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GENERALIZATION OF LEVINSON’S INEQUALITY

IMRAN ABBAS BALOCH, JOSIP PECARIC AND MARJAN PRALJAK

(Communicated by P. R. Mercer)

Abstract. Mercer [5] gave a generalization of Levinson’s inequality that replaces the assump-
tion of symmetry of the two sequences with a weaker assumptions of equality of variances.
Witkowski [10] further loosened this assumption and extended the result to the class of 3-convex
functions.

We generalize these results to a newly defined, larger class of functions. We also prove the
converse in case the function is continuous. In particular, we show that if Levinson’s inequality
holds under Mercer’s assumptions, then the function is 3-convex.

1. Introduction

A well-known inequality due to Levinson [4] is given in the following theorem.

THEOREM 1.1. If f:(0,2¢) — R satisfies [ >0 and p;,xi,yi, i=1,2,...,n,
are such that p; >0, Y pi=1, 0<x; < c and

X1+y1 =X+ =...=Xx,+y, = 2c, (D)
then the inequality

>pif () = (@) < Y pif i) — () )

i=1 i=1

holds, where X = Y| pix; and Yy =Y\, p;y; denote the weighted arithmetic means.

The assumptions on the differentiability of f can be weakened by working with
the divided differences. A kth order divided difference of a function f: I — R, where
I is an interval in R, at distinct points xg,...,x; € I is defined recursively by

]f =f(x),  fori=0,...k

and

[x07-~-,Xk]f: [xlw"axk]f_ [xo,...,xkil]f.
X — X0

Mathematics subject classification (2010): 26D15.
Keywords and phrases: Levinson’s inequality, 3-convex functions, divided differences.

This research work is funded by Higher Education Commission Pakistan. The research of the second author was
supported by the Croatian Ministry of Science, Education and Sports under the Research Grant 117-1170889-0888.

© depay, Zagreb 571

Paper IMI-09-49


http://dx.doi.org/10.7153/jmi-09-49

572 1. ABBAS BALOCH, J. PECARIC AND M. PRALJAK

A function f: 1 — R is called k-convex if [x,...,xz]f = 0 for all choices of k+ 1
distinct points xg,...,x; € I. If the kth derivative f(k) of a k-convex function exists,
then f®) >0, but f*) may not exist (for properties of divided differences and k-convex
functions see [8]).

Popoviciu [9] showed that in Theorem 1.1 it is enough to assume that f is 3-
convex. Bullen [1] gave another proof of Popoviciu’s result, as well as a converse
of Levinson’s inequality (rescaled to a general interval [a,b]). Bullen’s result is the
following:

THEOREM 1.2. (a) If f:[a,b] — R is 3-convex and pj,x;,yi, i=1,2,...,n, are
such that p; >0, X! | pi=1, a<x,yi <b, (1) holds (for some ¢ € |a,b]) and

max (xy,...,x,) < min(yy,...,yn), 3)

then (2) holds.
(b) If for a continuous function f inequality (2) holds for all n, all ¢ € [a,b], all 2n
distinct points satisfying (1) and (3) and all weights p; > 0 such that ¥\, pi = 1, then
f is 3-convex.

Pecari¢ [6] proved that one can weaken the assumption (3) and still guarantee that
inequality (2) holds, i. e. the following result holds

THEOREM 1.3. If f :[a,b] — R is 3-convex and p;,xi,y;, i=1,2,...,n, are such
that p; >0, X! pi=1, a <x;,yi <b, (1) holds (for some c € [a,b]) and
Xi+Xp-iv1 < 2¢,

pixi+pn7i+1xn7i+l<c fori=12,....n, @)

Di+ Pn—i+1

then (2) holds.

The inequality from Theorem 1.3 for uniform weights p; = % was proven by
Lawrence and Segalman [3]. A shorter proof of Lawrence and Segalman’s result for a
wider class of functions was obtained by Pecari¢ [7]. More recently, Hussain, Pecari¢
and Peri¢ [2] gave a refinement of the inequality from Theorem 1.3.

All of the generalizations of Levinson’s inequality mentioned so far assume that
(1) holds, i. e. that the distribution of the points x; is equal to the distribution of the
points y; reflected around the point ¢ € [a,b]. Recently, Mercer [5] made a significant
improvement by replacing this condition of symmetric distribution with the weaker one
that the variances of the two sequences are equal.

