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IMPROVEMENTS OF THE HERMITE-HADAMARD
INEQUALITY ON TIME SCALES

RABIA BIBI, JOSIP PECARIC AND JURICA PERIC

(Communicated by A. Agli¢ Aljinovic)

Abstract. In this paper we give refinements of converse Jensen’s inequality as well as of the
Hermite-Hadamard inequality on time scales. We give mean value theorems and investigate log-
arithmic and exponential convexity of the linear functionals related to the obtained refinements.
We also give several examples which illustrate possible applications for our results.

1. Introduction

The Hermite-Hadamard inequality is known to be the first inequality for convex
functions. It is stated as:

a+b D(a)+D(b)

b
)g/d)(s)dsg(b—a)f, (1.1)

o-ao(

where a,b € R with a < b and ®: [a,b] — R is a convex function. It was first es-
tablished by Hermite in 1881. Also, Beckenbach, a leading expert on the history and
theory of complex functions, wrote that the first inequality in (1.1) was proved in 1893
by Hadamard who apparently was not aware of Hermite’s result (see [11]). In general,
(1.1) is now known as the Hermite-Hadamard inequality. Note that first inequality in
(1.1) is Jensen’s inequality,

o[ ff )5 _ JIU()ds.
b—a b—a

when f(s) = s and the second one gives a converse of Jensen’s inequality. Various
generalizations of the Hermite-Hadamard inequality are given in the literature. Let us
recall some generalizations from time scales theory given in [1].
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First we give an introduction to the time scale theory. Time scale T is an arbitrary
closed subset of R and time scale calculus provides unification and extension of classi-
cal results. For example, when T =R the time scale integral is Lebesgue integral and
when T = Z the time scale integral becomes sum. For detailed introduction to the time
scale theory we refer to [2, 3, 4, 5].

In [3], multiple Lebesgue integral is defined in the following way.

Let T;, i=1,...,n, be time scales and

AN'=Tx..xT,={t=(t1,....tn): ; €T, 1 <i<n}

an n-dimensional time scale. Let f: E — R be a A-measurable function, where E C
A" is A-measurable. Then the corresponding A-integral, called Lebesgue A-integral,
is denoted by

/E Flt1,eo )Mty - Aty /E F(0)A, /E fdus, o /E F(0)dua(),

where 5 is a ¢ -additive Lebesgue A-measure on A”. By [3, Section 3] all theorems
of the general Lebesgue integration theory hold also for Lebesgue A-integral on A”. In
what follows, we consider E to be A-measurable subset of A”.

In the following, Theorem 1.1 recalls that the multiple Lebesgue A-integral is
an isotonic linear functional. Theorem 1.2 recalls Jensen’s inequality for multiple
Lebesgue A-integral, Theorem 1.4 is a generalization of the Hermite-Hadamard in-
equality, while other theorems recall some converses of Jensen’s inequality for multiple
Lebesgue A-integral.

THEOREM 1.1. ([1, Theorem 3.7]) If f and g are A-integrable functions on E
then

/(O‘f‘f'ﬁg)dMA:O!/fduA—f—B/gduA forall o,BeER
E E E

and
f(s)=20 forall se€E implies /fd;,LA > 0.
E

THEOREM 1.2. ([1, Theorem 4.2]) Let ® € C(I,R) be a convex function, where
I C R isaninterval. Suppose that f is a A-integrable function on E suchthat f(E)=1
andthat h: E — R is a nonnegative A-integrable function such that [ hdua > 0. Then

Jehdua ) = [phdua

THEOREM 1.3. ([1, Theorem 5.2]) Let ® € C(I,R) be a convex function, where
I =[mM] CR with m <M. Suppose that f is a A-integrable function on E such
that f(E) =1 and that h: E — R is a nonnegative A-integrable function such that
Jghdua > 0. Then

Jeh®(f)dpa M — Jphfdpa/ Jg hdpa o
Jehdua M—m

+ Jehfdua/ Jghduy—m
M—m

(m)

d(M).
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THEOREM 1.4. ([1, Theorem 5.5]) Let ® € C(I,R) be a convex function, where
[m,M] C I with m <M and I C R is an interval. Suppose that f is A-integrable on
E such that f(E) C [m,M] and that h: E — R is a nonnegative A-integrable function
such that [z hdpa > 0. Let p,q > 0 be such that p+q > 0 and

Jehfduan  pm—+qgM

S hdpa p+q

holds. Then

¢<pm+qM> o Jeh®(f)dus _ p®(m) +qP(M)
p+q Jphdua = p+q

THEOREM 1.5. ([1, Theorem 12.2]) Let ® € C'(I,R) be such that ® is strictly
increasing on I, where I = [m,M| with m < M. Suppose that f is a A-integrable
Sunction on E such that f(E) =1 and that h: E — R is a nonnegative A-integrable
function such that [z hdpua > 0. Then

Myurq)(m) (1.2)

Jg hdpa Je hdua
holds for some A satisfying 0 < A < (M —m)(v — @' (m)), where v = (®(M) —

®(m))/ (M —m). More precisely A may be determined as follows: Let % be the unique
solution of the equation ® (x) = v. Then

A =®(m) — OF) + V(% —m)

satisfies (1.2).

