lournal of
athematical
nequalities

Volume 10, Number 1 (2016), 135-145 doi:10.7153/jmi-10-11

COEFFICIENT ESTIMATES OF NEW CLASSES OF ¢-STARLIKE
AND ¢g-CONVEX FUNCTIONS OF COMPLEX ORDER

T. M. SEOUDY AND M. K. AOUF

(Communicated by J. Pecari¢)

Abstract. We introduce new classes of ¢-starlike and g-convex functions of complex order in-
volving the g-derivative operator defined in the open unit disc. Furthermore, we find estimates
on the coefficients for second and third coefficients of these classes.

1. Introduction

Simply, quantum calculus is ordinary classical calculus without the notion of lim-
its. It defines g-calculus and %-calculus. Here & ostensibly stands for Planck’s con-
stant, while g stands for quantum. Recently, the area of g-calculus has attracted the
serious attention of researchers. This great interest is due to its application in various
branches of mathematics and physics. The application of g-calculus was initiated by
Jackson [15, 14]. He was the first to develop g-integral and g-derivative in a system-
atic way. Later, geometrical interpretation of g-analysis has been recognized through
studies on quantum groups. It also suggests a relation between integrable systems and
g-analysis. Aral and Gupta [8, 9, 10] defined and studied the g-analogue of Baskakov
Durrmeyer operator which is based on g-analogue of beta function. Another important
q-generalization of complex operators is g-Picard and g-Gauss-Weierstrass singular
integral operators discussed in [4, 5, 7]. Mohammed and Darus [18] studied approx-
imation and geometric properties of these g-operators in some subclasses of analytic
functions in compact disk. These g-operators are defined by using convolution of nor-
malized analytic functions and g-hypergeometric functions, where several interesting
results are obtained (see also [3, 2]). A comprehensive study on applications of g-
calculus in operator theory may be found in [11].

Let 7 denote the class of functions of the form:

flR)=z+ iakz" (1.1)

k=2

which are analytic in the open unit disk U= {z€ C: |z < 1}. If f and g are analytic
in U, we say that f is subordinate to g, written as f < g in U or f(z) < g(z) (z € U),
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if there exists a Schwarz function @ (z), which (by definition) is analytic in U with
®(0)=0and |®(z)| <1 (z € U) such that f(z) = g(®(z)) (z € U). Furthermore, if
the function g (z) is univalent in U, then we have the following equivalence holds (see
[17] and [12]):

f(z) <g(z) <= f(0) =g(0) and f(U)C g(U).

For function f € «/ given by (1.1) and 0 < ¢ < 1, the g-derivative of a function f is
defined by (see [15, 14])

flqz) = f(2)
(g—1)z

Dyf(0) = £(0) and Dﬁf(z) =Dy(Dyf(z)). From (1.2), we deduce that

Dyf(z) = (c#0), (1.2)

= 2 g (1.3)
where .
_1-gq

k], = - (1.4)

As ¢ — 17, [k], — k. For a function h(z) = X, we observe that
1-— q _
Dy (h(2) =Dy () = T & =, &,
lim (Dyh(z)) = lim <[k}q zk71> =k = (2),
q%l

q~>l

where /s the ordinary derivative.
As aright inverse, Jackson [14] introduced the g-integral

/Ozf(t)dqf =z(1 —Q)ki)qkf (zqk> ,

k

provided that the series converges. For a function £ (z) = z*, we observe that

4 k+1
/Oh(t)quZ/tdqt ki, (k#—1),

Zk+l k+l
tim [ h()dyt = lim /h
q—1-Jo g—1- [k+

where [ (¢)dt is the ordinary integral.
Making use of the the g-derivative D, f(z), we introduce the subclasses .7 (o)
and ¢, (o) of the class &7 for 0 < ov < 1 which are defined by

2Dy f(2)
f(2)

yq*((x):{feﬂ:Re >a,zeU}, (L.5)



CLASSES OF ¢-STARLIKE AND ¢-CONVEX FUNCTIONS OF COMPLEX ORDER 137

D, (zD,
%q(a):{fe%;Re%>a,zeU}. (1.6)
We note that
fet(a)eDyf €77 (o), (1.7)
and
Tim 7, () = {fe ﬂ:qlir?ReZl;qQZ) > a,zeU} — S (a),
. . D, (zD
qllr{lfﬁq((x) = {fe d:qllr{lRe% > a,ZEU} =% (a),

where . () and € (o) are, respectively, the classes of starlike of order ¢ and convex
of order « in U (see Robertson [22]).