THEOREM 1.4. If f:[a,b] — R satisfies f" >0 and p;,x;,yi, i=1,2,...,n, are
such that p; >0, Y% pi=1, a<x;,y; <b,(3) holds and

> pilni =% =3 pilyi =7, (5)

then (2) holds.
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Witkowski [10] showed that, similarly as before, the assumptions on differentia-
bility of f can be weakened and for Theorem 1.4 to hold it is enough to assume that f
is 3-convex. Furthermore, Witkowski weakened the assumption (5) as well and showed
that equality of variances can be replaced by inequality in certain direction.

THEOREM 1.5. If f: (a,b) — R is 3-convex, p; >0 for i=1,2,...n, ¥} pi=
1, a < x;,yi < b are such that (3) holds and

(a) f"(maxx;) > 0and Zp,-(x,- —)_6)2 < Zpi(yl —y)2,
i=1 i=1
or
11 . : —\2 . =\2
(b) f{(miny;) <O0and Y pi(xi—%)° =Y, pi(vi—y)*,
i=1 i=1
or
(¢) f"(maxx;) <0< f/(miny;),
then (2) holds.

Witkowski [10] also gave the result for 3-concave functions.

THEOREM 1.6. If f: (a,b) — R is 3-concave, p; >0 fori=1,2,...,n, 3 | pi=
1, a < x;,y; < b are such that

n n
(a) f”(maxx;) <0 and Zp,-(x,- -%)?%< Zpi(yl -y
i=1 i=1
or
(b) fl(miny;) >0and Y pi(xi—%)* =Y pi(yi—7)?,
i=1 i=1
or

(c) fL(miny;) <0< f(maxx;),
then (2) holds with the reverse inequality.

In this paper we will build on and extend the methods of Witkowski [10]. We will
introduce a new class of functions .%,°(a,b) that extends 3-convex functions and can
be interpreted as functions that are “3-convex at point ¢”. We will prove some of the
properties of this new class, in particular that a function is 3-convex on an interval if and
only if it is 3-convex at every point of the interval. The main result of this paper is that
(% (a,b) is the largest class of functions for which Levinson’s inequality holds under
Mercer’s assumptions, i. e. that f € J#°(a,b) if and only if inequality (2) holds for
arbitrary weights p; >0, ¥ | p; = 1, and sequences x; and y; that satisfy x; < ¢ <y;
for i = 1,2,...,n. Analogues results for the reverse of inequality (2) and the class
¢ (a,b) of functions that are “3-concave at point ¢”” hold.
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2. Main results

We will generalize Theorem 1.4 by weakening the assumptions on the function f.
Before stating our main results, we will introduce a new class of functions and show
some of its properties.

DEFINITION 2.1. Let f: (a,b) — R be a function and ¢ € (a,b). We say that
e (a,b) (f € #(a,b)) if there exists a constant A such that the function F(x) =
f(x) —4x? is concave (convex) on (a,c] and convex (concave) on [c,b).

REMARK 2.2. If f € J#“(a,b), i=1,2,and f”(c) exists, then f”(c) =A. We
will show this for f € J#°(a,b): due to the concavity and convexity of F for every
distinct points x; € (a,c] and y; € [¢,b), j=1,2,3, we have

[x17x27x3]F = [x17x27x3}f_A/2 < 0 < [y17y27y3]f_A/2 = [y17y27y3]F'
Therefore, if f”(c) and f7(c) exist, letting x; /¢ and y; \, ¢, we get

f1(e) A< (o).

O

REMARK 2.3. If f:(a,b) — R is 3-convex (3-concave), then f € % “(a,b) (f €
H5(a,b)) for every ¢ € (a,b). Indeed, if f is 3-convex, then f’, f” and f/ exist and
S is convex (see [8]). Hence, for every o, 0 € (a,c] and By, s € [c,b) it holds

f'(0n) — f'(on) < S'(B)— 1 (B)

o — oy <fi/(c)< J/r/(c)\ ﬁZ_ﬂl

Therefore, for every A € [f”(c), f/(c)] the function F(x) = f(x) — 4x? satisfies

F(oa) = F'(on) _ o _ F'(B)~F'(B)
00— 0 B>— B 7
so F’ is nonincreasing on (a,c| and nondecreasing on [c,b). The next theorem shows
that this property characterizes 3-convex (3-concave) functions.
On the other hand, f(x) = x* is an example of a function that belongs to #;%(—1,3),
but is not 3-convex on (—1,3). Furthermore, f(x) = |x| is an example of a function

that belongs to Ji/lo(—l, 1), but f is not differentiable at zero, a point in the interval
(_ 17 l) . O

THEOREM 2.4. If f € (a,b) (f € 5 (a,b)) for every c € (a,b), then f is
3-convex (3-concave).