THEOREM 1.6. ([1, Theorem 12.3]) In addition to the assumptions of Theorem
1.3 let J C R be an interval such that J D ®(I) and suppose that F: J xJ — R is
increasing in the first variable. Then

. (fE M) (fE hfduA)>

J hdia Je hdia
M —x xX—m
<
< xér[ln%/[]F (M_md)(m) + M_md)(M),dD(x)>

= gnel[%xl]F(G(D(m) +(1—0)®M),®(om+ (1 —0)M)),

and the right-hand side of the inequality is an increasing function of M and a decreas-
ing function of m.
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REMARK 1.7. If we choose F(x,y) =x—y, as a simple consequence of Theorem
1.6 it follows

Jeh®(f)dpa o ( Jehfdua

Jehdpia ® ( Jg hdpia ) (1.3)
< oy, (im0t o o)
= mmax (0@(m) + (1 - 0)O(M) — & (om+ (1 - 0)M)).

REMARK 1.8. As a time scale is an arbitrary closed subset of R, we can obtain
both discrete and continuous versions of the above results. Namely, let E = {a,a+

.,b} C N. Then [; f(s)dua(s) becomes Z f(s). On the other hand, if we take

A =R and E = [a,D) an interval in R, then f 5 fduA becomes the Lebesgue integral
fahf(s)d[.t(s). Similarly, if A =hZ, h >0 and E = [a,b— h|NhZ then [ f(s)dua(s)
b/h—1
becomes i Y, f(sh).
s=a/h

REMARK 1.9. Throughout this paper we give the results for multiple Lebesgue
A-integral but all the results can be given for many other time scales integrals in a sim-
ilar way, such as Cauchy, Riemann, Lebesgue and multiple Riemann, delta, nabla and
diamond- o¢ time scales integrals and also for multiple Lebesgue nabla and diamond- ¢
time scales integrals.

Now, we quote some definitions and results from [9] about log-convexity and ex-
ponential convexity which will be used in Section 3.

DEFINITION 1.10. A function y: I — R is n-exponentially convex in the Jensen

sense on [ if
Z EEy (x,+x,> >0,

i,j=1

holds for all choices & e Rand x; €1, i=1,...,n
A function y: I — R is n-exponentially convex if it is n-exponentially convex in
the Jensen sense and continuous on /.

DEFINITION 1.11. A function y: I — R is exponentially convex in the Jensen
sense on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function y: I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

REMARK 1.12. It is known (and easy to show) that y: I — (0,e) is log-convex
in the Jensen sense if and only if

ay) + 20y (1) 4 B0 >0
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holds for every o, B € R and x,y € I. It follows that a positive function is log-convex
in the Jensen sense if and only if it is 2-exponentially convex in the Jensen sense.

Also, using basic convexity theory, it follows that a positive function is log-convex
if and only if it is 2-exponentially convex.

PROPOSITION 1.13. If y is a convex function on an interval I and if x; < yi,
Xy <y, X1 £ X2, Y1 # Y2 then the following inequality is valid

v(x2) — y(x) < V() —w(y)
X2 — X1 - y2=wn '

When dealing with functions with different degree of smoothness divided differ-
ences are found to be very useful.

DEFINITION 1.14. The second order divided difference of a function f: [a,b] —
R at mutually different points xg,x1,x2 € [a,b] is defined recursively by

[xi;f} :f(xi)7 i:071727

X xip1s f] = fi(%‘“) _f(xi), i=0,1,
Xit1l —Xi

[x1,x25 f] — [x07x1§f].

X2 —Xo

[X()7)C17)C2;f] =

The value [xg,x;,x2;f] is independent of the order of the points xg,x; and x,.
This definition may be extended to include the case in which some or all the points
coincide (see [ 1, page 14]). Namely, taking the limits x; — xp, we obtain

xllifjlco[xo,xhxz;ﬂ - [xo,xo,xz;f] = f(xz) —f(fii:i;()?;o)(xz —xo)

y X2 7é X0
provided that f” exists, and furthermore, taking the limits x; — xq, i = 1,2, we obtain

/!
lim Hm [xo,x1,x25 f] = [x0,%0,X05f] = f'x0)
Xy —X( X1 X0 2
provided that f” exists.

