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INTEGRAL INEQUALITIES OF THE
HEINZ MEANS AS CONVEX FUNCTIONS

MOHAMMAD SABABHEH

(Communicated by J. Pecari¢)

Abstract. Invoking the Hermite-Hadamard inequalities for convex functions, we present differ-
ent weighted inequalities of the Heinz means, and any such convex function.

1. Introduction

Convex functions have played a major role in several applications, including opti-
mization, geometry and inequalities. Of the convex functions that have attracted many
researchers is the Heinz-means function

f(v)=[|AYXB""V+A"VXB"|||, 0<v<l.

In this context, A,B € M,J{, the class of positive semidefinite n X n complex matrices,
viewed as a subset of M, of all complex n x n matrices, X € M, and ||| ||| is any
unitarily invariant norm. This function is convex on (0, 1), symmetric about v = %,
attains its minimum at v = %, and attains its maximum at v =0 and v =1, see [2]
page 265. That is

f<1)<f<v><f<1>:f<o>, 0<v<l

Inequalities of f = f(v) have been investigated thoroughly in the literature, and
the reader is encouraged to see [3] and [4] and their references for a comprehensive
study of these and related inequalities.

This article is motivated mainly by the work in [4] and [3], where the function
f = f(v) was studied merely as a convex function and hence, properties of convex
functions were the key behind most of these studies.

Our main goal in this article is to utilize more properties of convex functions to
obtain generalizations of some results obtained in [3] and [4]. However, we shall dis-
cuss most of our results in a general setting, where our treatment of the above function
will be based mainly on the fact that it is a convex function, without referring to the
function itself.
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The first part of our work will treat the Heinz means themselves, where we prove
the monotonicity of this function by a simple idea that allows us to interpolate these
means. In particular, we prove that

[|[APX BT+ AIXBP|| < |||AP+"X BT~ + A" XBPT|)|

for all p > g > r > 0. This inequality will be used then to prove that the Heinz means
function f = f(v) is decreasing on (0, 1) and increasing on (1,1).

The second part of the paper, which will be the main constitution, will treat the
function f = f(v) as a convex function, where we present the general form governing
the inequalities of the weighted integral

[rwsvav.

In particular, we prove that

[ reogar < 9T [ g0

for the increasing convex function f, when g is continuous, positive and decreasing on
[a,b], see Theorem 2.18. This result is of special interest as it serves as a counterpart of
the well known Fejer inequality that states the same inequality when f is convex and g
is symmetric about “2ib.

Moreover, we present the general refinement governing the refinement

7)< 2n0f (5) + (=200 ro=minv,1 -,
of [4] and its refinement in [3].

2. Main results

2.1. Monotonicity and convexity of the Heinz means

The following inequality interpolates the well known Heinz inequality. The in-
equality has been recently proved in [5], but we present it here for completeness.

THEOREM 2.1. Let A,B € M} and X € M,,. Then, for 0 < r < g < p and any
unitarily invariant norm ||| |||, we have

[|APXB? + AIX B ||| < |||AP*"XBI~" + AT X B |||. (2.1)

Proof. Observe that

||APX BT+ AIXBP||| = |||AP~ 1T (AT "XBT")B" + A"(ATX BT )BP 1|
< AP ATIXBIT) - (ATXB) B
< |||APTTXBTTT + ATTTX B,
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where we have used the Heinz inequality |||[APXB?+ AIXBP||| < |||APT9X + X BPT1]||,
with p,X,q replaced by p — g+ r,AT7"XBY™" r respectively. U

In fact these interpolations interpolate increasingly from f(0) to f(r).
THEOREM 2.2. Let X € M,,A,B € M} | p > q > 0. Then, the function
f(r) = [||APT"X BT+ AT "X B
is increasing on [0,q].
Proof.