Proof. We will give the proof for f € J#°(a,b). It is enough to prove that f’
exists and is convex. For this purpose we will use the following characterization of
convexity (see [8]): g is convex if and only if the function

g(x) —g(y)

(x,y) = [x,y}g = Xy
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is nondecreasing in both variables.

For every ¢ € (a,b) there exists constant A, such that the function F.(x) = f(x) —
%xz is concave on (a,c] and convex on [c,b). Therefore F/_ and F/, exist and
F!_(x) > F/, (x) for x € (a,c) and F/_(x) < F/, (x) for x € (c,b). Since the function
x> %22 is differentiable, f” and f/. also exist. Let x € (a,b) be arbitrary and ¢; <
x < c2. We have f! (x) < f(x) due to convexity of F., and f’ (x) > f (x) due to
concavity of F,, so f’ exists. Furthermore, due to concavity and convexity of F. we
also have, for every x| Zx; < ¢ <y # y2,

Filxa) = F(a) _ felbn) = felx) Fi(y2) = Fl(y1)

f2) ~fin) ) ~EOn)

Ac<0<

X — x| X — x| y2 =1 ‘ y2—y1
In particular, for z; < zp < z3
/ ol / _
f(@) f(Zl) gAzg < f(Z3) f(ZZ). (6)

22 —11 3—22

Now, let x1,x2,y € (a,b) be arbitrary. If y < x; < x;, applying (6) we get

f(x1) = f'(v) <A < fo)=fx)  f)=fG)  f)-f6)
xi—y T xmex X2 — X X2—x1

By multiplying the above inequality with % > 0 and rearranging we get

f(x) = f'(y) < f'(x) = f'(y) _

Xp—y X2 =y

We can treat the cases x; <y < xp and x| < xp <y similarly and conclude that the
function (x,y) — [x,y]f’ is nondecreasing in x. By symmetry, the same thing holds for
y and the proof is finished. [J

REMARK 2.5. Taking into account Remark 2.3 and Theorem 2.4, we can describe
the property from the definition of J#{(a,b) as “3-convexity at point ¢”. Therefore,
we have shown that a function f is 3-convex on (a,b) if and only if it is 3-convex at
every ¢ € (a,b).

The following theorem is our main result and it generalizes Theorem 1.4.

THEOREM 2.6. Let a <x; <c<y;<b, pi>0 fori=12,...n, Y pi=1
and (5) holds. If f € #( (a,D), then inequality (2) holds and if f € X, (a,b), then (2)
holds with reverse sign of inequality.

Proof. For 0 <1< 1,let x;(r) =X+1(x; —X) and y;(t) =y +1(y; —y). We define
the function

U(r) = ipiﬂyi(t)) ) - ilpif(xio)) ).



576 1. ABBAS BALOCH, J. PECARIC AND M. PRALJAK

We will first show that for f € J#[°(a,b) the function U is convex. Let 11,15,13 € [0, 1],

t; #1; for i # j, and x; # X. Since F(x) = f(x) — 5x? is concave on (a,c]
F(xi(r1))
0= bttt X ) = ey ) o) )
F(xi(12)) N F(xi(13))
(xi(2) = xi(13)) (xi(12) —xi(11)) — (xilt3) — xi(11)) (xi(83) — xi(22))
_ fl(n) = 5 (a(n))? f(i(12)) =5 (xilr2))?
(h—n)(t1—6)(—%)?  (2—13)(2—1)(x —X)?

2

13
i fxi(13)) —

(13 —11)(13 — 12) (x; — %)?