In next section we give improvements of converses of Jensen’s inequality as stated
above and as a consequence improvements of generalization of the Hermite-Hadamard
inequality. In Section 3 we discuss log-convexity, n-exponential convexity and expo-
nential convexity of the differences obtained from new results of Section 2.

2. Main results

In what follows, we assume [ to be an interval in R and [m,M] an interval in R
with m < M. To prove our main results we need the following lemma (see [ 10, Lemma

1D.
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LEMMA 2.1. Let ® be a convex functionon I, x,y €I and p,q € [0, 1] such that
p+qg=1. Then

min(p.q} {000+ () ~20 (112 ) @
< pO(x) +q@(y) — P(px +qy)
< max(p.q} |00 +00) 20 (12,

THEOREM 2.2. Let ® € C(I,R) be a convex function and let f: E — [m,M] be

a A-integrable function, where [m,M] C I. Suppose that h: E — R is a nonnegative
A-integrable function such that [ hdua > 0. Then

Jg h®(f)dua < M — [phfdua/ Jg hd.qu)(m) 2.2)
fE hd[JA M—m
+fEhfd#A/fE hdpa — m(I)(M) _ Jghfdua -
M—m fE hdpia
where

1 [f—(m+M)/2| B B m+M

feg— i S =0(m) + o) 20 (= ). (2.3)
Proof. Let the functions p,q: [m,M] — R be defined by
M —x xX—m

= = . 2.4
px) = ) = (2.4)

For any x € [m,M] we can write

M —x
M—m

Dx) =0 ( m+ ;I__ran> =O(p(x)m+q(x)M).

By using Lemma 2.1, we obtain
. m+M
®0) < PP + g 0) ~ min{p(x).q() @) + 000~ 20 (" T ) ).

Now by replacing x with f(s), where s € E, we obtain

D(f(s)) < p(f(s))@(m) +q(f(5))PM) — f(5)30, (2.5)

where the function f is defined on E by
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Since h is nonnegative A-integrable and [ hdua > 0, multiplying (2.5) with %, apply-
ing integral and then dividing by [ hdua, we have

Jeh®(f)dpa _ [ghp(f)dua Jeha(f)dpa  Jehfdua
Je hdia : Je hdpia Blm)+ Ji hdia M) J hdia .

from which (2.2) follows. [

REMARK 2.3. Theorem 2.2 gives a refinement of Theorem 1.3 as under the re-
quired assumptions we have

~ RTERISCESENY
Jghidps fA2 M = m 50 >0 (2.6)
Jehdia ° Jghdpia o .

REMARK 2.4. Since A-integral is an isotonic linear functional by Theorem 1.1,
Theorem 2.2 can also be obtained from [8, Theorem 12]. If we take E C N, we obtain
a discrete version of Theorem 2.2 given in [8, Corrolary 1].

THEOREM 2.5. Let ® € C(I,R) be a convex function and let f: E — [m,M] be
a A-integrable function, where [m,M] C I. Suppose that h: E — R is a nonnegative
A-integrable function such that [ hdua > 0. Then

Jeh®(f)dps (M)

ohdus O\ [y hdu o
M—x x—m Jghfdpa

< mox (a5 - g | - g,

= muax {0®(m) + (1= O)D(M) — @(0m+(1-0)M)} - IEE%?A‘S‘I’

where f and Og are defined as in (2.3).

Proof. This is an immediate consequence of Theorem 2.2. The identity follows
from the change of variables 6 = (M —x)/(M —m), so that for x € [m,M] we have
cel0,]]andx=0om+(1—o)M. O

REMARK 2.6. Arguing as in Remark 2.3, (2.7) is a refinement of (1.3).

REMARK 2.7. Arguing as in Remark 2.4, Theorem 2.5 can also be obtained from
[8, Theorem 13].

THEOREM 2.8. Let ® € C(I,R) be a convex function and let f: E — [m,M] be
a A-integrable function, where [m,M] C I. Suppose that h: E — R is a nonnegative
A-integrable function such that [ hdua > 0. Then
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Jeh®(f)dpa _® (fEhfd[,LA>

Jehdpa Jg hdia
1 (|m+M  [yhfdus fEh(m+M)/2—f|duA}
< - . (28
M—m {‘ 2 o hdiia o hdiia b0, (28)

where Og is defined as in (2.3).

Proof. Let the functions p,q: [m,M] — R be defined as in (2.4). Then for any
X € [m,M] we can write
@(x) = D(p(x)m+q(x)M).

