1 1 ax 1 1 :
S 2(n+ 1) \ 22 g2 + 243 \x2nt3 4243 ’

Case 4. Let P,(t) is as in Example 4. We easily calculate

ntl
2

‘T @ 1B 1 1
_ 2% 2%-1
Inx = lna+ ]; K2k—1) <a2k1 —|—x2k1)(x—a)

4(2"2 — 1)Byia
nn+1)(n+2)

(L _ i) (x—a)"+RTF (In;a,x),

a® X"

where by Corollary 2 (iii) and by (5.23) the remainder RT,”(In;a,x) satisfies the esti-
mation

|RTE (In; a, x)

1/2
4n+1 -1 4(2n+2 _ 1)2 ) /

1
<2(x—a)"t2 Byis| — ———— B2 n+1)!
(x~a) Bl =S B | (1)

(2n+2

» 1 1 1 a+x 1 1
2n+1 y2n+l a2n+l 2(n_|_1) x2n+2 a2n+2

ax 1 1 2
+2n £33\ x2n 3 gan+3 :
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