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SHARP INEQUALITIES INVOLVING
NEUMAN MEANS OF THE SECOND KIND

WEI-MAO QIAN, ZHI-HUA SHAO AND YU-MING CHU

(Communicated by E. Neuman)

Abstract. In the article, we present several sharp inequalities involving the Neuman means of
the second kind, and the logarithmic, Seiffert, arithmetic, Neuman-Sandor, quadratic and contra-
harmonic means.

1. Introduction

Let a,b,c > 0 with ab+ ac + bc # 0. Then the symmetric integral Rr(a,b,c) [1]
of the first kind is defined as

Rp(a,b,c) = %/Om[(l+a)(t+b)(t+c)]’l/2dt.

The degenerate case Rc(a,b) = Rr(a,b,b) of Rp plays an important role in the
theory of special functions [1, 2].
For a,b > 0 with a # b, the Schwab-Borchardt mean SB(a,b) [3-5] of a and b
is given by
b2—q2

cos~!(a/b)’ a<b,
SB(a,b) = —
Va b a>b,

cosh~ 1 (a/b)’

where cos™!(x) and cosh™!(x) = log(x +v/x2 — 1) are the inverse cosine and inverse
hyperbolic cosine functions, respectively.
Carlson [6] (see also [7, (3.21)]) proved that

SB(a,b) = [R¢ (a®,7)] .

It is well known that the Schwab-Borchardt mean SB(a,b) is strictly increasing in
both @ and b, nonsymmetric and homogeneous of degree 1 with respect to @ and b.
Many symmetric bivariate means are special cases of the Schwab-Borchardt mean. For
example, P(a,b) = (a—b)/[2arcsin((a—b)/(a+b))] = SB[G(a,b),A(a,D)] is the first
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Seiffert mean, T'(a,b) = (a —b)/[2arctan((a — b)/(a+ b))] = SB[A(a,b),0(a,D)] is
the second Seiffert mean, M(a,b) = (a — b)/[2sinh ! ((a — b)/(a+b))] = SB[Q(a,b),
A(a,b)] is the Neuman-Séandor mean, L(a,b) = (a—b)/[2tanh™ ' ((a —b)/(a +b))] =
SB[A(a,b),G(a,b)] is the logarithmic mean, where G(a,b) = Vab, A(a,b) = (a+b)/2
and Q(a,b) = \/(a*+b?)/2 are the geometric, arithmetic and quadratic means of a
and b, respectively. Recently, the Schwab-Borchardt mean and its special cases have
attracted the attention of many researchers. In particular, many remarkable inequalities
for these means can be found in the literatrue [8-21].

Let H(a,b) = 2ab/(a+b) and C(a,b) = (a* +b*)/(a+b) be the harmonic and
contraharmonic means of a and b, respectively. Then it is well known that the inequal-
ities

H(a,b) < G(a,b) < L(a,b) < P(a,b) <A(a,b) <M(a,b) <T(a,b) <Q(a,b) <C(a,b)

hold for all a,b > 0 with a # b.

Let X (a,b) and Y (a,b) be the symmetric bivariate means of ¢ and b. Then the
Neuman means Sxy (a,b) [22, 23] of the first kind and the Neuman means Nxy (a,b)
[24] of the second kind of are defined by

2(a
Sxy(a,b) = SB[X(a,b),Y(a,b)], Nxy(a,b)= % X(a,b)+ %

Leta>b>0,v=(a—b)/(a+b)€(0,1), pe(0,), g (0,m/2), re (0,log(2+
v3)) and s € (0,7/3) be the parameters such that 1/cosh(p) = cos(q) = 1 —v?,

cosh(r) = 1/cos(s) = 1 +v2. Then the following explicit formulas and inequalities
can be found in the literature [22-26].