Since [phfdua/ [rhdua € [m,M], the above equation implies that

(i) =0 (iaar ) oo (s ))

By Lemma 2.1, we get

Iehfdiny o, (JeRIOY gy g (L0
CD( [ hdua ) >p< [ hdus )d)( )+q<fEhduA )CD(M) (2.9)

oo () o (s )
_, (M) O(m) +q (M) (M)

Jp hdpa Je hdua
_ {%4_ ‘(’”"‘M)/z—nj/}lgﬁJ;:HA/fEhd#Aﬂ } 5.

Again by Lemma 2.1, we get
O(f) < p(f)®(m) +q(f) (M) —min{p(f),q(f)} S,

which implies that

Jeh®(f)dua < Jehp(f)dua Jehq(f)dpa
Jehdua T [phdua Jehdia
~ Jghmin{p(f),q(f) }dua 5o
Jehdpa
hfdua hfdua
-7 <ffE hdpis ) Sm)+a <ff15 hdpis ) o)
_ {1 _Jghlf - (m+M)/2|dliA/fEhdliA}5q).

®(m) + (M) (2.10)

2 M—m

Now, from inequalities (2.9) and (2.10) we get desired inequality (2.8). [

REMARK 2.9. Arguing as in Remark 2.4, Theorem 2.8 can also be obtained from
[10, Theorem 8].
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COROLLARY 2.10. Under the assumptions of Theorem 2.8 the following inequal-
ity holds:

fEhd)(f)duA_q)(fEhfduA)<{1+ 1 ‘m+M_fEhfdﬂA
[z hdpia Jehdua ) S 12 M—m| 2 [ hdua

}5@. (2.11)

Proof. Since

we have
L Jghlm+M)/2— fldus _ 1
M—m [ hdua S 2

Now inequality (2.11) directly follows from Theorem 2.8.

REMARK 2.11. Arguing as in Remark 2.4, Corollary 2.10 can also be obtained
from [10, Theorem 6].

The following two theorems give improvements of Theorem 1.4.

THEOREM 2.12. Let ® € C(I,R) be a convex function and let f: E — [m,M] be
a A-integrable function, where [m,M] C I. Suppose that h: E — R is a nonnegative
A-integrable function such that [;hdua > 0 and that p,q are nonnegative numbers
such that p+q > 0 and
Jehfdun  pm+-gM

Jg hdpa p+q

Then

S0, (2.12)

o (PO SO, _ p0ln) - 0800) hdpa
p+q Jphduy p+q Jghdpa

where f and Og are defined as in (2.3).

Proof. The first inequality in (2.12) follows from Theorem 1.2 and the second one
follows from Theorem 2.2. [

REMARK 2.13. Arguing as in Remark 2.4, Theorem 2.12 can also be obtained
from [7, Theorem 5].

REMARK 2.14. Theorem 2.12 gives an improvement of Theorem 1.4 as under the
required assumptions we have

JE hfdua
£ 6p = 0.
J hdia ¢
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THEOREM 2.15. Let ® € C(I,R) be a convex function and let f: E — [m,M] be
a A-integrable function where [m,M] C I. Suppose that h: E — R is a nonnegative
A-integrable function such that [;hdua > 0 and that p,q are nonnegative numbers
such that p+q >0 and

Jehfdua  pm+-gM 0 M—m

, <y< min{p,q}. (2.13)
Jehdua p+q S htq {p-a}
Then

o (pm+qM> < Jeh®(f)dpa

p+q Jehdia
< p®(m)+qP(M) _ZfEhﬁdIJA (pcl)(m) +qg®(M) o (pm—i—qM)) @14
p+q Je hdua p+q p+q

where

1 |f—(pm+qgM)/(p+q)
=5~ > . (2.15)

-

Proof. The first inequality in (2.14) follows from Theorem 1.2. By using (2.13),

we have
m< Je hfdua _y< Jehfdua
Jehdpa Ji hdia
Suppose m| = [phfdua/ [ hdua—y and My = [phfdus/ [z hdua +y, then

Jehfdua _ Jphfdua/ Jphduy—y+ Jphfdua/ Jphdua+y  mi+ M,

Jghdua 2 2
By applying Theorem 2.12 with p = g = 1, we obtain

Je h®(f)dpa < Q([phfdus/ [phdpa—y) + @(Jphfdua/ [phdpa+y)

+y< M.