Therefore

FO) L feae) L fa(s)
(—n)ti—n) (H-—n)—1n) HB-—1n)(—1n)
4 (0(11))2 (6())? (x(13))?
2o —nh-n Gone-n Gonsnl S0 P

holds for x; # X. If x; = X then (7) also holds with left-hand side equal to zero.
Similarly, since F is convex on [c,b) the inequality

S i(t)) fi(2)) N S (i(#3))
(—n)—65) (2—6)n-—n) B-0)1-1n)
A (yi(11))? (yi(12))? (yi(13))? S0 @)

2[(n—-n)n—-5) (-n)-n) (HB-n)B-—n)]"

holds for every y; and distinct points #1,7,23 € [0,1].

Now, consider

U) U(t) Ul(t3)
(ti—n)t—15) (2—6)—n) B-u)a—1n)

[t1,0,13)U =

(h—n)t—6)\5

n

1
<2plf yi(t2)) Epfxl n))+f(x )

NoenEy
1 n
+m<l 1pif(yi(l3) Zp, xi(13)) + (%) )

< yi(th)) fyi(r2)) Sf(i(t3))
i |

(—n)ti—1) (-n6)-—t) B-n)t—1n)
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_il’i[( fxi(t)) n f(xi(t2)) n f(xi(13)) }

hh—n)ti—5) (L-—6)t-t) HB-1)(K-1n)

010 =i e e

(—n)t1—n) (b—n)t—t) B—1)(—1)
v | fhi) fi(r2)) f(i(t3))
_Ep{(tl n)(h — 13)+(12 53)(t2 — t1)+(t3 n)(t3—1t)
A (yi(11))? (yi(2))? (yi(13))*
(i : )

n—n)th—n) H-6)—t) HB—H)(tz—"1n)

)
D T o ) L)

= -1 G-t)e-—m  G-n6-n)

2 [% ((n —(Z(; 531)2— SARC —(2(; Ez)z)z— m —()Z(; ?33)2— t2>>
‘(ufgjg((tzll)ztz)*(zz 533(< > e ES(( > >]

K ((n —(Z(; Ez)l)z—e) WG —(t;()tzl)z)z—fl) N —();11(;223)2—&))
(e ) ©

where the last inequality follows from (7) and (8). Notice that

Eple tj Zpl(x +21%(x; — x)—l—t (x,—x)z)
=1

:x%rfzp,-(xi—x)z (10)
i=1
and, similarly,
n n
> pity)? =¥ +17 Y, pi(vi =) (11)
i=1 i=1
Subtracting (10) from (11) and taking into account assumption (5) we have
> pi(i(t)? —xit))?) =¥ =%,
i=1
so the last line in (9) is equal to
A, 5 1 1 1
-0 =X + +
2 (y ) (thh—n)t—1n) (L-6)r—n) HB-—1)r—1n)

Therefore [t1,1,,13]U > 0 for every choice of 7, j =1,2,3, s0o U is convex.
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Next we will show that the right hand derivative of U at zero is nonnegative.
Firstly, since F(x) = f(x) — §x* is concave on (a,c] and convex on [c,b), both F’
and F| exist and are nonincreasing on (a,c) with F/ > F| and nondecreasing on
(¢,b) with F! < F| . Since x — ‘%xz is differentiable, f’ and f’_ also exist and

F'(x)=f (x)—Ax and F|(x)=f}(x)—Ax. (12)
Notice that, as # \, 0, the expression y;(t) = y+(y; — ¥) increases (decreases) to

y for y; <y (yi > y)and y;(r) =3 when y; =y. The analogous claim holds for x;(r)
and x. Since U(0) =0 we have

U'L(0) = 1im 29 _ i [ipif(yi(f)) —fo) ipif(xi(t)) —f(x)]

fim = =lim | X t X t
_}%[i fy+t(?z ); ()(yl—i)
i JLECER, >§ f(f)(xi_x)}

Epz yi— )+ Z_piy
=Fi(y)y§,y_pi(yi—y)+Fi(y)v§y_pi(yi—y)+Ayl_ipi(yi—y)
- Fi(f)xgxpxxi —9)-F(®) 2p< -5 —Afl_:ilpxx %
= PL5) 3 =)+ (LG5 P 5t
—F’(f)épi(x %)~ (F( )gxpl
o S

where the last inequality follows since y € (¢,b) and x € (a,c) (if y=c or x =c,
then the sequences y; = y and x; = x are constant and inequality (2) is trivial).