SAH(a,b):A(a,b)M7 SHA(a,b)ZA(a,b)Sinqﬂ, (1.1)
Sealab) = Aa) M) g (0,b) = Ala,b) tans(s), (1.2)
NAG(CLb):A(C;’b) [1+(1— 2)tanhvl(v>]7 (1.3)
Noa(a,b) = A(‘;’b) [ [ vl (V)} : (1.4)
NAQ(a,b)zA(C;’b) [1+(1 2)tanl(v)}, (1.5)
NQA(a,b)zA(z’m [ 1 v2+Si“h_l(v)], (1.6)
Nan(a.b) = 2&2) [1 T Smﬁf’zp)} , (L.7)
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Nia(a,b) = A(‘;’b) [cos(q) + quq ] (1.8)
Nac(a,b) = A(C; [ sin(2s } (1.9)
NCA(a,b) (2 ) |:COSh( )+ m] (110)

L(a,b) < Nag(a,b) < P(a,b) < Nga(a,b) < A(a,b)
< M(a,b) < Nga(a,b) <T(a,b) <Npg(a,b) < Q(a,b),
San(a,b) < Nap(a,b) < Spa(a,b) < Nya(a,b) < A(a,b)
< Sca(a,b) < Nea(a,b) < Sac(a,b) < Nac(a,b) < C(a,b).

Neuman [24] proved that the double inequalities
alA(a,b) + (l — al)G(aJy < NGA(a,b < ﬁ]A(Chb) + (1 — ﬁ])G(CLb s

) )
<NAQ(Cl,b) <ﬁ2Q(a7b>+(1_ﬁ2)A(a7 )7
03A(a,b) + (1 — 03)G(a,b (a,b) < BsA(a,b) + (1 - B3)G(a,b)
030(a,b) + (1 — aw)A(a,b) < Noa(a,b) < Bs0(a,b) + (1 — Bs)A(a,b)

hold for all a,b > 0 with a # b if and only if o < 2/3, ﬁl /4, o <2/3, B>
(m— 2)/[4(\/5—1)] =0.689..., 03 < 1/3, B3> 1/2, g < 1/3 and By > [log(1 +
V2)+v2-2]/[2(vV2-1)] =0.356...

In [25], The authors proved that the double inequalities

OCQQ(a,b) + (1 — OCQ)A(a,b

Q

<NAG Cl,b V)

)
)
)
)

nA(a,b) + (1 — on)H(a,b) < Nam(a,b) < BrA(a,b) + (1 — Bi)H (a,b),
0nA(a,b) + (1 — 0u)H(a,b) < Nua(a,b) < BoA(a,b) + (1 — B)H(a,b),
03C(a,b)+ (1 — a3)A(a,b) < Nca(a,b) < B3C(a,b)+ (1 —B3)A(a,b),
ouCla,b) + (1 — aw)A(a,b) < Nac(a,b) < BaCla,b) + (1 — Ba)A(a,b)

oss 1—as 1 Bs 1—fs

Hab)  A@b) = Nam(@b) = Hab)  A(a,b)’

6 l—o 1 Bs 1B

Hab)  A@b) = Naa(ab) = H(ab)  A(a,b)’

o I—OC7 1 B7 1_ﬁ7

A@b)  Clab) S Nea@h) = Alab) ' Clab)’

o 1—og 1 Bs 1—fs

A@b) Clab) S Nac(@b) ~ Ala,b) T Clab)’

hold for all a,b > 0 with a # b if and only if oy < 1/3, B1 > 1/2, on <2/3, B >
m/4=0.7853..., o3 < 1/3, B3 > /3log(2+/3)/6 = 0.3801..., a4<2/3 Bs >
(437 —9)/18 =0.7901 ..., a5 <0, Bs >2/3, 06 <0, Bs = 1/3, o7 < [2/3 —
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log(2++/3)]/[2v3 +1og(2+/3)] = 0.4490..., B; >2/3, o < (9v/3—4m)/(3V3 +
41) =0.1701... and g > 1/3.

