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SOME INEQUALITIES FOR GENERAL
L,-HARMONIC BLASCHKE BODIES

Bo WEI AND WEIDONG WANG

(Communicated by J. Pecari¢)

Abstract. Feng and Wang gave the extremum value of volume for the general L,-harmonic
Blaschke bodies. In this paper, associated with the general L, -harmonic Blaschke bodies, we
obtain the extremum value of dual quermassintegrals and the L, -dual affine surface area, re-
spectively. Further, two monotonic inequalities for the general L,-harmonic Blaschke bodies
are given.

1. Introduction

If K is a compact star-shaped (about the origin) in Euclidean space R”, its radial
function, px = p(K,-) : R"\ {0} — [0, +<0), is defined by (see [5, 10])

p(K,x) =max{A >0:Ax € K}, x € R"\ {0}.

If pk is positive and continuous, K will be called a star body (about the origin). Let .7
denote the set of star bodies (about the origin) in R”. For the set of origin-symmetric
star bodies, we write .75 . Two star bodies K and L are said to be dilates (of one an-
other) if px (u)/pL(u) is independent of u € S"~!, where $"~! denotes the unit sphere
in R".

Lutwak ([8]) introduced the notion of harmonic Blaschke combination for star
bodies. For K,L € ./, and A,u > 0 (not both zero), the harmonic Blaschke combi-

nation, AKFuL € .7, of K and L is defined by

p(A‘K_T_.ulﬂ)nJrl p(Ka')n+l p(L7')n+1

VoKD v v (1.1)

From definition (1.1), Lutwak ([8]) proved the Brunn-Minkowski inequality for
the harmonic Blaschke combination as follows:
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THEOREM 1. A. If K, L € .", A,u >0 (not both zero), then
V(AKIUL)® > AV (K +uV(L)r, (1.2)

with equality if and only if K and L are dilates.

Based on definition (1.1) of harmonic Blaschke combination, Feng and Wang in
[2] introduced the notion of L, -harmonic Blaschke combination: For K, L€ .!, p > 1
and A,u >0 (not both zero), the L,-harmonic Blaschke combination, A - K T pl-Le
7%, of K and L is given by

A-K3& u-L.\vtp K. \tp L..\rtp
V(A-K+,u-L) V(K) V(L)
where the operation ”—T-p” is called Lj-harmonic Blaschke addition. From (1.3), we
easily know the harmonic Blaschke scalar multiplication and the usual scalar multipli-
1
cation are related by A -K = A7 K.
Let A=u= % and L = —K in (1.3), the L,-harmonic Blaschke body, VK, of
K € .7} is given by (see [2])
N I .1
VpKzi-K—i—pE-(—K). (1.4)

From (1.3), Feng and Wang in [2] gave the following an extension of inequality
(1.2).

THEOREM 1.B. If K, L€ /", p>1, A,u >0 (not both zero), then

V(A-K3pu-L)7 > AV(K)" +uV(L)", (1.5)

with equality if and only if K and L are dilates.
Obviously, from (1.4) and (1.5), we have that if K € .

o0’

p > 1, then (see [2])
V(V,K) > V(K), (1.6)

with equality if and only if K is origin-symmetric.
Recently, Feng and Wang in [3] extended the notion of the L,-harmonic Blaschke
bodies and defined the general L, -harmonic Blaschke bodies as follows: For K € .7}

p>1and 7 € [—1,1], the general L,-harmonic Blaschke body, §;K ,of K is defined
by
p (V;K7 _)n+p

V(VIK)

p(K’ .>n+p
V(K)

p(_Ka .)n-&-p

= fi(7) V(—K)

+ f2(7) (1.7)

Associated with the definition of the L,-harmonic Blaschke combination, it easily
follows that

VIK = fi(7) KT pfa(1) - (-K), (1.8)
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where
(I+1)?

(I+7)P+(1—1)r

(1-1)

filt) = (1+7)r+(1—1)P

f(r) =

(1.9)

From (1.8) and (1.9), we easily get that if 7 =0 then §?,K = §pK; if T==+1,
then V'K =K, V'K = K.

Further, Feng and Wang in [3] got the following extremum value of volume for the
general L,-harmonic Blaschke bodies.

THEOREM 1.C. If K€ ., p>1, 1€ [—1,1], then
V(V,K) > V(VIK) > V(K). (1.10)

If T # +1, then equality holds in the right inequality of (1.10) if and only if K is an
origin-symmetric star body, and if T # 0, then equality holds in the left inequality of
(1.10) if and only if K is also an origin-symmetric star body.

In this article, from definition (1.7), we first give the extremum value of dual quer-
massintegrals for the general L, -harmonic Blaschke bodies as follows.

