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COMPARISON OF DIFFERENCES AMONG POWER MEANS 0, (a,b,X)s

JIN LIANG AND GUANGHUA SHI

(Communicated by M. Krni¢)

Abstract. Tt is shown that the differences of the power means Q. (a,b,x)s associated to the
distinct sequences of weights are comparable, in terms of some constants depending on the

smallest and largest quotients of the weights. Applications to the theory of operator inequalities
are given.

1. Introduction

It is known that the weighted power means M, (x,c) of the numbers x; with
weights ¢ are defined as

n 1/t
MI(X7(X) = Eaix? ) if t7é0

i=1

My(x,a) = Hx?i.
i=1
It follows from the Jensen inequality that if s <, then

M(x,0) < Mi(x, ).

In paper [9], the authors proved the following theorem.

n n

THEOREM 1.1. ([9)) If 0;,B; >0 such that ¥ o= Y Bi=1, and x; >0 (i =
i=1 i=1

1,...,n), then, for n 22, s <t, and 0 <t < 1, we have

v {51 0, x8) - M., B) < M)~ Ml )

O %
< mox {1 0 x) - MxBY. )
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If welet 1 =1 and s =0 in Theorem 1.1, we get the self-bounds of differences
between arithmetic and geometric means which were obtained by Aldaz [2]:

) o n n i n n _
min {_} S B[ ) < 3 o — [T
k=ten LB )\ & i=1 i=1 i=1
ak n n ﬁ
< max § — xi— x|
\{ﬁ}<25 [

In [6], A. McD. Mercer investigated another family of power means as follows.
DEFINITION 1.2. ([6]) Supposethat 0 <a<b, a<x; <---<x, <b and o
(i=1,...,n) are positive weights with ¥ o; = 1. The power means are defined by
Oralab,x) = (a"+b = M(x,a))"/" for r+#0,

ab
b,X) = ——.
Q0,0C (a7 7X) MO(X,(X)
For the power means, Mercer proved the following theorem.
THEOREM 1.3. ([6]) For s <t, Qsa(a,b,x) < Qr.q(a,b,x).

In this paper, we will study the power means Q,q(a,b,X)s from Definition 1.2
and will give a comparison of these power means associated to different sequences of
weights.

The following is the well-known Jensen’s inequality.

THEOREM 1.4. (Jensen’s inequality) A real valued function f defined on I is
convex if and only if

f (ZPM) <Y pif (%),
= =

forall x1,x2,....x, €I and py,p2,...,pn € (0,1) with ¥} pi = 1.

To get our purpose realized, we will use the following Jensen-Mercer inequality,
which was proved by Mercer in [7].

THEOREM 1.5. ([7]) Suppose that 0 < a <b, a<x; <---<x, <b and 0;

(i=1,...,n) are non-negative weights with Y , o; = 1. If f is convex on [a,b], then
n n

fla+tb=2 oixi | < fla)+f(b) = oif(xi). )
i=1 i=1

In [1], it was shown that inequality (2) remains valid even when the condition on
non-negativity of weights is relaxed. Actually, the authors of [1] proved the following
result.
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THEOREM 1.6. ([1]) Suppose x = (x1,x2,...,X,) € I" is a monotonic n-tuple,
and the real numbers wi,wa,...,w, satisfy W := Zi-‘zlw,-, k=1,2,....,n, with 0 <
Wi <W,, k=1,2,....n—1, and W, > 0. Then every convex function f:1— R verifies
the inequality:

1 & 1 &
f (Wn l_zziwixi> < Wn;wl'f(xi)-

For a further generalization we refer the reader to [8]. Moreover, from [4, 5] we
can see more information on the related studies.

2. Main result and proof

Our main result in this paper is the following theorem.

=

n n
THEOREM 2.1. If o, ;i > 0 such that Y o= Y Bi=1, and 0 <a<b, a<
i=1 =1
X1 < <Kxy, Kb, thenfor 0 <t <1, s<t,

k=1,
< Qt,a(a7b7x) - Q.Y,Ot(aabax)

mlnn { % } I (Qtﬁ (a,b,x) - Q.\',ﬁ (a,b,x))

a Il
< max {/3_];} (0,.p(a,b,x) — 0, p(a,b,x)). 3)

=1,-n

Proof. Firstly, we suppose s # 0. Then the second inequality in (3) is equivalent
to

1 1
3 T

(@ +b° = M;(x, B))

1
7

< (d+b —M(x,B)) —knll7i.r.1.7n{§—i}? (d"+b —M(x,0))

1
#min {PAT @bt @

Write
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When 0 < s <7 or s < 0, the function f(x) = x§ satisfies f”(x) > 0 on [a,b]. This
means that f(x) = x+ is convex on [a,b]. Thus, applying Theorem 1.5 we have

n
(a‘Y—i—b“'—1\/1_;‘,‘()(,05))§ = (a“'—i-b“'— Zaixl‘-)
< (@) f f Z(Xz f

=d+b— ZOC,‘)Ji
=1

= (d+b' —M(x,)).