Therefore, for f € J#°(a,b) the function U is convex and U’ (0) >0, so U(0) <
U(1), which is inequality (2). The proof for f € J#(a,b) is analogous with U being
concave and U4 (0) <0. O

The following theorem shows that for continuous functions inequality (2) charac-
terizes the class J#;“(a,b), i=1,2.
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THEOREM 2.7. Let f: (a,b) — R be continuous and ¢ € (a,b). If inequality (2)
(the reverse of (2)) holds for every n € N and sequences p;,x;,vi, i = 1,...,n, such
that p;i >0, Y1 pi=1, a<x; <c<y; <b and(5) holds, then f € J#\°(a,b) (f €
o (a,b)).

Proof. We will give the proof for f € J#°(a,b). Throughout the proof it is as-
sumed that the x’s are in (a,c| and the y’sin [c,b).

Let n=2, x; #x3 and 0 < p < 1. Then for x; = px; 4+ (1 — p)x3 it holds x, # x|,
X2 75 X3 and

pfxr)+ (1= p)f(xs) = f(px1+ (1= p)xs) = p(1 — p)(x3 —x1)*[x1,.x2,x3] £ (13)

Furthermore
px1—x2)2 + (1= p)(x3—x2)* = p(1 — p)(x3 —x1)%,

so condition (5) applied to points x,x3 and y;,y3, with p; = p, po =1 — p, is equiv-
alent to
s —x1| = |y3 —y1l. (14)
If (14) holds, then (13) and (5) imply that

[x1,x2,x3) f < [v1,y2,33) 1 (15)

where y, is the point such that

BTH_»TR (0,1). (16)
X3 =X Y3—)1

Most of the proof will consist in showing that (15) holds for arbitrary x}s and y;s,
i=1,2,3. For clarity of presentation we will break the proof into several steps.

Step 1: If x3 —x; = k(y3 —y1) for some k € Z\{0} and (16) holds, then

[x3,x3 — qd]f — [’;1+(1 —q)d.xlf < (20k[ = 1) [y1,y2.33]f,

where g = (y3 —y2)/(y3 —y1) and d =y3—y; if ke N and d =y, —y3 if —k €N,

We will prove the claim for £ € N and the other case is analogous. Denote z5; =
x1+jd and z3j11 = x1 + (1 —g)d + jd. Notice that |zjy1 —zj—1| = [y3 —y1| and
(z22j — 22j-1)/(22j — 22j-2) = (225 — 22j-1)/(22j4+1 — 22j-1) = g, so (14) and (16) are
satisfied and we can apply (15) to get [zj_1,2;,2j4+1)f < [y1,y2,¥3]f. Summing these
inequalities for j =1,...,2k— 1 we get

1 2k—1

%
Z 2j-1,2j,2j41)f = p > [z zj41lf — lzj-1,2j1f) =

J=1

_ [sz,zyﬁﬂg— [z1,20]f < (2k—1)[y1,y2,y3)f
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Since zpr = x3, z2k—1 = X3 —qd, z1 = x1 + (1 — q)d and zp = x], the claim follows.
Step 2: If x3 —x; = k(y3 —y1) for some k € Z\{0} and (16) holds, then (15) holds.

Again we will prove the case k € N, with the other case proven analogously. De-
note d V3=, q= O —y2)/(—x1), zj =x3— jgd, Z; = x1 + j(1 — g)d. Since
2j—2j=(k—j)d, zj—qd = zj4+1 and Z; + (1 — q)d = Z;, applying the inequality from
Step 1 for j=0,1,...,k— 1 and summing up we get

| k= k-1 k=1
yi ( Y [z zj+1lf — Z[Z,-,Zjﬂ}f) <DLy2yslf Y, (2k—j)—1). (17)

Jj=0 j=0 J=0

Denote x; = gx; + (1 — g)x3 and notice that z; = Z; = x2, x3 —xy = kqd and x; — x| =
k(1—gq)d. Since 5_,(2j—1) = k%,

k-1

;)[ZJ,Z,H _idg( zj) = Zj+l))zw

and, similarly, ¥ i Sz z)f = % dividing the inequality (17) by k> we get

the claim.
Step 3: If m(x3 —x1) = k(y3 —y1) for some m € N, k € Z\{0} and (16) holds, then

3, y3 —pd|f — i+ (1= p)d,n]f
d 9

(Zm— 1)[)61,)62,)63}](

where p = (x3—x2)/(x3 —x1) and d = (x3 —x1)/k.

