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Abstract. A new theory of power means is introduced on a C0 -group of continuous linear op-
erators. A mean value theorem is proved, which builds the basis of the procedure to obtain
Cauchy-type power means on a C0 -group of continuous linear operators.

1. Introduction

A significant theory of Cauchy type means has been developed [2, 3, 4, 5, 6, 7],
which is both extensive and elegant. In this paper we define new means on the C0 -
semigroup of bounded linear operators which also contains the inverses and hence
forming a C0 -group. Later on, these means are shown to be of Cauchy-type.

This section is actually intended to give a brief exposition to few definitions and
results in the theory of uniformly continuous groups(semigroups) of bounded linear
operators defined on a Banach space X , which are indispensable for an understanding
of the next section. Let B(X) denotes the space of bounded linear operators defined on a
Banach space X . A (one parameter) C0 -semigroup (or strongly continuous semigroup)
of operators on a Banach space X is a family {Z(t)}t�0 ⊂ B(X) such that

(i) Z(s)Z(t) = Z(s+ t) for all s,t � 0.

(ii) Z(0) = I , the identity operator on X .

(iii) for each fixed f ∈ X , Z(t) f → f (with respect to the norm on X ) as t → 0+ .

If the above mentioned properties hold for R instead of R
+ , we call {Z(t)}t∈R

a strongly continuous (one parameter) group (or C0 -group) on X , where for f ∈ X ,
Z(t)Z(−t) f = Z(0) f = f . Therefore, {Z(t)}t<0 gives the inverses of {Z(t)}t>0 . All
the properties and characteristics of C0 -Semigroup are also possessed by C0 -group, so
we shall be considering only C0 -semigroups at the moment.
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The (infinitesimal) generator of {Z(t)}t�0 is the closed linear operator A : X ⊇
D(A) → R(A) ⊆ X defined by

D(A) = { f : f ∈ X , lim
t→0+

At f exists in X}

A f = lim
t→0+

At f ( f ∈ D(A))

where, for t > 0,

At f =
[Z(t)− I] f

t
( f ∈ X).

Moreover D(A) is a dense vector subspace of X . For {Z(t)}t�0 ⊆B(X) a C0 -semigroup
on the Banach space X , there exists constants M > 0 and ω � 0 such that ‖Z(t)‖ �
Meωt , for all t � 0. See ([8], Theorem 2.14). In case M = 1 and ω = 0, we obtain a
C0 -semigroup (correspondingly group) of contractions.

The arithmetic mean on the C0 -semigroup of operators is defined as [10],

m(Z, f ,t) =
1
t

∫ t

0
Z(τ) f dτ.

Means of C0 -semigroups of operators have great importance and form the basis of
Mean Ergodic Theory, which has been a center of interest in research for decades. (See
e.g. [16, 9, 14]).

To define power-means on C0 -semigroup of operators, things need little more con-
centration. As the real-powers are involved, {Z(t)}t�0 should also contain the inverse
operators (to define the powers like r < 0). One can observe that when r is any in-
teger (positive or negative), the C0 -group property implies that Z(t)r = Z(rt) . While
we can generalize it for r ∈ R . For example take Z(1/2t)Z(1/2t) = Z(t) and thus we
get Z(t)1/2 = Z(1/2t) . For r ∈ R , the generator of {Z(rt)}t�0 is (rA,D(A)) . Such
semigroups are often called rescaled semigroups. (See e.g. [11, 13]). For f ∈ X and
t > 0, a C0 -semigroup(group) {Z(t)}t�0 generated by an operator A , has the form
Z(t) f = exp[tA] f (see [8]). Hence ln[Z(t) f ] makes sense.

In correspondence with the usual definition of power integral means, we define the
power means for C0 -group of operators.