Hence,
B<C.
Noting that
a<x<b  foralli=1,---,n,
we have
(1-m)d < Z(ﬂ moy) X < (1—m)b'.
i=1
Hence,

n

d+b =Y Bixi—md —mb' +m opx; = (1—m)d +(1—m)b' = (B —may)x} >0,
i=1 i=1

i=1

i.e.
C <A.

Then, for 7 € (0,1], by using Theorem 1.5, we get
(A+B—C)7 <AT 4+B —CT.

i.e.
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On the other hand, we obtain

(@ +0" = M(x,B))

- (a‘+b-“— EB,-x;-‘) s)
i=1

~l—

-

ad(1—m)+b°(1—m)— ) (Bi—moy)x] +m <a5—|—bs—2a,-x§>
i=1 i=1

Since .
n 5
a< |d+b =Y ax] | <b,
i=1

if we put a = xg, b = x,41 then there exists a number 0 < k < n such that

1
n s
X < <a5+b5—2a,-xf> < Xt 1

i=1

‘We reorder

A =X0,X15-- X5 <as +b' — 2 (XiX?) 3 k15 7xn7b = Xn+1
i=1
by putting
yvi=xio i=1,...k+1,

Yi+2 = QS,a(a7b7X)7

Vier =x; i=k+1,...,n+1.
Let w;, (i=1,2,...,n+3) be the weight corresponding to y; (equivalently y{). Then
we can easily get

0< W <Wus, k=12,....n+2, and Wp3=1>0.

Since x5 is convex for s < 1 (s #0), we obtain by using Theorem 1.6 on y} in (5),

t
1959 s

a’(1—m)+b(1—m) =Y (Bi—moy) xj +m (as—l—bS—Za,-xf)

i=1 i=1

Ly 7
<K d(1l—m)+b(1—m) 2 —moy) X, +m (a‘+b‘—2a,-x}'>]

i=1 i=1




< |d+V Mf(x,ﬁ)—i—kirlnn
1
ﬁk t 1 t t
~ mi ok M
kﬂ;}f{n{ak}( +b —Mi(x, )

Thus the second inequality is true.

i {Z—i} (a°+ b — MS(x,00))

J. LIANG AND G. SHI

PYEN

To obtain the first inequality, we multiply both sides of the second inequality by

1
. nllin {g—’z }' , and note that it is just the first inequality with the roles of the «'s and
=1,n
the 8’s interchanged.
Consequently, we have proved that, for 0 <t < <t (s#0),
g |
1 1
Jnin {ﬁ } ((at+bt—Mf(X,ﬁ))’ —(a"+0" = Mi(x, ﬁ))é)
Lo | Pr
1
< (af+bf—M;(x,a))? (@b — M (x,0))
t 1
t 1 1
< mox L (@ mep) - @ v - p)t). ©
=1,n %
It is known that
b
li r M 1/r _ a )
tim (b7~ (x,0)/" = s
Therefore, letting s — 0 in (6), we get
T 1 ab
min { — ad+v T — 7>
a5 ( B S B)
1 ab
<(d+b -Mxo) ——0r
( o) S B)
max {%} ((a’—i—b’—M’(x ﬁ))’l—a7b> (7)
k=1,-n | Br o Mo(x,B)

(7) means that in the case of s =0, (3) is also true under the assumptions of Theorem

2.1, 0O

REMARK 2.2. Theorem 2.1 is a generalization of previous results in [2, 5, 8].
Moreover, if we let t =1 and s = 0 in Theorem 2.1, then we get the following
corollary directly. The corollary shows us anew relation between the arithmetic means

>, oix; and the geometric means TTx%
Theorem 2.1].

1 7

which is different from that given by [2,

n n
COROLLARY 2.3. If 04,B; >0 such that Y oz =Y Bi=1, and 0 < a < b,
i=1

i=1
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a<x; < <Xy <D, then

. ol L ab 1 ab
k=nlnnn{ } atb i=1ﬁlXL [ Ixﬁ i) sath .

—
k i i=1 x5

O z ab
< max { — a+b— ixXi— —— | .
{5} (oo e )

i

Since .
O_1ala,b,x)= <a1+b1—206ixi1> .
i=1

If we take + = 1 and s = —1 in Theorem 2.1, then we get the following corollary. The
corollary presents new inequalities, which are not implied by [9, Theorem 1.1].

COROLLARY 2.4. If 04,B; > 0 such that Y, o =
i=1

=

>Bi=1,and 0 < a<b,
i=1

a<x; < <Xy <D, then

.
min {%} a+b—2ﬁ,~x,~ — a71+b*1—2[3ix;1
k=t | P i=1 i=1

~1
n n
< <a+b—206ixi> — (al +b! —ZOCixl-l>
i=1

i=1

-1
< max {%} a+b—i[3-x- — a_l—i-b_l—iﬁ-x-_l
\k=17~~7n ﬁk “ iAQ ] i

3. Applications

In this section, we apply our results to the theory of operator inequalities and give
some new operator inequalities.