Jehdus -
o ) o
»(52)

(st it )< ()
!EhdﬂA 3
igien )

Now by using Theorem 1.3, we obtain
® Jphfdua _ <M_ (fEhfd.uA/fEhd”A_y)q)(m)
J hdia M —m

n Jehfdpua/ [phdis —y—m
M—-m

(M),
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Jehfdua M — ([ghfdua/ [z hdua+y)
( Jehd - ) s M—m i)
n Jehfdua/ Jphdpa+y—m
M—m

d(M).

hence

O([phfdua/ [phdus—y) +@([phfdua/ [phdua+y)
2

< M_fEhdeJA/fEhdliAcD
M—-m

+ Jehfdua/ Jghduy—m
M—m

(m) DM).

If p and ¢ are any nonnegative numbers such that (2.13) holds (observe that they are
different from those we started with), we obtain

@ (Jp hfdua/ Jphdis —y) + @ (Jphfdua/ [phdpa+y) _ pP(m) +qP(M)
2 h p+q '

Considering all this and the fact that 1 —2 [ hfidua/ [z hdpa > 0, we deduce

Je h®(f)dua < (1_2fEhf1dllA) pP(m) +qP(M) +2fEhf1dl~LAq)<fEhfdllA)

Jehdpa Jehdpia rt+q Ji hdia Jie hdpia
_ p®m)+q®M) , [phfrdua [pq>('n)+q<1>(M) _® (pm+qM>}
p+q Je hdia p+q p+q

hence the proof is complete. [J

REMARK 2.16. Arguing as in Remark 2.4, Theorem 2.15 can also be obtained
from [7, Theorem 6].

From (2.14) easily follows a Hammer-Bullen type inequality for multiple Lebesgue
A-integral.

COROLLARY 2.17. Under the assumptions of Theorem 2.15 the following in-
equality holds:

(1_2f5hf1duA) [p¢(m)+qd>(M) - fE’@(f)duA]

I hdpia p+d Jehdua
- oM [0 g (mcatt)] -
[ hdpia Jghdpa Ptq

Proof. 1t follows directly from Theorem 2.15. [

REMARK 2.18. Arguing as in Remark 2.4, Corollary 2.17 can also be obtained
from [7, Corollary 1].
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THEOREM 2.19. Let ® € C'(I,R) be such that @ is strictly increasing on I,
where I = [m,M] with m < M. Suppose that f: E — I is a A-integrable function and
that h: E — R is a nonnegative A-integrable function such that [ hdus > 0. Let f
and &g be defined as in (2.3). Then

Je h®(f)dua Je hfd#A>  Jehfdua 5o
J hdia J hdia Jehdia

holds for some A satisfying 0 < A < (M —m)(v — @' (m)), where v = (®(M) —
®(m))/(M —m). More precisely, A may be determined in the following way: Let
X be the unique solution of the equation ®'(x) = v. Then

<x+c1>< (2.17)

A =®(m) — OF) + V(% —m)

satisfies (2.17).

Proof. By Theorem 2.5, we have

Je h®(f)dua Jehfdua Jghfdua
[T ( [ hdia ) S maxg() = 2

where
M—x xX—m

M—m M—m

O(M) — D(x).
Then
g =v - (),

which is strictly decreasing on I with g’(%) = 0 for a unique % € I. Consequently g(x)
achieves its maximum value at x = X. Hence the result follows. [J

REMARK 2.20. Arguing as in Remark 2.4, Theorem 2.19 can also be obtained
from [8, Theorem 14]. Furthermore, it gives a refinement of Theorem 1.5.

COROLLARY 2.21. Let f be a A-integrable function on E such that f(E) =

[m,M] C (0,00) and let h: E — R be a nonnegative A-integrable function such that
Jghdua > 0. Then

Jehfdua _  ( Jghlog fdua exp (S(M/m))
fE hdpia = fE hdua [(m —|—M)2/4mM] (Jphfdus/ fghdus)’

(2.18)

where S(-) is Specht ratio and f is defined as in Theorem 2.2.

Proof. This is a special case of Theorem 2.19 for ® = —log. In this case (2.17)

becomes | | I3y
hlog fdua ( hfdua ) hfdua
—2E Sl T2 L A —log | £ —-E O logs
Je hdpa s Jehdpia Je hdpia e
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that is,
h 1 f
Jehfdus _ (fEh ogfdus  ,  Jphfdus s log)
Jr hdua Jie hdia Jie hdiia
_exp<fEhlogfduA) expA
Jehdua ) exp ((Jghfdpa/ [hdpa)d-1oe)”
where
- m+M  (m+M)?
0_1log = —logm —logM +2log 5= log Py a
v_logm—logM i——l— M—m
 M-m 7 v logM—logm’
hence

m/(M—m)
A = —logm+ v(¥—m)+logx = log (M/m) :S<M>7

elog (M /m)™/ M=)
where S(-) is Specht ratio defined by
al/(a=1)

Sla) = elogal/(a=1)’

a€ (0,)\{1}.
Considering all this we obtain (2.18). [

REMARK 2.22. Arguing as in Remark 2.4, Corollary 2.21 can also be obtained
from [8, Corollary 2].