Let 0 <ry <r <gq,then

f(r1) = |||[AP*XBI1 4 AT I X B ||
< H|Ap+rl+(r2_r1)XBq_’l_(’Z_’l) +A‘1—r1—(r2—r1)XBP+r1+(r2—r1)||‘

= f(r),

where we have used Theorem 2.1 replacing p by p+r;, ¢ by g—r; and r by rp, —
r. O

Observe that f(0) = |||[APXBI+AXBP||| and f(q) = |||APT9X + XBP*4]||. Since
f isincreasing, f(0) < f(g), which is the well known Heins inequality. However, for
0 <r< g wehave f(0) < f(r) < f(gq) giving intermediate inequalities that interpolate
the Heinz inequality increasingly.

COROLLARY 2.3. Let A,B € M}, X € Ml,,. Then the function
f(v)=1AYXB'" +A"VXBY|||

is decreasing on [0, 5] and increasing on [1,1].

Proof. We treat both cases:
Casel. f 0<v < %,then

Fv) = [|azF G VIxBI-(3-V) 4 A3 (3 vIxgIt (3|,

which can be viewed as [||APT"XBI~"+ A" XBPT"||| with p=g =1 and r=1—v.
But this function is increasing as r increases from 0 to %, which implies that f de-
creases as v goes from 0 to %

Case II. 1If % < v <1, then
f(v) = [laz 0 DxBE (2 AT DX IR

which can be viewed as |||AP*"XB4~" + A9 "XBP*"||| with p=g =3 and r=v —
%. But this function is increasing as r increases from 0 to %, which implies that f
decreases as v goes from % tol. O
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Consequently, f attains its minimum at v = % and its maximum at v = 1, which
means

COROLLARY 2.4. Let A,B€ M X € M,. Then
1
|[VAXVB]|| < §|HAVXB1_V+A1‘VXBV|H < |||AX +XB]||,
forall v e[0,1].
This is a well known result of the Heinz means; see [1].

PROPOSITION 2.5. Let X € M,, A, BEM, p>¢g>0 and 0 < r < q. Then,
the function
f(r) = [|APT"XBI™" + AT "X BP||

is convex on (0,q).

Proof. Let C=AP*9, D=BP*9 and v = gi;. Then, f(r) = g(v), where
g(v)=|lc"XD"V +C'VXDY|||.

Since g is convex on (0,1), f is convexon (0,q). O

Now we utilize the convexity and monotonicity of the function f(v) = |||AYXB'~Y
+A'"VXB"||| to obtain new inequalities that refines and generalize related inequalities
in [3] and [4]. However, results will be stated for general convex functions.

We shall state our results for general convex functions that satisfy similar proper-
ties of the Heinz-means function.

DEFINITION 2.6. A function f defined on [0,1] will be called a Heinz function
if f is convex on [0,1], continuous on [0, 1], decreasing on [0, 1], increasing on [3, 1],
and symmetric about %

2.2. Inequalities of the function f = f(v)

The following result has been proved in [4] using the Hermite-Hadamard inequal-

ities ) ) f( )
a+
() < 5 [ o

when f is convex on [a,b].

THEOREM 2.7. Let 0 < u < % then for any Heinz function f, we have

1w < w2 < [ wav < O < o), 23
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and for % < u <1, we have

flu ><f<1+“> < ﬁ/ﬂlf(vmv T Cry

Our goal now is to present some inequalities of Heinz functions similar to those in
Theorem 2.7, but in a more general form.

THEOREM 2.8. Let f be a Heinz function and let ¢ : [a,b] — [}, 1] be strictly
monotone, differentiable and convex. If ¢'(t) # 0 for all t € (a,b) then

f <(p ((pl(,li)+b)> < 1 /IJ(p(b) f(v) v < )+ f((b))

2 b—o1(u) o'(p~1(v)) 2 ’
(2.5)
and
o (1) +a G £+ F(p(@))
f("’( 2 )) S a—ﬁo_l(#)/u o TS 2 oo

forall € [1].