Zhang et. al. [27] presented the best possible parameters o, 0, B, B2 € [0,1/2]
and oa, a4, B3, Ba € [1/2,1] such that the double inequalities

G(O{m—i—(l — al)b,alb—i— (l —Oll)a) < NAg(a,b) < G(ﬁla—i— (l —ﬁl)b7ﬁ1b+(l —ﬁl)a),
G((X261+ (1 — O(z)b, b+ (l - 062)61) < NGA(a,b) < G(ﬁza-l— (1 —ﬁz)hﬁzb-l— (1 —ﬁz)a),
O(oza+(1—03)b, 030+ (1—0z)a) <Noa(a,b) < Q(Bsa+(1—P3)b, f3b+(1—B3)a),
O(ouat (1—ou)b, cub-+ (1— aw)a) < Nag(a,b) < Q(Bsa+ (1 Ba)b, Bab+ (1 - Ba)a)

hold for all a,b > 0 with a # b.

The main purpose of this paper is to present some new sharp bounds for the second
kind of Neuman means Nag, Nga, Nan, Nua, Nag, Noa, Nac and N¢y in terms of
certain combinations of the first kind of Neuman means Sag, Sga, Sac, Sca and the
logarithmic mean L, first Seiffert mean P, arithmetic mean A, Neuman-Sandor mean
M, second Seiffert mean T, quadratic mean Q and contraharmonic mean C.

2. Lemmas
In order to prove our main results we need several lemmas, which we present in
this section.

LEMMA 2.1. (See [28,29]) For —eo <a<b <oo, let f,g:[a,b] = R be con-
tinuous on |a,b] and be differentiable on (a,b), let g'(x) #0 on (a,b). If f'(x)/g (x)
is increasing (decreasing) on (a,b), then so are

f) —fla) flx)—f(b)
gx)—gla)” gx)—g(b)

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

LEMMA 2.2. (See [30]) Suppose that the power series f(x) = Yo qanx" and
g(x) = X _obux" have the radius of convergence r > 0 with a,,b, > 0 for all n =
0,1,2,---. Let h(x) = f(x)/g(x), if the sequence {a,/b,} _ is (strictly) increasing
(decreasing), then h(x) is also (strictly) increasing (decreasing) on (0,r).

LEMMA 2.3. The function

_ x2+ xsinh(x) cosh(x) — 2 sinh?(x)
P(x) = sinh(x)[xcosh(x) — sinh(x)]

is strictly increasing from (0,0) onto (0,1).
Proof. Let ¢;(x) = x>+ xsinh(x) cosh(x) — 2sinh?(x) and ¢ (x) = sinh(x)[xcosh(x)
— sinh(x)]. Then simple computations lead to

¢1(0) = ¢2(0) =0, 2.1
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¢{(x)  4x+2xcosh(2x) —3sinh(2x)

2.2
05 (x) 2xcosh(2x) — sinh(2x) 22)
o  (n—1)22+2 oo 24
o ( (2n)+1)! 2+l - rz;r?+3)!x2n+3 T
oo 242 5 T e 2n+4 T e on’
n=1 'E§n2+1)! x2ntl n=0 (n(-;rll)-‘;)! o3 Znmobux
where
22n+4 1 22n+4
ay = X p, = D27 2.3)
(2n+3)! (2n+3)!
From (2.3) we clearly see that
a, >0, b,>0 2.4)
and
an 1
b, n+1
is strictly increasing for all n > 0.
Note that u
(0" ==2=0, limg(x)=1. (2.5)
bo X0

Therefore, Lemma 2.3 follows easily from Lemmas 2.1 and 2.2, (2.1), (2.2), (2.4)
and (2.5) together with the monotonicity of the sequence {a,/b,}. O

LEMMA 2.4. The function

 x?+xsin(x) cos(x) — 2 sin®(x)
ol) = sin(x)[x — sin(x)]

is strictly increasing from (0,7/2) onto (0,(n*> —8)/2m—4).