COROLLARY 2.23. Let f be a A-integrable function on E such that f(E) =
[m,M] C (0,00) and let h: E — R be a nonnegative A-integrable function such that
Jgphdua > 0. Then

[phfdus _ [ Jghlogfdus  M—m (M
[ hdi g"”‘"( Jhdis ) " logt/m)® <m) 219
Jghfaduia
— 7[15]1(1['% (m—i—M—Z\/mM) ,

where S(-) is Specht ratio and f> is defined by

- 1 |logf—logvVmM|
A . (2.20)
2 logM —logm

Proof. This is a special case of Theorem 2.19 for @ = exp and f = log. In this
case (2.17) becomes
Jhexplog fdui
Jehdpa

<A+texp (fEhIngdliA> _ Jehfadua

Jehdua Jehdus
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where
1 logM
Ocxp = explogm +explogM — ZeXpW =m+M—2vVmM,
M—m M—m

X=logv =

Ve ——————— log —————,
logM —logm o8 logM —logm

hence
A =explogm+ v(¥—logm) — exp*

=m-+ M= m lo M= m —logm—1
B logM — logm glogM—logm &

gt ()

Considering all this we obtain (2.19). U

REMARK 2.24. Arguing as in Remark 2.4, Corollary 2.23 can also be obtained
from [8, Corollary 3].

3. Log-convexity and exponential convexity

Motivated by results from previous Section, we define linear functionals 7: Ly —
R,i=1,2,3, by

_ M — Jphfdus/ [phdua o(m) + Jehfdpa/ Jp hdps —m o)

e M—m M—m

= f h(cJI;)LiHA - fEEh}f;(Ll:A O, 3.1)
o o) e

+Mim {'m;M - ffEhlﬁLiA fEh|(m4f'E1\21{12A—f|duA } s G2
i o)t

+{%+Mim‘m;M_ffEh£LuAA }5@ .

where f,h, f, 8¢ are as in Theorem 2.2, Ly={®:1—R:®(f)is a A-integrable function},
[m,M] C1.

Also, if p,q and f; are as in Theorems 2.12 and 2.15, we define linear functionals
H; and J6 by

_ p(m)+q®(M) [ hO(f)dus  Jphidps o

H5(D
(@) p+q Jg hdua Je hdua

(3.4)
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pO(m) +g®(M) [y hd(f)du

() = p+a Jehdpia
_Jehfidus <pq>(m) +a®M) (M)) EE)
Jg hdua p+q p+q

If @ is additionally continuous and convex on I, then using Theorems 2.2 and 2.8,
Corollary 2.10 and Theorems 2.12 and 2.15, respectively, we have

THEOREM 3.1. Let ®: [ — R, where [m,M] C I, be such that ® € C>(I). If /,
i=1,...,5, are defined as in (3.1),...,(3.5), then there exist & € [m,M|], i=1,...,5,
such that

q)// .
(D) — #%(@0), i=1,....5, (3.6)

where ®g(x) = x?.

Proof. We give a proof for the functional 4. Since ® € C*(I) there exists
N, ¢ € R such that

= min @ d ¢= @’ (x).
R

Let

¢1(X)=%x2—q)(x) and ¢2(x):q)(x)_gx2'

Then ¢ and ¢, are continuous and convex on [m,M], and we have
Hi(¢1) 20, () =0,
which implies
0 i) < (@) < 5 i ().
If 57 (®y) = 0, there is nothing to prove. Suppose 7 (®g) > 0. Then we have

< 201 (®)
4 (Do)

<&

Hence, there exists & € [m,M] such that

24(®)

T (o) =0"(§),

and the result follows. [
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THEOREM 3.2. Let ®,y: [ — R, where [m,M] C I, be such that ®,y € C*(I).
If 76, i=1,...,5, are defined as in (3.1),...,(3.5), then there exist & € [m,M], i =
1,...,5, such that
@) E)
H(y)  v'(&)

provided that the denominators in (3.7) are nonzero.

,5, (3.7)

Proof. We give a proof for the functional .57]. Consider the function y defined
by

1(t) = HE(W)D(1) — H4 (@) (1).

As the function y is linear combination of functions ® and v, so y € C>(I). Now by
applying Theorem 3.1 on J, there exists some &; € [m,M], such that

i) =2 i),

But .71 (x) =0 and 54 (®y) # 0 (otherwise we have a contradiction with J7{ () # 0,
by Theorem 3.1), therefore

x"(&)=0.