Proof. Let f and ¢ as stated. Without loss of generality, assume that ¢ is in-
creasing, and let u € [3,1). Since f is increasing on [$,1] and ¢ is convex, we infer
that g = fo ¢ is convex on [a,b]. Consequently, the Hermite-Hadamard inequalities
(2.2) applied on the interval [@~!(u),b] imply

¢ ((Pl(u) +b> . 1 /” (o~ () +5(b)
2 b—o (1) Jor 2
By making the substitution v = ¢(¢) in the integral, we get (2.5). A similar argument
works if ¢ is decreasing except that u € (%7 1] instead of u € [%7 1). Then similar
arguments yield (2.6). 0
By selecting different functions ¢ we obtain some interesting inequalities. For

example, by letting () =1, we get (2.4).

COROLLARY 2.9. Let f be a Heinz function. Then, for % < u <1 we have

f(zi!jq) 2#—1/2 vz 4 = )+2f(1/2)’

2u u V) 4 < S+ 1)
f<u+1><l—uu v s 2

and
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Proof. Let ¢ : [1,2] — [1,1] be defined by ¢(#) = L. Then the result follows by
direct application of Theorem 2.8. [J

Observe that when u € [0, %], then 1 —u € [%, 1]. Hence, by applying the above
theorem, with ut replaced by 1 — u, and be recalling the symmetry of f, we get the
following inequality.

COROLLARY 2.10. Let f be a Heinz function. Then, for 0 < U < % we have

2-2u L—p (=Hf(v) J(u)+£(1/2)
f<3—zu> SToop by, 2 AVS 2 :

and

2-2u\ _1—p b f(v) fu) +f(1)
f<2 u) 0 Dy v S 2

Then, integrating these inequalities again yields another type of integral inequali-
ties.

COROLLARY 2.11. Let f be a Heinz function. Then

[ sy < [Mvrwiavs / A Y R

and
1 1-B 1 1 1
f v [ Cvsavep | Iy X0 gy, s <p<t.

Proof. By Corollary 2.9, we have
f()

1
f( L dv < uf(u)+—u, 0<u<
1—u 2

(1- 1) >

By integrating both sides on the interval u € [0, ] we get

/Oﬁ{(l—ll) ! %d"}d’lg/f{%uﬂﬂw%“}d% 0<B <

1—u

N =

For the integral on the left, change the order of integration to get

Then direct computations give the first inequality. The second inequality is obtained
from the first by replacing § with 1 — 3. O

D =
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It should be noted that the right side of these inequalities is not so big. In fact,

/0’3 vi(v)dv + / 10) 4y L0
<f(1)/0 vdv+(1-B) f(1)/11ﬁ %dw@ﬁz
= Br(n).

That is, when 0 < 8 < 2 we have

B
é/o FWav < (1),

and this is one implication of the inequalities of Theorem 2.7. However, neither the
inequalities of Theorem 2.7 nor those of Corollary 2.11 are uniformly better than each
other.

On the other hand, by letting ¢ : [—1n2,0] — [$,1] be the function ¢(t) = €', we
obtain the following inequalities.

COROLLARY 2.12. Let f be a Heinz function. Then, for 7 S U< 1 wehave

fv (1) + /(1)
lnl.t/ 2 ’
and
—5 1 o) J)+£(1/2)
f( ”/2><1n2+ln,u/1/2 v v < 2 '

As a consequence, we get the following estimate.

COROLLARY 2.13. Let f be a Heinz function. Then for each % <u<l1, we
have

(n2) (Viir2) < ﬂﬁﬂ
UL SRS UE I

Proof. Observe that the inequalities of Corollary 2.12 can be written as

(1)t < [ £y < L2101
2
<ln2—lnﬁ>f( e< ) f(v >dv < S )+2f(1/2) (1n2—1n%>.