Denote z2; = y1 + jd and 2311 = y1 + (1 —=p)d+ jd. Notice that x3 —x; =
k(zjp1—zj—1) and (22j —22j-1)/(22j — 22j—2) = (22j — 22j—1)/ (22j+1 — 22j—1) = P 8O
we can apply inequality from Step 2 to get [x1,x2,x3]f < [zj-1,2j,2j+1]f. Summing
these inequalities for j =1,...,2m — 1 we get

2m—1

(2m— 1)[x1,x2,x3]f< Z [2j-1,2j,2j+1)f =
j=1

mZ ([zj,zj1)f = lzj—1,2j1f) = [22m; 22m— 1];—[zl,zo}f'

Since zr = y3, 22k-1 =y3 — pd, z1 =y1 + (1 — p)d and zo = y1, the claim follows.
Step 4: If the ratio (x3 —x1)/(y3 —y1) is rational and (16) holds, then (15) holds.

There exist m € N, k € Z\{0} such that m(x3 —x;) = k(y3 —y;). Denote d =
(x3—x1)/k, p=(x3—x2)/(x3—x1), 2 =y3— jpd, Zj =y1+ j(1 — p)d. Since z; —
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Zj=(m—j)d, zj—pd = zj41 and Z; + (1 — p)d = Z;, applying the inequality from
Step 3 for j=0,1,...,m—1 and summing up we get

m—1 1/m 1 k—1
[X17X27X3f2( m—j)—1)< d(Z[z,7z,+1f Zz,,zjﬂ}f) (18)

Jj=0 J=0

Denote y; = py; + (1 — p)ys and notice that z; = Z; = y», y3 —y2 =mpd and y, —y; =
m(l—p)d. Since 37 (2j—1) =

m—1

jgo[zhzj-‘rl _id g ( Zj_;,_l))zw

f )

and, similarly, 377 Zi 2l f = , dividing the inequality (18) by m? we get

the claim.

Step 5: If the ratio (x3 —x1)/(y3 —y1) is an arbitrary real number and (16) holds, then
(15) holds.

Since f is continuous, for fixed z; the mapping (z2,z3) — [z1,22,23]f is contin-
uous. Therefore, for any € > 0 there exists a small enough neighbourhood around the
point (y2,y3) € R? such that for any point (¥,,73) in the neighbourhood [yy,y2,y3]f —
[V1,92,¥3]f > —¢&. Moreover, we can choose the points ; and j3 in such a way that
the ratio (x3 —x;)/(¥3 —y;) is rational and % = % Therefore, applying the
inequality from Step 4 we obtain

0 < 1,92, 8)f — [x1,x2, 53] f < 1.y, v3)f + € — [x1,x2, 33 f
Letting € \, 0 we get the claim.
Step 6: (15) holds for arbitrary x’s and y’s.

Let us, for g € (0, 1), denote the set

P4 ={p € (0,1) : for any x’s and y’s such that p = BT
X3 —
and g = AR, inequality (15) holds}.
y3—y1

Our goal is to prove that &, = (0,1) for every ¢ € (0,1). We will first show that 7,
is dense in (0,1). So far, in Step 5, we have shown that g € Z,,. Next, let p € 7, and
(x3—x2)/(x3—x1) =1—p. Since (x; —x3)/(x; —x3) = p and the divided differences
are symmetric in x’s (i. e. [x1,x2,x3]f = [x3,x2,x1]f) it follows that 1 —p € Z,.

Next we will show that if py,p> € Z,, then p = p; - p> € Z,. We will make use
of the following identity

Xp — X

[X1,X2,X3]f = (1 — a)[xl,i,xﬂf—k OC[)Z,Xz,xﬂf, where o0 = (19)

Xy —xi
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Notice that, when X is between x; and x;, then 0 < o < 1. Let x1,x,x3 and X be
such that p = (x3 —x2)/(x3 —x1) and p; = (x3 —%)/(x3 —x1), with p < p; (i.e. ¥ is
between x| and x;). Then pr = (x3 —x2)/(x3 — %) and, since pi,p> € Z,, applying
(19) we get

[x17x27x3}f = (1 - a)[xh)f,)@]f-l— a[£7x27x3]f < [y17y27y3}f'

Therefore p € 9,. Since q € ¥, by properties proven so far, we have that for
every k,m € N, numbers ¢*,1—¢*, (1 —¢*)" € 9,. Tt is enough to prove that the
numbers of the latter form are dense in (0,1). Let p € (0,1) and € > 0 be arbitrary.
Then p € (p—¢€,p+e¢) ifand only if logp € (d,e), where d =log(p—¢), e =log(p+
€). One can choose large enough k such that r = 1 — ¢* satisfies |logr| < e —d. For
such r there exists m such that mlogr € (d,e),i.e. (1—¢")" € (p—¢e,p+e).