DEFINITION 1. Let X be a Banach space and {Z(t)}t∈R the C0 -group of linear
operators on X . For f ∈ X and t ∈ R , the power mean is defined as follows

Mr(Z, f ,t) =

⎧⎪⎨
⎪⎩
{

1
t

∫ t
0 [Z(τ)]r f dτ

}1/r
, r �= 0

exp[ 1
t

∫ t
0 ln[Z(τ)] f dτ], r = 0.

(1)

For t > 0 and r ∈R
+ , Z(t)r = Z(−t)−r . Therefore the integral domain is taken to

be non-negative. Moreover for r = 1, Mr(Z, f ,t) = m(Z, f ,t) , the arithmetic mean, for
r = 0 it defines the geometric mean and for r = −1 it defines the harmonic mean on
C0 -group of operators (and hence satisfying the property of power-mean). For r > 0,
M−r(Z, f , t) gives the inverse of the mean of inverse of Z(t)r .
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For real and continuous functions ϕ ,χ on a closed interval K := [k1,k2] , such
that ϕ ,χ are differentiable in the interior of I and χ ′ �= 0, throughout the interior of
I . A very well know Cauchy mean value theorem guarantees the existence of a number
ζ ∈ (k1,k2) , such that

ϕ ′(ζ )
χ ′(ζ )

=
ϕ(k1)−ϕ(k2)
χ(k1)− χ(k2)

.

Now, if the function ϕ ′
χ ′ is invertible, then the number ζ is unique and

ζ :=
(ϕ ′

χ ′
)−1(ϕ(k1)−ϕ(k2)

χ(k1)− χ(k2)

)
.

The number ζ is called Cauchy’s mean value of numbers k1,k2 . It is possible to define
such a mean for several variables, in terms of divided difference. Which is given by

ζ :=
(ϕn−1

χn−1

)−1( [k1,k2, ...,kn]ϕ
[k1,k2, ...,kn]χ

)
.

This mean value was first defined and examined by Leach and Sholander [12]. The
integral representation of Cauchy mean is given by

ζ :=
(ϕn−1

χn−1

)−1(∫En−1
ϕn−1(k.u)du∫

En−1
χn−1(k.u)du

)′
,

where En−1 := {(u1,u2, ...,un) : ui � 0, 1 � i � n , ∑n−1
i=1 ui � 1} , is (n-1) dimensional

simplex, u = (u1,u2, ...,un) , un = 1−∑n−1
i=1 ui , du = du1du2...dun and k.u = ∑n

i=1 uiki .
A mean which can be expressed in the similar form as of Cauchy mean, is called

Cauchy type mean. The purpose of our work is to introduce new means of Cauchy type
defined on C0 -group of operators.

2. Main results

The present section includes a chain of results. Two mean value theorems are
proved. As applications of these mean value theorems we have defined new means for
C0 -group of linear operators.

LEMMA 1. Let {Z(t)}t�0 ⊆ B(X) be a C0 -semigroup of bounded linear opera-
tors on a Banach space X . For f ∈ X and t > 0 ,

m(Z, f ,t) =
1
t

∫ t

0
Z(τ) f dτ ∈ X . (2)
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Proof. Let h > 0 and consider

Z(h)− I
h

{∫ t

0
Z(u) f du

}
=

1
h

∫ t

0
{Z(u+h) f −Z(u) f}du

=
1
h

∫ t

0
Z(u+h) f du− 1

h

∫ t

0
Z(u) f du

=
1
h

∫ t+h

h
Z(u) f du− 1

h

∫ t

0
Z(u) f du

=
1
h

∫ t

h
Z(u) f du+

1
h

∫ t+h

t
Z(u) f du− 1

h

∫ t

0
Z(u) f du

=
1
h

∫ t+h

t
Z(u) f du− 1

h

∫ t

0
Z(u) f du− 1

h

∫ h

t
Z(u) f du

=
1
h

∫ t+h

t
Z(u) f du− 1

h

∫ t

0
Z(u) f du

on letting h → 0+ and using the fundamental theorem of calculus

lim
h→0+

Z(h)− I
h

{∫ t

0
Z(u) f du

}
= Z(t) f − f = [Z(t)− I] f ∈ D(A)

hence ∫ t

0
Z(τ) f dτ ∈ D(A)

and since D(A) is a vector subspace of X , therefore m(Z, f ,t) ∈ D(A) . Also D(A) ⊂
D(A) = X . Hence the result follows. �

COROLLARY 1. Let {Z(t)}t�0 ⊆ B(X) be a C0 -semigroup of bounded linear op-
erators on a Banach space X . For f ∈ X and t > 0 ,

Mr(Z, f ,t) ∈ X ,

where Mr(Z, f , t) is defined by (1).

Proof. For {Z(t)}t∈R ⊆ B(X) , by group-law we have, for τ,r ∈ R ,

[Z(τ)]r f = Z(rτ) f = Z(s) f

where rτ = s , then Z(s) ∈ {Z(t)}t∈R . By Lemma 1, we finally get that Mr(Z, f ,t) ∈
X . �

REMARK 1. For a C0 -semigroup of contractions {Z(t)}t�0 ⊆ B(X) , we have
‖Z(t)‖ � 1, for all t ∈ R . For such C0 -groups

• The mean m(Z, f ,t) , satisfies

‖m‖ = Sup f∈X
‖m(Z, f ,t)‖

‖ f‖ � 1, for t > 0.
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• The power mean Mr(Z, f ,t) is defined by (1.1). For r > 0,

‖Mr‖ = Sup f∈X
‖Mr(Z, f ,t)‖

‖ f‖ � η , f ∈ X , t > 0,

and for r < 0,

‖Mr‖ = Sup f∈X
‖Mr(Z, f ,t)‖

‖ f‖ � η , f ∈ X , t > 0,

where η = ‖ f‖−(r+1). Moreover for r = 0,

‖M0‖ = Sup f∈X
‖M0(Z, f ,t)‖

‖ f‖ � 1, f ∈ X , t > 0.

• Let { fn}∞
n=0 ⊂ X , such that fn → f ∈ X , and ‖Z(t)‖ � 1 for t ∈ R ,

‖Mr(Z, fn,t)−Mr(Z, f ,t)‖ � ‖Mr‖‖ fn− f‖, r � 0.

Therefore, for r � 0, Mr(Z, fn,t) → Mr(Z, f ,t) .

Next, we shall prove a mean value theorem which actually forms the basis of rest
of the theory and somehow, can be regarded as the analogue of ([15],Theorem 1) to
Banach spaces.

THEOREM 1. Let X be a Banach space and {Z(t)}t�0 ⊂B(X) be a C0 -semigroup
of operators on X . For φ ,ψ ∈C2(X) there exists some ξ ∈ X such that

1
t

∫ t
0 φ [Z(τ)] f dτ −φ [ 1

t

∫ t
0 [Z(τ)] f dτ]

1
t

∫ t
0 ψ [Z(τ)] f dτ −ψ [ 1

t

∫ t
0 [Z(τ)] f dτ]

=
φ ′′(ξ )
ψ ′′(ξ )

. (3)

Proof. For the sake of simplicity throughout the proof, we shall denote m(Z, f ,t)
by mt . For ρ ∈ X , define

(Qφ)(ρ) :=
1
t

∫ t

0
φ [ρ [Z(τ) f ]+ (1−ρ)mt]dτ −φ(mt)

similarly, for the operator ψ , we define (Qψ)(ρ) . It is observed that,

(Qφ)′(ρ) :=
1
t

∫ t

0
[Z(τ) f −mt ]φ ′[ρ [Z(τ) f ]+ (1−ρ)mt]dτ

and

(Qφ)′′(ρ) :=
1
t

∫ t

0
[Z(τ) f −mt ]2φ ′′[ρ [Z(τ) f ]+ (1−ρ)mt]dτ.