By adding these inequalities, and recalling that f(\/u/2) < f(,/ft), f being increas-
ing, we get the result. [
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Note that f(1/u/2) increases with u, hence we infer that
£(1/v/2)In / )

Moreover, an easy estimate would be obtained for the integral in the following way

b fv)

12 Vv

V) gy >f(1/2)// Lav=ra/2)ma.

However, the estimate we obtain from Corollary 2.13 is better because f(1/v/2)In2 >
F(1/2)In2.

COROLLARY 2.14. Let f be a Heinz function. Then, for each % <u<l, we
have

/Olf(v)dv < (f(1) —f(1/2))1n£ +(f () +£(1/2)) In2.

Proof. Since f is symmetric about 1, we have

/Olf(v)dv = 2/l f(v)dv

< 2//2fv

<2 {HJUD), L ), o),

which completes the proof. [

These ideas enable us to present the following Hermite-Hadamard type inequality.

THEOREM 2.15. Let f be continuous, convex and increasing on [a,b|. Then

[ 70 < (F0) = @) I+ (20— -+ 2a—b) + (@) 2

foreach p € [%,1].
Proof. Let f be as stated, and define
gx)=f2(0b—-a)x+2a—-b), =-<x<L

Then, g is convex and increasing on [%, 1]. Hence, using Corollary 2.14 we have
1 1 1
1/2f(2(b —a)x+2a—b)dx < 3 {(f(l) —f(1/2))In m +(f(u) +f(1/2))1n2} .
The change of variable v =2(b — a)x =+ 2a — b implies the result. [

The function ¢(z) = tant, tan™ 2 <t < § gives the inequality
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COROLLARY 2.16. Let f be a Heinz function. Then for each % <u <1, we

have
LA )
F—tan~'p Jy V241 O 2

We conclude this idea by presenting the general weighted form of these inequali-
ties.

THEOREM 2.17. Let f be a Heinz function and let g be continuous, decreasing
and positive on [%, 1]. Then for each % <u <1, we have

/ F)gay < LI / e(v)av.

Proof. Let f and g be as stated. Define the functions

v 1
h(v) = g(rydr, —<v<l,
1/2 2

and @(t) =h"'(t), 0<t < h(1) :=b. Since g >0, h is increasing, hence so is @.
Moreover, since g is decreasing, hlis increasing and

it follows that ¢’ is increasing, hence ¢ is convex. Observe also that g(v) = IR

consequently, by virtue of Theorem 2.8,

! O fv)
/ﬂf(v)g(v)dv-/ (P/((pil(v))dv
—1, oS W)+ fle(b))
<—97(1) 5
J(u)+£(1)

This completes the proof. [

Now we present a counterpart of the Fejer inequality, where the symmetry condi-
tion is released, provided some monotonicity is available.

THEOREM 2.18. Let f be convex and increasing on [a,b] and let g be continu-
ous, positive and decreasing on [a,b]. Then

/a bf (x)g(x)dx < M / hg(x)dx.
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Proof. Let f and g be as stated, and define

Ni()=FQ2(b—a)(t—1)+b) and g1(1) =g(2(b—a)(r—1)+b).

Then, using the substitution ¢ = Z(Xb;_ha) + 1, we have

b 1

| F@g@dx =20-a) [ 010

a 1/2

HA/2)+ A1) (1

<2(b—a) 7 l/2g1(t)dt (using Theorem 2.17)
a b X
SIS Uy R
a b
LI e

This completes the proof. [

REMARK.

1. It should be noted that the above results can be stated for 0 < u < 1 using the
symmetry of f.

2. By an appropriate transformation, the above results can be generalized to any
interval [a,b]. However, we stick to the interval [0,1] being the Heinz-means
interval.

We conclude this article by shedding some light on recent refinements of the Heinz
inequality. In particular, utilizing the convexity of the function f(v) = |||AYXB'~Y +
A'"VXBY|||, it was proved that [4]

£ <2nf (5) +0-20)f00 VE©.D. m=minfvi-v} @)

as a refinement of the Heinz inequality. In the following result, we present the general
refinement that governs these refinements. It should be noted that our choice of the
dyadic partition is just for convenience, but any partition will follow a similar behavior.

