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SOME RESULTS FOR THE ZEROS OF A
CLASS OF FIBONACCI-TYPE POLYNOMIALS

AMAL AL-SAKET

(Communicated by B. Uhrin)

Abstract. In this article, we obtain a rectangle that contains all the zeros of a class of Fibonacci-
like polynomials. Then we obtain some relations and majorizations for the real and imaginary
parts of the zeros of such polynomials.

1. Introduction

Let a and b be fixed complex numbers and a # 0. Consider a class of Fibonacci-
type polynomials G, (z) = G,(a,b;z) defined by the recurrence relation

Gn(Z) = ZGn_l(Z) +Gn_2(Z), GQ(Z) =a, Gl(Z) =z+b. (D)

The polynomials G,(1,0;z) are the usual Fibonacci polynomials F;,(z) whose roots are
known explicitly as

zj = 2icos

i=1,...,n.

n + 1 ) .] ) 7n
However, there are no general formulae for the zeros of the Fibonacci-type polynomials.
In [1], the author has obtained the result

|lz] < max{2,|a|+1b|},

which generalizes the result in [2] for the case @ = b = 1. It has been shown in [3] that
if z is any zero of G,(z) then

|z < 14 max{]al, |b[}.

In this article, we establish upper and lower bounds for the real and imaginary parts of
the zeros of G,(z). These bounds when combined, describe a rectangle that contains
all the zeros of G,(z). Then we investigate some of the properties of the zeros of G,(z)
and obtain some majorizations for the real and imaginary parts.
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2. Preliminary results

For a matrix B € C"*", an r x r matrix B is called a principal matrix of B if
it is obtained from B by deleting any n — r rows and the same n — r columns, let
ReB = 1(B+B*) and ImB = 4 (B — B*) be the Cartesian parts of B, where B* is the
Hermitian adjoint of B, let det(B) stand for the determinant of B. If B is Hermitian,
then the eigenvalues of B are arranged in such a way that 4, (B) > A,(B) > ... > A,(B).

For two sequences of real numbers arranged in decreasing order x = (x1,x2,...,Xy)
and y = (y1,y2,...,Yn), we say that x is majorized by y if

k

k
Yox;< Yy for k=12,....n—1
=1

=1

and

£M=

To obtain our bounds and majorizations, we need several results involving inequalities,
majorization relations and the interlacing property for the eigenvalues of matrices. For
the theory of the following results, the reader is referred to [4], [5] and [6].

LEMMA 1. If A is any eigenvalue of B, then A belongs to the rectangle

[Aa(ReB), A;(Re B)] x [A,(ImB), A, (ImB)) .

LEMMA 2. Let A, B € C"" be Hermitian. Then
Ai(A)+ An(B) < Aj(A+B) < Aj(A) + A(B).
In particular,

MA+B) < A(A)+11(B) and Ap(A+B) = Au(A) + Au(B).

LEMMA 3. Let B € C"*" with eigenvalues arranged in such a way that Re A1 (B) >
ReAy(B) > ... > Re Ay (B). Then

k k
ZRe?L < Y Aj(ReB) for k=12,....n—1
= j=1

and

ZRe?L = i Aj(ReB).

Jj=1
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LEMMA 4. Let A, B € C"*" be Hermitian. Then

k k
Ai(A+B) < Y Aj(A)+ D Ai(B) for k=1.2,....n—1
=1

Jj=1 Jj=1

J

and

S JLJ-(A +B) = i AJ'(A) + i A,(B)
= i1

=1

J

LEMMA 5. (The Cauchy interlacing property) If B € C"™*" is Hermitian and B is
an r x r principal submatrix of B, then the eigenvalues of B interlace those of B, that
is

1i(B) > M(B) > hyii(B) for i=1,....n
We would like to note that the real parts in Lemma 3 can be replaced by the imaginary
parts.

3. Main results

Apply the recurrence relation (1) to obtain the exact form of G,(z) for n = 2,3
and 4 as follows:

b
G2(Z):zz—|—bz+a:det |:Zj_l 6Zl:|’
z+b a 0
Gi(z) =2 +b+(a+1)z+b=det| -1 z 1|,
0 -1z
z+b a 00
4 3 2 -1 z 10
Gi(z) =7+ b+ (a+2)z"+2bz+a = det 0 -1 z 1
0 0 —1¢z
Consider the n X n (companion) matrix
[ —b —a 0 ... 0 ]
1 0 -1
Mi=1 90 1 0o . o0 | )
)
| 0 0 1 0 |

From the recurrence relation (1) and using induction, it can be easily shown that for



48 A. AL-SAKET

n=?2,
z+b a 0 ... O
-1 Z 1
Gux)=] 0o -1 ¢ 0
: .' .. .' 1
0 ... 0 -1 z

Thus, G,(z) can be considered as the characteristic polynomial of M, and therefore,
the zeros of G,(z) are exactly the eigenvalues of M,,.
Let R, = Re (M,) then it follows from (2) that R, has the partitioned form

—Reb x*
Rn—[ X 0 :|7

where x* = [% (1—a),0,...,0]. It can be easily shown that the characteristic polynomial
of R, is

det(Ry, — AI) = (—~Reb — A)(—A)" ! — % la— 112 (=A)"2.