Let x’s and y’s be arbitrary with ¢ = (y3 —y2)/(y3 —y1) and p = (x3 —x2)/(x3 —

x1) in (0,1). Since Z, is dense, there exists p € 7, arbitrarily close to p,i.e. ¥=
px1+ (1 —p)xs is arbltrarlly close to x,. Applying again identity (19) we get

[x17x27x3}f = (l - O!)[xh)f,)@]f-l— a[£7x27x3]f <
< (=), y2.33]f + aff,x2,x3]f. (20)

As X is approaching x», o is approaching zero and, moreover, the second term on the
right hand side of (20) is also approaching zero since

[x2,x3]f — Nf f’ ‘ [x2,x3 f’ |f (x2) = f(®)]

x3— —%)(x2 —x1)|

|af%,x2,x3] f| = |

and f is continuous. Therefore, from (20) we conclude that (15) holds.
Step 7: f € X (a,b).

Since inequality (15) holds for arbitrary x;’s and y;’s, i = 1,2, 3, the supremum of
the expression on the left hand side is less then or equal to the infimum of the expression
on the right hand side. Let A be an arbitrary real number such that

sup [x1,x2,x3]f KA inf [y1,y2,y3)f

X103 Y1.Y2:3
and let F(x) = f(x) — 4x2. The function F satisfies

[X17x27X3}F = [x17x27x3]f_A < 0 < [y17y27y3]f_A = LY17y27y3}F7
so fe X (ab). O
REMARK 2.8. If we assume additional assumptions on the differentiability of f,

then the proof of Theorem 2.7 becomes significantly shorter. For example, if we assume
that f has a continuous first derivative, then we first prove, as in Theorem 2.7, that



GENERALIZATION OF LEVINSON’S INEQUALITY 583
for x1,x2,v1,y2 and p € (0,1) such that x; # x, and |x, — x| = |[y2 — y1|, with X =
px1+ (1 —p)x and § = py; + (1 — p)ys, the inequality

[x1,f,x2]f< [ylayvyﬂf (21)
holds. Letting p \, 0 in (21) we obtain

flo)—f(x1) F2)=f(1)
flx) === < f'o2) = 5= (22)
Xy — X1 y2—JY1

and letting p ' 1 in (21) we obtain

= = ) o
X2 — x| h y2—y1
Adding (22) and (23) we get that
f1x2) = f'0a) _ f'y2) = ') 24)

~
X2 — X1 y2—Mx

if |xo —x1| = |[y2 —y1|. Suppose, next, that x; —x; = k(y» — y;) for some k € N.
Denoting d =y, —y; and z; = x; +i-d and applying inequality (24) for z; —z;—; =
yo» —yp for i=1,...,k and summing up we get

@)= i) f52) = ()
,;1 d ¢ y2—1

N

and, dividing by k, we see that (24) holds in this case as well. The case m(x; —x;) =
k(yy —y1) for some k,m € N is treated similarly and (24) for arbitrary x’s and y’s
follows by continuity of f’. Now, let A be any number such that

/ _ gl U _
sup I (x2) = f1(x1) <A< inf I'(2) =)
X1 £x X2 — X1 YI7V2 Y2—=M1

and F(x) = f(x) — 4x*>.Then F satisfies
/ o / 7
F'(xy) — F'(x1) <0< F'(y2) = F'(y1)
X2 — X1 2=y

so F' is nonincreasing on (a,c| and nondecreasing on [c,b) and f € J¢{“(a,b).

If we assume the existence of the second derivative f”, then the proof is shortened
more. For arbitrary x € (a,c] and y € [c,D) there exists small enough A > 0 such that
the points x — 2A and y + 2A are in (a,b). From (21) we conclude that

[x—=2A,x—=Ax|f < [y,y+A,y+2A]f
and letting A\, 0 we get that

') <f'(y) fora<x<ec<y<b.
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Therefore, the function F(x) = f(x) — 1 f(c) satisfies
F'(x) <O F"(y) fora<x<c<y<b,
so f €% (a,b).