THEOREM 1.1. If K€ ", p> 1, 1€ [-1,1], i is any real and i # n, then for
i>—p,
~ o~ n ~ ntp ~ n+p
Wi(V,K) " WVEK)™ (k)
V(V,K) V(VIK) V(K)

If T # +1, equality holds in the right inequality of (1.11) if and only if K is an origin-
symmetric star body, and if T # 0, with equality in the left inequality of (1.11) if and
only if K is also an origin-symmetric star body. For i < —p, inequality (1.11) is
reversed. For i = —p, (1.11) is identic.

(1.11)

Here VT/,(K ) denotes the dual quermassintegrals of K € .7 which be defined by

(see [7])
‘/VI(K) = - p(K7u)n_idua (112)
n Jsn—1

for any real i. B

Obviously, let i = 0 in inequality (1.11) and notice that Wy(K) = V(K), we im-
mediately obtain Theorem 1.C.

Secondly, associated with the L, -dual affine surface area (see (2.5)), we obtain its
extremum value for the general L, -harmonic Blaschke bodies.

THEOREM 1.2. If K€ .}, 1<p<n, t1€[-1,1], then
Q_,(V,K) 2 Q_,(VIK) = Q_,(K). (1.13)

If T # +1, equality holds in the right inequality of (1.13) if and only if K is an origin-
symmetric star body, and if T # 0, equality holds in the left inequality of (1.13) if and
only if K is also an origin-symmetric star body.

Recall that Feng and Wang in [2] proved that
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IfKe.7", 1<p<n,then
Q,(V,K) >0 ,(K), (1.14)

with equality if and only if K is an origin-symmetric star body.

Obviously, inequality (1.13) is an isolation of inequality (1.14).

In addition, we also give two monotonic inequalities for the general L, -harmonic
Blaschke bodies as follows:

THEOREM 1.3. Let K,.L € ), p>1 and T € [~1,1]. If VIK C VIL and
Le .Y, then

os’
P

V(VEK)V(K)n <V(VEL)V(L)", (1.15)
with equality if and only if K and L are dilatant origin-symmetric star bodies.
THEOREM 1.4. Let K, L€ ./}, p>1 and 1€ [-1,1]. If K C L, then

V(VEK)TV(K) <V(VEL)V(L), (1.16)
with equality if and only if K = L.

Actually, Theorem 1.3 may be regard as the Shephard problem of the general L, -
harmonic Blaschke bodies.

2. Preliminaries

2.1. L,-dual mixed volume

For K,L €.}, p>1, A,u >0 (not both zero), the L, -harmonic radial combi-

nation, AxK+_, uxL,of K and L is defined by (see [4, 9])
PA*xK+_pu*L, )" =Ap(K,")"+up(L,-)"".

The notion of L,-dual mixed volume was introduced by Lutwak (see [9]). For
K,Le.”}, p>1and € >0, the L,-dual mixed volume, V_,(K,L), of the K and L
is defined by

~ V(K+— L)—V(K
MY KoL) = tim LK Ex D) Z VK
—p e—01 £

Further, Lutwak ([9]) proved that the L,-dual mixed volume has the following

integral representation:

Vo, (K.L) = - (K. Pp(Lou) Pdu. 2.1)
n Jsn—
From (2.1), we easily know
~ 1
V_p(K,K) = - lp(K,u)”du:V(K). (2.2)
S)'l*

The L,-dual Minkowski inequality may be stated that (see [9]): For K,L € .},
p > 1, then
4 _pr

Vop(K.L) > V(K) V(L) (2.3)
with equality if and only if K and L are dilates.
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2.2. L,-dual affine surface

In 2008, Wang and He ([11]) gave the notion of L, -dual affine surface area asso-
ciated with the Lj,-dual mixed volume. For K € §) and 1 < p <n, the L, -dual affine

surface area, Q_ »(K), of K is defined by

4 n—p P
n n

nnQ ,(K) 7 =inf{nV_,(K,0")V(Q) " : Q € A} (2.4)

For the L,-dual affine surface area, except [11], Feng and Wang recently estab-
lished some inequalities for L, -dual affine surface area (see [1, 2]) . In particular, Feng
and Wang in [2] improved definition (2.4) as follows: For K € S? and 1 < p <n, the
L, -dual affine surface area, Q_,(K), of K is defined by

n—p

nnQ_,(K) 7 =inf{nV_,(K,0")V(Q)

_p
n

[Qe S (2.5)

From (2.5), we easily get that for K € S} and 1 < p <n,

Q_,(-K)=Q_,(K). (2.6)

Associated with definition (2.5) and L,-harmonic Blaschke addition (1.3), Feng
and Wang ([2]) gave the following result:

THEOREM 2. A. If K, L € 7", A,u >0 (not both zero) and 1 < p < n, then

Q ,(A-K¥u-L)5 Q&) Q)T

V(A-K+,u-L)  ~ V(K) ' 2.7)

with equality if and only if K and L are dilates.