From here the result follows. [

/!
REMARK 3.3. If the inverse of the function W exists, then (3.7) gives

-(5)'(E)

Now we study log-convexity, n-exponential convexity and exponential-convexity
of the functionals 777, i = 1,...,5, using the idea from [6].

THEOREM 3.4. Let 4, i=1,....5, bedefined asin (3.1),...,(3.5). Let J be an
interval in R and let Q= {®;: t € J} be a family of functions defined on an open inter-
val I such that [m,M] C 1. If the function t — [xo,x1,x2;®;] is n-exponentially convex
in the Jensen sense on J for every choice of mutually different numbers xo,x1,x € I
then

(i) t— H(D,), i=1,...,5, is an n-exponentially convex function in the Jensen
sense on J.
@@i) if t — (D), i=1,...,5, is continuous on J, then it is n-exponentially convex

on J.
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Proof.

(i) Let the function v: I — R be defined by

v = 3 EED,, ()

k=1

B ed 1< jk<n and ®,, € Q. Using the

assumption that 7 — [xg,x],X2;D;] is n-exponentially convex in the Jensen sense
on J, we obtain

where §; € R, rj =

n
[X()7)C17)C2;V] = 2 éjék[x07xl7x2;q)rjk} 2 0.
Jik=1

Therefore v is a convex (and continuous) function. Hence J#(v) >0, i =
1,...,5, which implies that

n
Y &G A, ) =0, i=1,...5.
Jk=1

We conclude that the function 7 +— J#(®;), i=1,...,5, is n-exponentially con-
vex on J in the Jensen sense.

(ii) If 1 — H(Dy), i=1,...,5, is continuous on J, then ¢ — J4(®,), i=1,...,5,
is n-exponentially convex by definition. [l

The following corollary is an immediate consequence of the above theorem.

COROLLARY 3.5. Let 54, i=1,...,5, be defined as in (3.1),...,(3.5). Let J be
an interval in R and let Q = {®;: t € J} be a family of functions defined on an open
interval I such that [m,M| C 1. If the function t — [xo,x1,x2; D] is exponentially con-
vex in the Jensen sense on J for every choice of mutually different numbers xy,x1,x € I
then

(i) t— (D), i=1,...,5, is an exponentially convex function in the Jensen sense
onJ.

(i) if t — FG(Dy), i=1,...,5, is continuous on J, then it is exponentially convex
onJ.

COROLLARY 3.6. Let 3¢, i=1,...,5, be defined as in (3.1),...,(3.5). Let J be
aninterval in R andlet Q={®,: t € J} be afamily of functions defined on an open in-
terval I such that [m,M] C 1. If the function t — [xo,x1,X2;D;] is 2-exponentially con-
vex in the Jensen sense on J for every choice of mutually different numbers xq,x1,x3 € [
then



930 R. BIBI, J. PECARIC AND J. PERIC

(i) t — (D), i=1,...,5, is a 2-exponentially convex function in the Jensen
sense on J.

(i) if t — FG(Dy), i=1,...,5, is continuous on J, then it is also 2-exponentially
convexon J. If t — J6(Dy), i =1,...,5, is additionally strictly positive then it
is also log-convex on J.

@iy if t — HE(D,), i=1,...,5, is strictly positive differentiable function on J, then
forany p<u, g<v, p,q,u,v€J, we have

My g(F6,Q) < Myy(H,Q), i=1,...,5, (3.8)

where
1

(Siwg) - oo

My o(H,Q) = (3.9)

d
— (D
dpjf( »)

exp W » P =4-

Proof. (i) and (ii) are immediate consequences of Theorem 3.4. To prove (iii), let
t— (D), i=1,...,5, be positive and differentiable and therefore continuous too.
By (ii), the function ¢ — %(®;), i = 1,...,5, is log-convex and by Proposition 1.13,
we obtain

log /#i(®)) —log #(®y) _ log H#i(Py) —log #i(Py)
pP—q h u—v

)

for p<u, q<v, p#q, u#v,concluding
My g(I6,Q) < Myuy(H4G,Q), i=1,...,5.

If p=¢g < v we apply the limit ¢ — p to the above equation, concluding
My p(IG,Q) < Muy(F6,Q), i=1,...,5.

Other possible cases are treated similarly. [

REMARK 3.7. Note that by Definition 1.14 the results from Theorem 3.4, Corol-
lary 3.5 and Corollary 3.6 still hold when two of the points xy,x1,x, € I or all three
points coincide.