Here, (.)′ denotes the Gateaux derivative. Let us define an other operator W (ρ) , as
follows

W (ρ) = (Qψ)(1)(Qφ)(ρ)− (Qφ)(1)(Qψ)(ρ).
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It can be easily seen that
W (0) = W (1) = W ′(0) = 0

where 0, 1 are the zero, identity elements of X , respectively.
After two applications of Mean Value theorem [1], we conclude that there exists

an element η ∈ X such that
W ′′(η) = 0.

Hence

1
t

∫ t

0
[Z(τ) f −mt ]2{(Qψ)(1)φ ′′[η [Z(τ) f ]+ (1−η)mt ] (4)

−(Qφ)(1)ψ ′′[η [Z(τ) f ]+ (1−η)]}mtdτ = 0

A mapping ϕ f : [0,∞) → X defined by

ϕ f (t) = Z(t) f , f ∈ X

is continuous on [0,∞) . See ([8], Lemma 2.4). Hence for any fixed η ∈ X , the expres-
sion in the braces in (4) is a continuous function of τ , so it vanishes for some value of
τ � 0. Corresponding to that value of τ � 0, we get an element ξ ∈ X , such that

ξ = η [Z(τ) f ]+ (1−η)mt, f ∈ X .

So that
(Qψ)(1)φ ′′(ξ )− (Qφ)(1)ψ ′′(ξ ) = 0.

The assertion (3) follows directly. �

COROLLARY 2. Let X be a Banach space and {Z(t)}t�0 ⊆ B(X) be a C0 -semi-

group of operators on X . For φ ,ψ ∈ C2(X) such that φ ′′
ψ ′′ is invertible. Then there

exists a unique ξ ∈ X which is the mean of the Cauchy type that is

ξ =
( φ ′′

ψ ′′
)−1

(
1
t

∫ t
0 φ [Z(τ)] f dτ −φ [ 1

t

∫ t
0 [Z(τ)] f dτ]

1
t

∫ t
0 ψ [Z(τ)] f dτ −ψ [ 1

t

∫ t
0 [Z(τ)] f dτ]

)
. (5)

COROLLARY 3. Let X be a Banach space and {Z(t)}t�0 ⊂ B(X) be a C0 -semi-
group of operators on X . For φ ∈C2(X) and some ξ ∈ X

1
t

∫ t

0
φ [Z(τ) f ]dτ−φ

[1
t

∫ t

0
[Z(τ) f ]dτ

]
=

φ ′′(ξ )
2

{1
t

∫ t

0
[Z(τ)]2 f dτ−

[1
t

∫ t

0
[Z(τ)] f dτ

]2}
.

(6)

Proof. By setting ψ( f ) = f 2 for f ∈ X , in Theorem 1, we get the assertion
(6). �
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Next, let G be the group of invertible bounded linear operators from a Banach
space X to itself. For {Z(t)}t�0 ⊂ B(X) a C0 -semigroup of operators defined on X
and H ∈ G , the quasi-arithmetic mean is defined as

M◦
H(Z, f ,t) = H−1

{1
t

∫ t

0
H[Z(τ) f ]dτ

}
, f ∈ X ,t � 0. (7)

By ([8], Lemma 1.85), B(X) is closed under composition of operators so the above
expressions exists and belongs to X . For the sake of simplicity, the set of all elements
of G , whose second order derivative (in Gateaux’s sense) exits, is denoted by C2G(X) .

THEOREM 2. Let X be a Banach space and let H,F,K ∈C2G(X) . Then

H(M◦
H(Z, f ,t))−H(M◦

F(Z, f ,t))
K(M◦

K(Z, f ,t))−K(M◦
F(Z, f ,t))

=
H ′′(η)F ′(η)−H ′(η)F ′′(η)
K′′(η)F ′(η)−K′(ξ )F ′′(ξ )

. (8)

For some ξ ∈ X , provided that the denominator on the left hand side of (8) is non-zero.