Let s be a Hilbert space, B(5¢) the space of all bounded linear operators on
2, and B, () the semi-space in B (7)) of all self-adjoint operators. Moreover, let
BT () and BT () denote the sets of all positive and positive invertible operators
in B, (.#) respectively. The weighted operator arithmetic mean V, for v € [0, 1] and
A,B € BT (), is defined as

AVyB=(1—V)A+ VB.

It is well-know (cf., e.g., [3]) that if X € 9B, (7¢) with spectrum Sp(X) and f,g
are continuous real-valued function on Sp(X), then

f(t) >g@), teSp(X), impliesthat f(X) > g(X). (8)



358 J. LIANG AND G. SHI

THEOREM 3.1. Let A,B € BT () satisfy 0 < aA < A < B < bA for some
positive numbers 0 < a < 1 < b. Then, for v,u € [0,1],

1—v v 1 1 1 1
ing ——, — A-+bA—AV B —ab-A2(A"2BA"2) HA2
mm{l ”,”}<a + uB—a ( ) )

< aA+bA—AV,B—ab-A?(A"2BA" ) YA}
1

1-—
< max{l :5} ( A+bA—AV#B—ab-A%(A*%BA*%)*“Af).

Proof. 1t follows from Corollary 2.3 that for 0 <a <1 <x <D,

. [1=v v -
mm{ﬂ,ﬁ}(a—|—b—[(1—,u)+ux}—ab.(x) H)

<a+b—[(1-v)+vx]—ab-(x)7"
I-v v

1_“,5} (a+b—[(1—p)+pux]—ab-(x)™4).

< max{

Hence by (8) for X € B+ () satisfying 1 <X < b, i.e. Sp(X) C [1,b], we have

. [1=v v _
mm{ﬂ,ﬁ}(a—!—b—[(l—,u)—i—uX}—ah(X) 1)
<a+b—[(1-v)+vX]—ab-(X)™"
<max{i:;,ﬁ}(a—i—b—[(l—u)—kuX}—ab.(X)H), )

By our assumption, we see that

Nl—
D=

0<a<1<A 2BA 2<b.

This together with (9) implies that
1—v v 1 1 1 1
ing ——,— b—1[(1- AT2BA™2)] —ab-(A"2BA"2)7H
min{ 1= 2 (at b [0 —) + (4] - ab- (4~ Bah) )
<a+b—[(1-v)+Vv(A2BA )| —ab- (A 2BA" %)Y

1 _”,ﬁ} <a+b— [(1—p)+u(A2BA™2)] —ab- (A*%BA*%)*#‘) . (10)

< max{

Multiplying on both sides of (10) by A% we get

l—u'u
P T N
< (aA—i—bA—[(l—v)A+vB}—ab-A2(A 1BA~T) A2>

min{ -V X} <aA+bA— [(1— 1A+ uB| —ab-A? (A*%BA*%)*“A%)

1=y 3} <aA+bA— [(1— u)A+ uB] —ab-A? (A—%BA—%)—ﬂA%) .

<max{—7
l—p u
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THEOREM 3.2. Let A,B € BT () satisfying 0 < aA < A < B < bA for some
positive numbers 0 < a < 1 < b. Thenfor v,u € [0,1],

- .
min{ﬁ,ﬁ} |[ad+bA—AVuB— (@A™ 46747 a7 VBT) ]
< [aa+ba—AViB— (@ a7 47t aT ATV

I-v v

14— - _ 1\ 1
gmax{m,ﬁ}[aA—i-bA—AV“B—(a Aty laTt ATV B T }

Proof. In view of Corollary 2.4, we know that for 0 <a <1 <x < b,

min _l—v v a — (1 — x]—[a~! - — x !
(o b o=t =l = (- )+ )
<(a+b—[1=v)+va]—[a '+ = ((1=v)+va )

I-v v

— o la — — x]—[a~! - — O,
s b b [0 = = () )

< max{
By (8) we see that for X € B+ (7)) with 1 <X < b,
min{;;,ﬁ} (a+b—[(1—p)+uX]—[a"+b~ ' —((1—p)+uXx "))
<(a+b—[(1-v)+vX]—[a  +b7 = (1—v)+vx D]

< max{;, ﬁ} (a+b—[(1—p)+uX]—[a ' +b ' —((1—w)+ux 1), AD

Our assumptions show that

Nl—
Nl—

0<a<1<A ZBA 2 b

Putting X =A~2BA~2 in (11) and then multiplying A2 from both sides, we obtain

min{:_—v’ﬁ} (aA+bA=AV B—[a™' A b7 AT (1A~ B ™)) )
< (aA+bA—AVyB—[a'AT 467 AT — (1=v)A " +vB )] )

< max { i:—: 5} (aA+bA—AV  B—[a ' A +b A —(1—p)A 4B )] 1) .

O

REMARK 3.3. The operator inequalities given in Theorems 3.1 and 3.2 are new.
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