2.3. Properties of the general L,-harmonic Blaschke bodies

For the general L,-harmonic Blaschke bodies. Feng and Wang in [3] proved the
following properties.

THEOREM 2.B. If K€ ), p> 1, 1€ [—1,1], then

V, 7K = Vi(—K) = VK. (2.8)

THEOREM 2.C. Let K € .77, p>1, 1€ [—1,1]. If K is not an origin-symmetric
star body, then V K =V 'K if and only if T =0.
THEOREM 2.D. IfK € ./}, p > 1, then for T € [—1,1],

VK= -ViKT,> VK. (2.9)

N —
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3. Proofs of Theorems

In this section, we will complete the proofs of Theorems 1.1-1.4. In order to
prove Theorem 1.1, we first give the following Brunn-Minkowski inequality for dual
quermassintegrals of the Lj,-harmonic Blaschke combinations.

THEOREM 3.1. If K, L€ .}, p>1, A,u >0 (not both zero), i is any real and
i #n, then for i > —p,

~ n+p ~ n+p
Wi Kby L)EE WO )t
> ; 1
Vi KLe D C v TR v (3.1)
fori< —p,
~ ~ n+p ~ n+p ~ n+p
“(A-K L=t (K) n—i (L) n—7
Wi Kby L W) W) (3.2)

V(A-K+pu-L) —7 V(K)

In each case, equality holds if and only if K and L are dilates. For i = —p, (3.1) (or
(3.2)) is identic.

The proof of Theorem 3.1 requires the following Minkowski integral inequality
(see [0]).

LEMMA 3.1. Let f and g are nonnegative bounded Borel functions on measure
space X . If k> 1, then

(/X(f(x)+g( kdx)l/k (/f dx> 1/k+ (/ng(x)dx)l/k; (3.3)

if0<k<1ork<0,then

(f(x) +g(x))kdx l/k FH(x)dx 1/k+ gk (x)dx l/k. (3.4)
k > (s k

Equality holds in every inequality if and only if f(x) and g(x) are effectively propor-
tional or f(x)g(x) =0 on X.

Proof of Theorem 3.1. For i > —p, since i #n, thus 0 < (n—i)/(n+p) < 1 when
—p<i<n,or (n—i)/(n+p) <0 when i > n. This together with (1.3), (1.12) and
Minkowski integral inequality (3.4), it follows that

n+p
Wi -Kdpu-L)7t 1 {1 . . }
= A-K <Lou)"'d
(2’ K+17 ) (2’ K—Fp,u L) e lp( +p.u 7”) u
Y
1/ p(A-KFppt-Lu)y™+P] s
=< = ~ du
n Jsn—1 V(A-K+pu-L)
n—i @
_ )1 piPw) | p ) |
- n/er l)t VK) +u VD) du
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n+p n+p
A 1 n—i e L l n—i i
2 m |:; /,,,1 pK (u)du:| + V(L) |:l’l /Sn—l pL (I/L)dlxt:|
WK W)
=2 v TV (3.5)

From this, we get inequality (3.1). According to the condition of equality holds in
Minkowski integral inequality (3.4), we know that with equality in (3.5) if and only if
K and L are dilates, this means that equality holds in (3.1) if and only if K and L are
dilates.

For i < —p, because of (n—i)/(n+ p) > 1, thus inequality (3.5) is reversed by
the Minkowski integral inequality (3.3). This shows that inequality (3.2) is true.

For i = —p, inequality (3.5) obviously is identic. This means that inequality (3.1)
(or (3.2)) is identic. [

Proof of Theorem 1.1. For i > —p, we first prove the right inequality of (1.11).
According to (1.8) and inequality (3.1), we have

IK) V(f1(1) - K+pf2(17) - (=K))
> 0+ D) (G.6)
From (1.9), we easily see
fi(r) + fa(r) = 1. (3.7)

Notice that for K € . and any real i, W;(—K) = W;(K) and V(—K) = V(K).

o

This together with (3.6) and (3.7), we obtain

This is just the right inequality of (1.11).

Clearly, if T = 41, then equality holds in (3.8). Besides, if T # 41, then by the
condition of equality in (3.1), we see that equality holds in (3.8) if and only if K and
—K are dilates, this yields K = —K, i.e., K is an origin-symmetric star body. This
means that if 7 # £1, then equality holds in the right inequality of (1.11) if and only if
K is an origin-symmetric star body.

Next, we give the proof of left inequality of (1.11). Using (2.9), (2.8) and inequal-
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ity (3.1), we may get

i.e.,

= > = (3.9)
V(V,K) V(VIK)
This yields the left inequality of (1.11).