By making use of the g-derivative of a function f € &/ and the principle of sub-
ordination, we now introduce the following classes of g-starlike and g-convex analytic
functions of complex order.

DEFINITION 1. Let & be the class of all functions ¢ which are analytic and
univalent in U and for which ¢ (U) is convex with ¢ (0) =1 and Re¢ (z) > 0 for
z€ U. A function f € &/ is said to be in the class .7 ; (¢) if it satisfies the following
subordination condition:

1 Dy f(z)
”b[ @

—1} <¢(z) (beCrpeP). (1.8)

DEFINITION 2. A function f € &/ is said to be in the class %, (¢) if it satisfies
the following subordination condition:

1 [Dq (Zqu(Z))

14— N —1}<¢(z)(b€@*;d)€<@). (1.9)

b
‘We note that:
(@) limy_;- 745 (9) = 7 (¢) and lim,_,- €, (9) =%, (¢) (b€ C*) (Ravi-
chandran et al. [21]);
(i) lim,_- 41 (¢) =*(¢) and lim,_,;- Cy,1(9) = ¢ (¢) (Ma and Minda

[16]);
N 1+(1-20)z . I1+(1-2a)z
(iii) limg_, ;- A p (lfz) =75 (b) and lim,_, - € (%)
=% (b) (beC*, 0< a< 1) (Frasin [13]);

1
1—+Z) = .#*(b) (b€ C*) (Nasr and Aouf [20] and Wia-
—Z

@v) limy_;- S5
trowski [23]);
1
(v) limg_, ;- 64 (i> =% (b) (b € C*) (Nasr and Aouf [19] and Wiatrowski
Z

1—
[23D);
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- I+z
(Vl) llmq_d— s, d—a (1—_2

(0 < < 1) (Robertson [22]);
I I+z . I+z
(vii) lim,_, ;- ‘yq,be’iecose (1—_2) =9 (b) and lim,_, - %qbe*f"cose <I——Z> =

€% (b) (6] < g, b € C*) (Al-Oboudi and Haidan [1] and Aouf et al. [6]).
In order to establish our main results, we need the following lemma.

) =" (o) and lim,_,;- 641 q (1—5) =% (o)

LEMMA 1. [16] If p(z) = 1 +c1z+c2z% + ... is a function with positive real part
in U and W is a complex number; then

|ea— ‘LLC%’ < 2max{1;|2u —1|}.
The result is sharp for the functions given by

_H—z2 14z

p(2) =g p(Z)=1—_Z-

LEMMA 2. [16] If p(z) = | +c12+ 22> + ... is an analytic function with a pos-
itive real part in U, then

—4v+2 if v<O,
leo—vel| << 2 if 0<v<IL,
4v -2 if v>1,

when v <0 or v > 1, the equality holds if and only if p(z) is (1+2)/(1—2z) or one of
its rotations. If 0 < v < 1, then the equality holds if and only if p(z) is (1+2z%)/(1—2?)
or one of its rotations. If v =0, the equality holds if and only if

1+A\ 142 (1-2\1-z
pw:( 2 )1—§+< 2 >1+§ O<a<l)

or one of its rotations. If v =1, the equality holds if and only if p is the reciprocal of
one of the functions such that equality holds in the case of v = 0.

Also the above upper bound is sharp, and it can be improved as follows when
O<v<l:

|cz—v0ﬂ+v\cl|2<2 <0<v<—)
and

1
’CQ—VC%|+(1—V)|C1‘2<2 <§<v<1>.

In the present paper, we obtain the Fekete-Szeg6 inequalities for the classes .7 ; (¢)
and %, (¢). The motivation of this paper is to generalize previously results.
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2. Main results

Unless otherwise mentioned, we assume throughout this paper that the function
0<g<l,beC*, ¢, [k]q is given by (1.4) and z € U.