O
The following result is the converse of Theorem 1.4 and states that Levinson’s
inequality under Mercer’s conditions holds if and only if f is 3-convex.

COROLLARY 2.9. Let f:(a,b) — R be continuous. If inequality (2) (the reverse
of (2)) holds for every n € N and sequences pj,xi,yi, i = 1,...,n, such that p; > 0,
P pi=1, a<xy,yi <band(3)and (5) hold, then f is 3-convex (3-concave).

Proof. By Theorem 2.7, f € %\ (a,b) (f € %5 (a,b)) forevery c € (a,b). There-
fore, by Theorem 2.4, f is 3-convex (3-concave). []
The next result weakens the assumption (5) and is a generalization of Theorem

L.5.

THEOREM 2.10. Let f: (a,b) = R and, for i=1,2,...n, p; >0, ¥ pi=1,
a < x;,y; < b are such that (3) holds and f € | (a,b) for some ¢ € [maxx;, miny;|.
Then, if

Pi(Yi_y)27

M=

(@) f(maxs) > 0and Y pix— 7 <

i=1 1

or

pi(yi _y)z’

M=

(b) f(miny;) <0 and Zpi(xi —2)2 >

i=1 1

or
(c) f"(maxx;) <0< f7(miny;) and f is 3-convex

then (2) holds.

Proof. 1f we subtract (10) from (11) without assuming (5) and insert the obtained
identity into (9) we get that (9) is equal to

P P 1} 1
(Epl(yl 7) Zl’t“ ))[(tl—tz)(tl—t3)+

(—13)(2—11)

(ts—11)(tz 12

2 n n
; )] B %(Zpi(yi—y)z—Zpi(xt'—f)z)~ (25)
i=1 i=1

Similarly as in Remark 2.2, we can show that for distinct points %; € (¢, maxx;| and
yj € [miny;,b), j=1,2,3, we have

[X1, %2, 5] f <A < 1,52, 3] f.
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Letting &; / maxx; and §; \, miny; we get
" (maxx;) <A < ff (miny;).

Therefore, if the assumption (a) or (b) holds, from (25) we can still deduce convexity
of the function U as in the proof of Theorem 2.6. If the assumption (c) holds, then f”
is left-continuous, f7 is right-continuous, they are both nondecreasing and f” < f7.
Therefore there exists ¢ € [maxx;, miny;] such that f € J#°(a,b) with the associated
constant A = 0 and we can again deduce convexity of U .

The proof that U’ (0) > 0 is the same as in Theorem 2.6 and we conclude that (2)
holds. [

The generalization of Theorem 1.6 is proven in the same way and we only give its
statement.

THEOREM 2.11. Let f: (a,b) = R and, for i=1,2,...n, p; >0, ¥ pi=1,
a < x;,y; < b are such that (3) holds and f € ¢ (a,b) for some ¢ € [maxx;, miny;]|.
Then, if

n

(@) 1" (maxx) <Oand 3 pilxi—2 <3 pilyi— ¥

i=1 i=1

or

=

n
(b) f!(miny;) >0and Y pi(xi—%)* =Y pi(vi—5)*,
1

i=1 i=
or
(¢) f"(maxx;) <0< f7(miny;) and f is 3-concave

then the reverse of (2) holds.

Following the idea of Witkowski [10] we can apply the Hermite-Hadamard in-
equality to the convex function U and obtain the following refinement of the Levinson
inequality.

COROLLARY 2.12. Let a<x; <c<y;<b, pi>0fori=12,...n, ¥ pi=1
and (5) holds. If f € J°(a,b), then the following inequalities hold

n

P = 16) - 2 s () 1)

o
N
™M=

Far} 2 2
n Vi d Xi

< ;pi yyifft;t Zplf f(z_c +f(®
< (5 P00~ 16) = s (5) 4 £(7)

i=1

If f € X (a,b), then the reversed inequalities hold.
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Note that the rightmost inequality can be rewritten in a nice symmetric form

< ([ fe)+fE) S S@)dr Lo (fo)+fG) @)
sz< ><2pl< )

2 X —X 2 yi—y

i=1 i=1

while the leftmost inequality is

Sr (5 (57)) <5 (55 (5)
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