Obviously, if T =0, then equality holds in (3.9). Hence, according to the equality
condition of (3.1), we know that if T # 0, then equality holds in (3.9) if and only if V;K
and 6;’[( are dilates, i.e., ?;K and —6;[( are dilates. This yields ?;K = —§;K ,
thus ?;K = 6;’[( . Therefore, using Theorem 2.C, we see that if T £ 0, then equality
holds in (3.9) if and only if K is an origin-symmetric star body. This gives the equality
condition in the left inequality of (1.11).

For i < —p, similar to above the proof of case i > —p and combine with inequality
(3.2), we may prove inequality (1.11) is reversed.

For i = —p, inequality (1.11) is identic by Theorem 3.1. [

Proof of Theorem 1.2. From (1.8), (2.7), (2.6) and (3.7), we have that for n > p >

L,
Q(VEK)T _Q,(fi(1)-Kdph(r) - (—K) T
V(ViK) V(/1(1) KT pa(x) - (K))
> i U s PR
L e
_ QLK)
V(K
Thus
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this combine with the right inequality of (1.10) and notice that 1 < p < n, we easily get
ﬁfp(V;K) >Q,(K).

Therefore, the right inequality of (1.13) is obtained.

According to the equality conditions in inequality (2.7) and the right inequality of
(1.10), we see that if T # £1, then equality holds in the right inequality of (1.13) if and
only if K is an origin-symmetric star body.

On the other hand, from inequality (2.7), equalities (2.9), (2.8) and (2.6), we obtain
thatforn >p>1,

& v,k Qo (3 VikEEVK)
V(V,K) v (4-Vikd, 4V, 7K
. 192,(ViK) +1ﬁ-p<?;fl<>"%
2 V(VEK) 2 V(V,UK)
19,V 10,(-ViK)
2 V(VIK) 2 V(-ViK)
_ 2 ,(ViK)
V(VIK)

Hence,

- n=p
Q,(V,K)\ " VIV,K)
Q_,(VIK) V(VIK)
This together with the left inequality of (1.10) and notice that 1 < p < n, we immedi-
ately get the left inequality of (1.13).
From the equality conditions in inequality (2.7) and the left inequality of (1.10),

we see that if T 7 0, then equality holds in the left inequality of (1.13) if and only if K
is an origin-symmetric star body. [l

Now we give the proofs of monotonic inequalities for the L,-harmonic Blaschke
bodies.

Proof of Theorem 1.3. From (1.8) and (2.1), we have that for any M € .,

V—P(_K7M)
V(K)

V_p(VIK,M)
V(VIK)

V_,(K,M)

= fi(7) V(K)

+ f2(7) (3.10)

Since L € .7, i.e., L= —L, thus (2.1) yields

Vo (L,M) =V_,(~L,M), (3.11)
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forany M € .7)}.
Hence, if VIT,K - V;L, then by (2.1) we get for any M € .7,
p(VIK M) <V_,(VELM),
this together with (3.10), (3.11) and (3.7), then

(VT ) »(K,M —K.M
(VTL) ~
< VL) LDV (L, M) + fo(T)V-p(—L, M)
V(ViL) -
vy VM), (3.12)

Taking M = L in (3.12), and using (2.2), inequality (2.3) and equality (3.7), we
obtain

o V(VEK)
V(VpL) > VK (D p(K,L) + fo(T)V- (=K, L)]
(VTK) n+p _r n+p _p
> VK A(DV(K) = V(L) "+ fo(0)V(=K) = V(L) ]
V(ViK) wp o p
e (EA(CRE

this gives inequality (1.15).

According to the equality condition of (2.3), we see that equality holds in (1.15)
if and only if K and L, —K and L both are dilates. But L € ., i.e. L is an origin-
symmetric star body, this means K also is an origin-symmetric star body. Therefore,
equality holds in (1.15) if and only if K and L are dilates, and K is an origin-symmetric

star body. [
Proof of Theorem 1.4. Since K C L, thus —K C —L. So from (2.1), we know that
forany M € .,
Vop(K.M) <V_p(LM),  V_p(~K.M) < V_p(~L,M), (3.13)

and with equality if and only if K = L. This together with (3.10), we have for any
Mes)

o

Vo, (VIK,M) V., (K,M) V_,(—K,M)
v O RO v
<2 A V(é;‘“ + il L)

_ V@V, (ViLM) G
VK)V(VIL) '
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Taking M = §;L in (3.14), and using (2.2) and inequality (2.3), we obtain

S Ot © O\ (T =L
VL) V_p(VEK, L) . V(VIK) nAV(VIT,L) i (3.15)
V(K) V(VIK) V(VIK)

with equality if and only if 6;[( and §;L are dilates. From this, inequality (1.16) is
obtained. N N

Because K = L implies that V;K and VIT,L are dilates, thus according to the
equality conditions of (3.13) and (3.15), we see that equality holds in (1.16) if and only
if K=L. O
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