Proof. Let
X
%W=Lumw7 (2.6)
_ xcos(x) —sin(x)
%@——7§H§— (2.7)
Then
¢(x) = @1(x) + P2 (x). (2.8)
Let @3(x) = xcos(x) —sin(x) and @4(x) = x—sin(x). Then
#3(0) = ¢4(0) =0, (2.9)
g x 2.10)
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It is not difficult to verify that both the functions x — x/sin(x) and x — —x/tan(x/2)
are strictly increasing on (0,7/2). Note that

2-8
p(07)=0, ¢ (g) = gﬂ_4. @2.11)

Therefore, Lemma 2.4 follows from (2.6)—(2.11) and Lemma 2.1 together with the
monotonicity of the functions x — x/sin(x) and x — —x/tan(x/2) on (0,7/2). O

3. Main results

THEOREM 3.1. The double inequalities

oA(a,b)+ (1 —oq)L(a,b) < Nag(a,b) < B1A(a,b) + (1 — By)L(a,b),
00A(a,b) + (1 — 0)Sar(a,b) < Na(a,b) < BrA(a,b) + (1 — Bo)Sar (a, ),
00(a,b) + (1 — 03)M(a,b) < Noa(a,b) < B30(ab) + (1 — Bs)M(a, ),
ouC(a,b) + (1 — 0u)Sca(a,b) < Nea(a,b) < BsC(a,b) + (1 — P4)Sca(a,b)

B
1/2, 03 <0, B3 = [V2log?(1+v2) +2log(1+v/2) —2v/2] /[4log(1+/2) —2V/2]
0.04721---, oy < 0 and [34 [610g(2 4 v/3) + v/3log? (2 +v/3) — 61/3]/[1210g(2
V/3) —6/3] =0.0948 - -

Proof. Since all the bivariate means concerned in Theorem 3.1 are symmetric and
homogeneous of degree one, we assume that a > b > 0. Let v=(a—b)/(a+Db) €
(0,1), x =tanh ! (v) € (0,e0), = sinh ! (v) € (0,log(1 ++/2)), p € (0,%) and r €
(0,1og(2++/3)) be the parameters such that 1/cosh(p) = 1 —v? and cosh(r) = 1 +12.
Then (1.1)—(1.3), (1.6), (1.7) and (1.10) together with the fact that

hold for all a,b >0 with a # b if and only if o1 <0, B >1/2, 0p <0, B >
_|_

v v
L(a,b) =A(a,b)—————, M(a,b) =A(a,b)————
(a.8) (a )tanh_l(v) (a.0) (a )sinh_l(v)
and
O(a,b) = A(a,b)\/1+v2, C(a,b) =A(a,b)(1+v?) (3.1)
lead to
1 ) tanh’l(v) "
Nag(a,b) —L(a,b) _ 2 [1+(1 V)= )| e 62)
A(a,b) —L(a,b) 1-— m
~ x?+xsinh(x) cosh(x) — 2sinh?(x) B 1(}) (x)
~ 2sinh(x)[xcosh(x) —sinh(x)] 2"
tanh(p)
NAH(aJa) —SAH(aJa) _ [1 + 51nh(2p) )} T p 3.3)
A(a,b)—SAH(a,b) 1— tanh(p) .
P

- p* + psinh(p) cosh(p) — 2sinh?(p) B ld’( )
= " 2sinh(p)[pcosh(p) —sinh(p)] 2 PV
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1 5 , sinh~'(») o v
Noa(a,b)~M(ap) 3 [VIT7+3 ] - o o
Q(a7b)_M(avb) V1+V2—W '
12 +1sinh(z) cosh(r) — 2sinh?(r) B lq)(t)
~ 2sinh(t)[tcosh(r) —sinh(z)] 277
l COSh(r)+ ] r ) _ sinh(r)
NCA(a,b) —SCA(a,b) _ 2 sinh(r) r 3.5)
C(a7b) - SCA(a7b) cosh(r) - w .
B 2 + rsinh(r) cosh(r) —2sinh2(r) B l(b( )
= " 2sinh(r)[rcosh(r) —sinh(r)] 2 "7

where the function ¢(-) is defined as in Lemma 2.3. Note that

ollog(1+v2)] = \/zlogz(l+\/§)+210g(l+\/§)—2\/§7 3.6)