Proof. By choosing the operators φ and ψ in Theorem 1, such that

φ = H ◦F−1, ψ = K ◦F−1 and Z(τ) f = F [Z(τ) f ]

where H,F,K ∈C2G(X) . We find that there exists ξ ∈ X , such that

H(M◦
H(Z, f , t))−H(M◦

F(Z, f ,t))
K(M◦

K(Z, f , t))−K(M◦
F(Z, f ,t))

=
H ′′(F−1(ξ ))F ′(F−1(ξ ))−H ′(F−1(ξ ))F ′′(F−1(ξ ))
K′′(F−1(ξ ))F ′(F−1(ξ ))−K′(F−1(ξ ))F ′′(F−1(ξ ))

.

Therefore, by setting F−1(ξ ) = η , we find that there exists η ∈ X , such that

H(M◦
H(Z, f ,t))−H(M◦

F(Z, f ,t))
K(M◦

K(Z, f ,t))−K(M◦
F(Z, f ,t))

=
H ′′(η)F ′(η)−H ′(η)F ′′(η)
K′′(η)F ′(η)−K′(ξ )F ′′(ξ )

,

which completes the proof. �

REMARK 2. For (X ,‖.‖) a Banach space, it follows from Theorem 2 that

m �
∥∥∥H(M◦

H(Z, f ,t))−H(M◦
F (Z, f ,t))

K(M◦
K(Z, f ,t))−K(M◦

F (Z, f ,t))

∥∥∥� M,

Where m and M are respectively, the minimum and maximum values of

∥∥∥H ′′(η)F ′(η)−H ′(η)F ′′(η)
K′′(η)F ′(η)−K′(ξ )F ′′(ξ )

∥∥∥, η ∈ X .

Next, we prove an important result which lead us to define the Cauchy type means
on C0 -group of operators.
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COROLLARY 4. Let r,s, l ∈ R and {Z(t)}t∈R ⊂ B(X) be a C0 -semigroup of op-
erators on a Banach space X . Then

Mr
r (Z, f ,t)−Mr

s (Z, f ,t)
Ml

l (Z, f ,t)−Ml
s(Z, f ,t)

=
r(r− s)
l(l− s)

ηr−l, η ∈ X . (9)

Where Mr(Z, f , t) is defined by (1).

Proof. For r,s, l ∈ R and f ∈ X , if we set

H( f ) = f r, F( f ) = f s, K( f ) = f l

in Theorem 2, the assertion in (9) follows directly. �

REMARK 3. It follows from Corollary (4) that

∣∣∣ r(r− s)
l(l− s)

∣∣∣m �
∥∥∥Mr

r (Z, f ,t)−Mr
s (Z, f ,t)

Ml
l (Z, f ,t)−Ml

s(Z, f ,t)

∥∥∥�
∣∣∣ r(r− s)
l(l− s)

∣∣∣M.

Where m and M are respectively, the minimum and maximum values of ‖ηr−l‖ , η ∈X .

In the next definition we have defined means of the Cauchy type on C0 -group of
linear operators.

DEFINITION 2. Let r,s, l ∈ R and {Z(t)}t∈R ⊂ B(X) be a C0 -semigroup of op-
erators on a Banach space X . Then

Ml,s
r (Z, f ,t) =

( l(l− s)
r(r− s)

Mr
r (Z, f ,t)−Mr

s (Z, f ,t)
Ml

l (Z, f ,t)−Ml
s(Z, f , t)

) 1
r−l

. (10)

is a mean of the Cauchy type on C0 -group of operators. This definition is true for all
r �= l �= s �= 0 and other cases can be taken as limiting cases, as in [6].

3. Conclusion

Firstly, we have proved two mean value theorems. A systematic procedure has
been used to define means on C0 -group of linear operators. These means are Cauchy
type means on C0 -group of linear operators. Moreover, it can be easily proved that
these means are monotonic.
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and suggestions.
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[6] M. ANWAR AND JOSIP PEČARIĆ, New Cauchy’s Means, J. Inequal. and Appl. Article ID 163202,
2008.
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