THEOREM 2.19. Let n € N, let {0, 2%, e 2;—;1} be a partition of [0, %} and let
v € [0,1]. Then, if v € [kg,l,zin] orl—ve ["2’—,1172%] , we have

fv)y<(k=2"v)f (lcz;}ql)+(2"v—k+1)f<2£n>, (2.8)

Sor any convex function f on (0,1), that is symmetric about %
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Proof. Foreach k=1,---,2""! let

Pr(x) = 7()() _J,:__l .

Since f is convex, it follows that ¢ is increasing on [kz_,ll , 2%]

ve [5E,%]. we get (V) < ¢4 (27) . which implies

V=) _ )= f (%)
v _ k-l = k k=1 :

on on on

. Consequently, if

The inequality of the theorem follows by simplifying this inequality This completes
the proof for v € [ 5 ,2,1] Now if ve [}, 1], then 1—ve [ S ,2,1] for some k, and
since f is symmetric about J 5, the result follows. [J

It can be seen now that (2.7) follows from (2.8) when n = 1.

It should be remarked that the above proof is inspired from [3], where the result
was proved for n = 2, as a refinement of (2.7).

In the following result we prove how these refinements become better when n gets
bigger.

THEOREM 2.20. Let f be convex on (0,1) and symmetric about % For ne N
let
k—1 k
Lin=|—,—|, k=1,---,2""L
k.n |: on ’2n:|7 ’ ’
For each such n,k define

k

a) = =2)f (5 )+ @v ks (5) vehs

and |
8(v)=g(1—v) for ve [3.1].
Then gu11(v) < gn(Vv) forall v €0,1].
Proof. We prove this for v € [0,1], then by symmetry the result follows. So, let
ve|o, Z} and let n € N. Then, for some k, we have v € It ,,. Since Iy, = bg—1 41U

Dbrpy1, wehave v € by 11 Or V € Dy i1
Ifve IZk—l,n+1 , then

) -0 = k- 1-27)7 (322w v -aeey (557

(k—2)f ("2_—1) (@' —k+ 1)f<2kn)

=ter-2mlr (U5 e () 2 (%) )
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Now using the increasing function ¢, of Theorem 2.19, we infer that ¢ ( o +11> <

O (2—n) . Upon simplification we get

k—1 k 1
(7)o (3) () >0

Moreover, since v € Iy ,, it follows that k — 1 —2"v < 0. Consequently, g,+1(v) —
gn(v) < 0. This completes the proof when v € Ly ,41. Now, if v € Iyt 41, similar
computations lead to the same conclusion. This completes the proof. [

The following is a matrix version of these convex inequalities.

COROLLARY 2.21. Let A,B € M}, X € M, and let I, be the above partition
forsome meN.If vE iy or 1 —v ey, let = "2’—,,} Then

H’AVXBI V+A1 VXBV||| k 2m H|AOCXB1—OC+A1—OCXBOC|||r
+(2"V —k+1) H |Ak/ 2 BRI L ATRI2" g gh/2"

Sorall r > 1, and any unitarily invariant norm ||| |||.

Proof. Let f(v) = |[AYXB'"V+AYXB'"V|||, and ¢@(t) =t", r > 1. Then, f is
convexon (0,1) and ¢ is increasing and convex on (0, o). Consequently, @ o f is con-
vex on (0,1). By applying Theorem 2.19 on the function ¢ o f, we get the result. [

In particular, if m =1 we get

||A¥XB'Y +A"VXBY|||" < (1—2r0)|||AX + XB||" + 2ro||[24"2X B ",

or equivalently,

+2ro|||AY2X B[, (2.9)

AVXB'"V4+A-VXBY
[Reeme: <2

2

AX+XB
2

for0<v<l1
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