Thus, the eigenvalues of R, are

M(Ry) = % (—Reb+ (Reb)? +|a— 1|2> , 3)
In(Ry) = % (—Reb— (Reb)? + |a— 1|2> , 4)

and
Aj(R) =0 for j=2,....n—1. (5)

Let J, = Im(M,) then it can be easily shown that
Jp=Sn+ T, (6)

where S, is the matrix in the partitioned form

| —Imb y*
S"_[ y 0]’

with y* = [3i(a—1),0,...,0], and T, is the n x n tridiagonal matrix

0 i 0 ... 0]
i 0 i
Li=|l 0o —i 0 . 0
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As for R,, it is easy to verify that the eigenvalues of S, are

A (Sy) = % (—Imb—i— (Imb)2 + |a— 1|2) , (7)
Mn(Sp) = % (—Imb— (Imb)2 + |a — 1|2) (8)

and
Aj(S) =0 for j=2,....n—1. 9)

It is well-known that the eigenvalues of 7, are

A(T) =2cos 2 for j=1,2,....n. (10)

n

From (6), (7), (8) and (10) and by applying Lemma 2, we have

1
W) <5 (-1 Imb)2+[a—1* ) +2
A (Jn) 2( mb+ 1/ (Imb)? + |a |>+ cos

and

T
2) —2cos .
n+1
Now, by Lemma 1, we are in a position to give the following rectangle that contains all
zeros of G,(z).

A’n(‘ln) > % <—Imb— (Imb)2 + |a— 1

THEOREM 1. If z is any zero of G,(z), then z belongs to the rectangle

[O(l,OCﬂ X [ﬁ17ﬁ2]7

where
1
o =5 (—Reb— (Reb)?+ |a— 12> ,
1
=5 (—Reb—f— (Reb)? + |a— 12> ,
1
B = 3 (—Imb— (Imb)? +|a—1 2) —2005n+1
and

1
B = 3 (—Imb+ (Imb)? + |a — 1|2) +2005n+1

LEMMA 6. The following inequalities hold.

Zcosn<§k(])<2cosn (11)
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and
CImb —2c0s L < M) + An(dy) < —Imb+2cos ~. (12)
n n

Proof. Since T, is a principal submatrix of J,, then it follows from Lemma 5
that

2n (n—1)m

M) = 2008 5 > Aa(d) = 2008 25 > .. = Apii(J) = 2c0s > ()
n n
and since Z cos & ’” — 0 and cos =17 1) —cos X, then (11) follows.
j=1
n
Now, (12) follows from (11) and the fact that ¥ 4;(J,) =tr(J,) = —Imb. [
=1

Finally, in the following two results, we give majorizations for the real parts and
the imaginary parts of the zeros of G,(z).

LEMMA 7. If the zeros of G,(z) are arranged in such a way that Rez; > Rezp >
.. 2 Rez,, then

k 1
2 5(-Reb+ (Reb)2+|a—12) for k=1,2,....n—1 (13)
and
Y Rez; = —Reb. (14)
j=1

Proof. We obtain

for k=1,2,...,n—1. Using (3), (4) and (5) yields the majorization (13). Now, (14)
follows.

Now, (14) follows from the fact that 2 Zj= Z Aj(My) =t (M) =—b. O
j=1

THEOREM 2. [f the zeros of G,(z) are arranged in such a way that Imz; >
Imz, > ... > Imgz,, then

k 2k+1
2 1 (—Imb—i— (Imb)? + |a — 1|2) + <M> -1 (15)

2 sin -
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fork=1,2,....n—1 and

S

Imz; = —Imb. (16)
1

~.
Il

Proof. Replacing the real parts by the imaginary parts in Lemma 3, we obtain

k k
2 Imzj = 3 ImA;(M,)
=1

for k=1,2,...,n—1. Applying Lemma 4 and using (6), (7), (8), (9) and (10), we
obtain

k k in
Z ( Imb + 1/ (Imb)? + |a — 12> +2 cos — 17)
i=1 i=1 n
for k=1,2,...,n— 1. But, for every real number ¢ which is not a multiple of 27, we
have
i L L(sin@k+ D)5 1
j=1c051 2 sin % 2
Thus,

1 (sin(%L)x 1

& .
T

Zcos]— ==

o} n 2

which together with (17), gives the majorization (15). Now, (16) follows from the fact
that Z zj= 2 AiMy)=tr(M,)=—-b. O

. T )
sin 5 2

REMARK. We would like to refer the interested reader to [7] and [8], where the
authors have investigated some fundamental properties of Fibonacci-type polynomials.
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