THEOREM 1. Let ¢ (z) = 1+ Byz+Baz* +... with By # 0. If f given by (1.1)

belongs to the class /4, (9), then
B B1b Bl,—1
=+ 11— . 2.1
B, [2}q—1< 2, 1" @1

Proof. If f € 7, (¢), then there is a Schwarz function ®, analytic in U with
®(0) =0 and |@(z)| < 1 in U such that

|B1D|
|a3—[.1a%} < [3} _lmax 1;
q

The result is sharp.

2Dy f (2)
= . 2.2
1T =0 00) )
Define the function p (z) by
p(z):%:1+ch+C2Z2+.... (2.3)

Since w(z) is a Schwarz function, we see that Rep(z) >0 and p(0) = 1. Therefore,

¢(w(z)):¢<l’(2)—l>

p(z)+1
1 i) 2 ) .a
= (E |:6‘1Z+ (Cz—E)Z +<C3_0162+Z Al N
31C1 B] C% BQC% )
— 1221t - Bt § =1 e 2.4
+ 2 Z+[2 <02 > + i + (2.4)

Now by substituting (2.4) in (2.2), we have

1 [zDyf (2) ., Bia B cf Byt ,
1+E|: f(Z) —1:|—1+TZ+|:_<CZ__)+—:|Z +e

From this equation, we obtain
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or, equivalently,
B 1C1 b

_2<pb—1y

a —73117 {c —l[l—&— Bib ]cz}
RN AR e

Therefore, b
B
az — ;,La% L {cz — VC%} , (2.5)
2(531,-1)
where
1| B Bib 3,1

Our result now follows by an application of Lemma 1. The result is sharp for the

functions D.f (2
z2Dqf (z)
and @ 0(z).

Zqu (7) - 2
f(2) =0

This completes the proof of Theorem 1. [J

Similarly, we can prove the following theorem for the class ¢, (¢).

THEOREM 2. Let ¢ (z) = 1+ Biz+Baz* +... with By # 0. If f given by (1.1)
belongs to the class €, (¢), then

Bibl  )q.|B2, Bib
N R B TR R EO

The result is sharp.

|a3 —Ha%’ <

Taking ¢ — 17 in Theorem 1, we obtain the following result for the functions
belonging to the class .%}, (¢) which improves the result of Ravichandran et al. [21,
Theorem 4.1].

COROLLARY 1. Let ¢ (z) = 1+Byz+Bz> +... with By #0. If f given by (1.1)
belongs to the class %, (9), then

Taking ¢ — 17 in Theorem 2, we obtain the following result for the functions
belonging to the class €} (¢).

Bi||b
|a3—ua%| < %max{l;

B
22 4 (1—2u)Bib
By

The result is sharp.
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COROLLARY 2. Let ¢ (z) = 1+Byz+Bz> +... with By #0. If f given by (1.1)

belongs to the class €, (9), then
B 3
24 (1—5;1)3119 }

By||b]
|las — pas| e maxq L B,
THEOREM 3. Let ¢ (z) = 1 +Byz+Byz* + ... with By >0 and By > 0. Let

The result is sharp.
2
(121, ~ 1) b8+ (121, ~ 1) (B2~ By)

o = , (2.8)
([3]q—1> bB?
2
2
o (121, — 1) o83+ (12, 1) (B +81) oo
([3]q—1) bB?
2
2, —1)bBi+([2],—1) B
o3 = ([ l ) ! ([ l ) . (2.10)
(131, ~ 1) b3
If f given by (1.1) belongs to the class ./, () with b > 0, then
Bob B3 ( 1 1 ) ,
+ - lf u <o )
Bl,-1 [2,-1\Bl,-1 [2,-1 !
s | < § 22 o <p<o, @I
q
Byb B3’ 1 u ,
TBl,-1 2, (m—l‘mq—l) Th= o

Further, if o1 < U < 03, then

(2-1)
_ o _
a3 — pa3| + ’171 lBl — By~ [2ilfl (1 - [3}47_1“” jazf?

([3]q—1>B2b 2],—1
Bib
< B 1_1 (2.12)
q
If 03 < U < 0y, then
2
2] —1) B2b ( 3], —1 )]
2 ( g 1 q 2
a3 —pdd|+—~——2 B +B+ -2y ||l|a
S A (T Pl e U R
< Bib (2.13)

B, -1
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The result is sharp.