2log(1++v2) -2

ollog(2+/3)] = 6log(2+\/§)+\/§log2(2+\/§)—6\/§. 3.7

6log(2++/3) —3V3
Therefore, Theorem 3.1 follows easily from Lemma 2.3 and (3.2)—-(3.7). U

THEOREM 3.2. The double inequalities
(XsA(Cl,b) + (1 - (Xs)P(a,b) < NGA(a7b) < ﬂsA(Cl,b) + (1 - ﬂS)P(aJ));

%A(a,b) + (1 — OC(,)SHA (a,b) < Nga (a,b) < ﬂﬁA(a,b) 1 ﬂﬁ)SHA (a,b),

+(1-
a7Q(a,b) + (l — OC7)T(a7b) < NAQ(a7b) < ﬁ7Q(a,b) + (1 — B7)T(a,b),
03C(a,b) + (1 — ag)Sac(a,b) < Nac(a,b) < BsC(a,b) + (1 — Bs)Sac(a,b)

hold for all a,b >0 with a # b if and only if o5 <0, Bs > (n> —8)/(4x—8) =
0.4094---, 0 <0, B > (12 —8)/(4m—8) = 0.4094---, o7 <0, By > (n> + 27 —
16)/(4V2m — 16) = 0.08624---, 0y <0 and Pg > (4372 + 97 — 54v/3) /(367 —
544/3) =0.1595---.

1

Proof. Since all the bivariate means concerned in Theorem 3.2 are symmetric and
homogeneous of degree one, we assume that a > b > 0. Let v=(a—b)/(a+Db) €
(0,1), x=sin"1(v) € (0,7/2), t =tan"'(v) € (0,7/4), g € (0,7/2) and s € (0,7/3)
be the parameters such that cos(q) = 1 —v? and 1/cos(s) = 1+ v2. Then from (1.1),
(1.2), (1.4), (1.5), (1.8), (1.9), (3.1) and the fact that

P(a,b) = A(a,b)—2 T(aJ)zA(aJ)ﬁ

sin~!(v)’
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we get

sin~!(v) v
Nga(a,b) — P(a,b) %[Vl—v2+—( ]— -

v sin~1(v)

A(a,b)—P(a,b) B l—m
X% + xsin(x) cos(x) — 2sin®(x) 1
= - - = _(p(x)v
2sin(x)[x — sin(x)] 2
sin(q)
Nua(a,b) —Sua(a,b) 3 |cos(9) + W@ | s
A(a,b) —SHA(aJa) - 1— sin(q)
q
q> +gsin(q) cos(q) —2sin*(q) 1
= - - = —QO(C]),
2sin(q)[g —sin(q)] 2

tan—1 (v)

1 2
Nagla,b) ~T(a,b) 7|1+~ oy

Q(aab)_T(a7b) B \% 1+V2_ tan’vl(v)
1% 4 tsin(r) cos(t) — 2sin’(z)

2sin(t)[t — sin(z)]

o(t),

N =

1 2s _ tan(s)
NAc(a,b) - SAc(a,b) 2 [1 + sin(2s)} s

C(a,b) — Sac(a,b) 1 tan(y)

s + ssin(s)cos(s) —2sin’(s) 1
2sin(s)[s — sin(s)] B

where the function ¢(-) is defined as in Lemma 2.4. Note that

<7r> - m?42m—16

4) " 22m—8
<E> 432+ 91— 54V3
°\3) T T 8r—21v3

Therefore, Theorem 3.2 follows from Lemma 2.4 and (3.8)—(3.13). [

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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