Now we present several families of convex functions which fulfil the conditions of
Theorem 3.4 and Remark 3.7. In what follows, id denotes identity function.
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EXAMPLE 3.8. Consider the family of functions

Fi={o: R—[0,); r € R}

defined by
1
ﬁetx, t 7é 0,
04 (x) = |
§X27 t=0.

We have o;(x) = ¢ > 0 which shows that o; is convex on R for every 7 € R and
t +— 0y (x) is exponentially convex by definition. By using analogous arguing as in the
proof of Theorem 3.4 we also have that ¢ — [xg,x1,x2; 0] is exponentially convex (and
so exponentially convex in the Jensen sense). Now using Corollary 3.5 we conclude
that 1 — J%(oy), i = 1,...,5, are exponentially convex in the Jensen sense. It is easy
to verify that these mappings are continuous, so they are exponentially convex.

For this family of functions, .#, 4(7¢,Q), i=1,...,5, from (3.9) becomes

1

Hi(ap) \ 74 .
(%(o@) - e
i\Up
Hi(id - o) o
oo(Tiay) 100

and by (3.8) it is monotonous function in parameters p and g. Using Theorem 3.2 it
follows that for i=1,...,5

NP#I('%vFl) = IOg.//p7q(%7F1)

satisfy X, (74, F) € [m,M] which shows that X, (%, F;) are means. Note that by
(3.8) they are monotonous means.

EXAMPLE 3.9. Consider the family of functions
F,={f: (0,00) = R; t € R}

defined by
X

t(rt—1)’
Bt(x): lZO;

—logx,

t#£0,1;

xlogx, t=1.
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Here B/(x) = x'~2 = el=2)I"* > (0, which shows that B, is convex for x >0 and 7 —
/' (x) is exponentially convex by definition. Arguing as in Example 3.8, we have that

t— J6(B), i=1,...,5, are exponentially convex. In this case .#,4(H,Q), i =
1,...,5, from (3.9) becomes

H(By)\ 77 .

<«%’é(ﬁq)) ’ PEG
1-2p %(ﬁpﬁo>> B ,

ex ( - ,p=4q#0,1;
p(p—1) H(B,)

My oS0 Fy) =
qu( FZ) %(ﬁg)
eXp<1_2%(Bo))’ p=a=0
JE(BoPr) o
exp<_l_ 2%(131))’ p=a=t

As A, i=1,...,5, is positive for ® = ff, € F> and ¥ = 3, € F>, by Theorem 3.2
there exists & € [m,M], i =1,...,5, such that for p # g we have

b= (Z0Y s

Also ///M(%’é, F),i=1,...,5,is continuous, symmetric and monotonous (by (3.8)),
which shows that .#), ,(7,F>), i=1,...,5,is a mean.

EXAMPLE 3.10. Consider the family of functions
F3= {% (07°°) - (0’00); re (O7°°)}

defined by
t—x
s L#£ L
(In?7) #
%(x) =
2
X
— t=1.
2 )

Here ¢ +— 9’(x) =17 > 0, which shows that ¥, is convex and exponential convexity of
t +— y(x) is given by Example 2 in [6].
In this case .#), 4(7,Q), i=1,...,5, from (3.9) becomes

1
%(Yp))ﬂ .
<%(m , PF#q
_ Hi(id - yp) 2
Mpq(H,F3) = { ex (— £ - ), =q#0,1;
i P p(v,)  plnp p=a7

—296(id - 1)
_ =g=1
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and by (3.8) it is monotonous function in parameters s and g. Using Theorem 3.2, it
follows that for i=1,....5,

R, (A, F3) = —L(p,q)log A, o(Hi, F3)
satisfy X, ,(J4,F3) € [m,M], which shows that X, ,(¢,F3) is a mean. Here L(p,q)
is the logarithmic mean defined by L(p,q) = ﬁ, p#4q,L(p,p)=p.
EXAMPLE 3.11. Consider the family of functions
Fy={8: (0,00) = (0,00): 1€ (0,)}

defined by
e Vi

O (x) = ;

Here ¢ — &/ (x) = ¢! > 0, which shows that & is convex and ¢ — &/ (x) is expo-
nentially convex by Example 3 in [6]. In this case .#) ,(%,Q), i=1,...,5, from
(3.9) becomes

%(@))vlq .

(—%(&1) ) P#q;
%P’q(’%vﬂ*) =

exp<_M_l) p—g

2, p) T

and it is monotonous function in parameters p and g by (3.8). Using Theorem 3.2, it
follows that for i =1,...,5,

Nﬁﬂ(%a[%) = _(\/E+ \/5) log%p,q(%;ﬁh)

satisfy X, (74, Fy) € [m,M], which shows that X, ,(4, Fy) is a mean.
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