Proof. Applying Lemma 2 to (2.5) and (2.6), we can obtain our results. To show
that the bounds are sharp, we define the functions %, (n =2,3,4,...) by

1 [2Dg5n (2) . n— _0— _

and the functions .%, and 4, (0< A < 1) by

1 [2D4 7 (2) z(z+ 1) P
1+E[W_l]:¢<l+kz>’ F2(0)=0=7,(0)-1

1+

and

1 [zDy9) (2) o 1+Az —_0— (0) _
g | ] o (-2 w0 =0=g0- 1.

Clearly, the functions J%,,.%, and %) € .7, (¢). If u < o1 or u > 0, then
the equality holds if and only if f is %52, or one of its rotations.When o] < U < 02,
the equality holds if and only if f is %53, or one of its rotations. If u = oy, then
the equality holds if and only if f is .%, , or one of its rotations. If u = o,, then the
equality holds if and only if f is ¢, , or one of its rotations. [

Similarly, we can obtain the following theorem

THEOREM 4. Let ¢ (z) = 14 B1z+ Baz> +... with B > 0 and By > 0. Let

2 -
(12,) (11— 1) [+ (121, 1) (B2 )
ne (131, ~ 1) b3 ’
2 -
B ([2@ ([2}(1_1) _bB§+([z]q—1)(Bz+Bl)}
r (131, ~ 1) b3 ’
2 -
([2}q) ([2}4—1> bB%+<[2]q—1>Bz]
X3 = - .
([3]q— 1) bB?
If f given by (1.1) belongs to 6, (¢) with b >0, then
Byb B2p? _ B31,(B31,-1) .
[3],]([3],]—1)+[3]q([3]q_1)([2}q_1) (1 ([2]‘1)2([2}111#) if 1<,
a3 — nad| < { FBCT if 1 <SH< e
Bob BIb? B3l,(31,~1) .
- B,B,-Y) B0, (2,-1) (1_([2]q)2([2]q_1)ﬂ> ifuzx,
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Further, if x1 < U < X3, then

(2,)(12),-1)° B2b 3], (13],-1) )
os el + 5, s |2~ U g, o) |

<
3], (13,- 1)
If x3 < 1< ), then
[21)([] 1)’ Bb 3, (13l,-1) s
|as — uas| + 35 e (BB (1o RO s
__ Bib

3, (13,~1)

The result is sharp.

Taking ¢ — 17 in Theorem 3, we obtain the following result for the functions
belonging to the class .7, (¢).

COROLLARY 3. Let ¢ (z) = 1+ Biz+Bxz*+... with B; >0 and By > 0. Let

:bB%—k(Bz—Bl) - :bB%+(Bz+Bl) :bB%JrBz
w7 2wB 2bB3

If f given by (1.1) belongs to the class 3, (¢) with b > 0, then

Byb  Bib?
= (1-2p) if p<oy,
2 2
Bib
a3 — pa3| < % if o4 <p<os,
Bb  Bb?
—T—T(l—zﬂ)lfﬂ > 05,
Further, if o4 < U < Og, then
1 Bib
- —B,—B*(1-2 222
|a3 #az|+2B2b[ 2= Bib(1—2u)] |as] 2

If o6 < U < O3, then

B
[Bi+ By +Bib (1 —2p)] |as)* < ——.

I
a3 = ] + 5y 282 2

The result is sharp.

Taking ¢ — 17 in Theorem 4, we obtain the following result for the functions
belonging to the class %3 (¢).
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COROLLARY 4. Let ¢ (z) =1+ Biz+Bxz*+... with By >0 and By > 0. Let

2 [bB% + B, — By] ~ 2[bBi+By+Bi] 2 [bB} + B,]

X4 = bB% ) bB% y X6 = bB%

If f given by (1.1) belongs to the class €, (¢) with b > 0, then

Byb | BiD? 3 .
S <
< P I-3H) Fusx,
Bb .
a3 — pa3| < —61 if xa< U <ys,

Bb  Bib? 3
(1= > x5,

6 6 3 fuzys

Further, if xa < U < X6, then

2 3 Bb
’a3—ua2|+3B2b |: Bz—B%b (1—§H>:| |a2\2 ?
If x3 < U< )2, then
2 3 Bb
’Cl3-,uaz|+3B2b |:B1+B2+B%b (1—5‘LL>:| |a2‘2 —é .

The result is sharp.
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