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Abstract. We find necessary and sufficient conditions for Steffensen’s and inverse Steffensen’s
inequality in measure theoretic settings. We also explain natural transition from the Riemann
integral in Steffensen’s inequality to an integral with measure.

1. Introduction and preliminary results

In 1918 Steffensen proved the following inequality, [15]:

THEOREM 1.1. Suppose that f is nonincreasing and g is integrable on [a,b]
with 0 < g <1 and

2 :/g(t)dt. (1.1)

a

Then we have
a+A

/f )dt < /f(t)dt. (1.2)

Measure theoretic aspect of Steffensen’s inequality has long and interesting his-
tory. In order to generalize result from [10] for higher order convexity version of Stef-
fensen’s inequality, Fink introduced in [3] an auxiliary classes of functions, and gave
necessary and sufficient conditions for Steffensen’s inequality in measure theoretic en-
vironment. In his paper, he replaced the middle integral in (1.2) with integral with
respect to regular Borel measure, and expressed edge integrals in (1.2) via Lebesgue
measure. Evard and Gauchman in [2, 4] and [5] extended Steffensen’s inequality to
a more general version replacing line segment [a,b] with a general set X, with mea-
sure concentrated on it, and replacing [b — A,b] and [a,a + A] with measurable, upper
and lower separating, subsets U, V of X, giving sufficient conditions for Steffensen’s
inequality in that setting.
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Our starting point for generalization of Steffensen’s inequality is one observation

in[11] (see also [14, p. 15]) where it is pointed out that (1.2) follows from the following
two identities (assuming that (1.1) holds):

a+A b
| r0ai= [ g

a+A b

= [ O far M-+ [ [fa+n)=fWls@ar 13)
a a+A

and

b b

[rwsa— [ fwa

a b—2
b—A b

= [ O —-so=nle0dr+ [ -2 —fOl1-gldr.  (14)
a boA

The full impact of (1.3) and (1.4) on characterization of Steffensen’s inequality
can be found in [13, p. 183-186] and summarized in the following three theorems.
THEOREM 1.2. Let f and g be integrable functions on |a,b] andlet A = fabg(t)dt.

(a) The second inequality in (1.2) holds for every nonincreasing function f if and
only if
X b
/g(t)dt <x—a and /g(t)dt >0, foreveryxE€ [a,b].
X

a

(b) The first inequality in (1.2) holds for every nonincreasing function f if and only
if

b X
/g(t)dt <b-—xand /g(t)dt >0, foreveryxé€[a,b].

Using identities (1.3) and (1.4) and integration by parts, Pecari¢ in [12] also proved
converse results.

THEOREM 1.3. Let f:1— R, g:[a,b] — R ([a,b] CI where I is an interval in
R) be integrable functions, and a+ A € I where A is given by (1.1). Then

a+A b

[ swar< [ s
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holds for every nonincreasing function f if and only if

X b
/g(t)dt >x—a, forx€la,a+A] and /g(t)dt <0, forx € (a+A,b],

a

and 0 <A <b—a;

or
X

/g(t)dt >x—a, forxé€la,bl,
and A > b —a;
or

b
/g(t)dt <0, forx€lab]

and A <0.

THEOREM 1.4. Let f:1— R, g:[a,b] = R ([a,b] C I where I is an interval in
R) be integrable functions, and b— A € I where A is given by (1.1). Then

/f

holds for every nonincreasing function f if and only if

»\w
\

b—

X

/g(t)dzgo,forxe[a,b—u and /g(t)dt}b—x, forxe (b—1,b),

a

and 0 <A <b—a;
or

b
/g(t)dt >b—x, forx¢€]a,bl,
X
and A > b —a;
or i
/g(t)dt <0, forxé€la,b]
a
and A <0.

The next two theorems from [8], with sufficient conditions, we will need in the
main section.
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THEOREM 1.5. Let U be a positive, finite, measure on %$(|a,b]) and let | and
g be measurable functions such that f is nonincreasing and 0 < g < 1. If there exists
A € Ry such that

u([a,a+Al) /g )du(r) (1.5)
[a,0]
then
[ roauo= [ rost (1.6)
[a,a+A] [a,b]

THEOREM 1.6. Let U be a positive, finite, measure on %([a,b]) and let f and
g be measurable functions such that f is nonincreasing and 0 < g < 1. If there exists
A € Ry such that

((b—2,b)) /g )du(t)

[ roanw < [ rogodue
[a.0]

2. Main results

then

The aim of this section is to find analogous results of Theorems 1.2, 1.3 and 1.4 in
measure theoretic settings. Integration by parts, used there, is what we want to avoid in
our measure theoretic approach so our assumptions on the function f are just slightly
changed.

2.1. Sufficient and necessary conditions for Steffensen’s inequality

THEOREM 2.1. Let U be a finite, positive measure on B([a,b)), let g: [a,b] — R
be a L -integrable function.

(a) Let A be a positive constant such that [i([a,a+ A]) = [, &(t)dp(t). The in-

equality
[ roswani < [ rwau) .1

[a,b] [a,a+A]

holds for every nonincreasing, right-continuous function f : [a,b] — R if and
only if

/ g(t)du(t) < u(la,x)) and / g()du) >0, foreveryx € la,b].
. (2.2)
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(b) Let A be a positive constant such that [1((b— A,b]) = [, ,,8(t)du(t). The in-
equality

[ roano < [ rog0aue
]

(b—A.b [a,b]

holds for every nonincreasing, right-continuous function f : [a,b] — R if and
only if

/ g(t)du(t) < u(fx,b]) and / g(n)du(t) =0, foreveryx€ [a,b].
[x,0]

[a.x)

Proof.
(a) For the sufficiency part we use the identity

/[u,a+uf(t)d“(t) - /Wj] f(0)g(t)du(r)
— [f() = flat+2)][1 = g(0))du(r) + [fla+A)— f(0)|g(t)du(r)

la,a+2) (a+A7,b]
(2.3)

similar to (1.3). We define a new measure v on o—algebra %((a,b]) such that, on an
algebra of finite disjoint unions of half open intervals, we set v((c,d]) = f(c) — f(d),
for a < ¢ < d < b, and then we pass to %((a,b]) in a unique way (for details see, for
example, [, p. 21]).

Now, using Fubini, we have

[0 fat ) - g0ldu()
la,a+A]

Lol avw|u-soano= [ [ o= son]avw.

Similarly,

/(a%b] et = /(amh] [ 8] g)an (I)] dv(x).
This means that (2.3) is in fact
/[a,a+/1]f(t)d“(’) - /W)] f(t)g(t)du(r)
- ] U[a,x)(l _g(t))d“(’)] dv(x)+

(a,a+A

(a+2.b] { [x,h]g(t)du(t)] dv(x), (2.4)

concluding (2.1) under assumptions (2.2).
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The previous conditions are also necessary. In fact, if x is any element of [a,b],
then let f be the function defined by

£r) = {1, t<Xx;

0, t>x.

Using inequality (1.6) from Theorem 1.5 we obtain

fg0ap < [ foaue @)

la,a+A)

/[aﬁx)ga)du(t) =

_ u([a,x)), X € [a,a+Al;
U(la,a+2A]), xe(a+A,b].

If x € (a+ A,b] then p([a,x)) = u(|a,a+ A]), from (2.5), we have
/[ 80)du(0) < i), orevery x & [a,b].

Also, if x € (a+ A,b], from (2.5) we have [, ,g(t)du(r) < p([a,a+ 1)) =
f[a7b] g(r)du(r), concluding

: ]g(t)du(t) >0, foreveryxe (a+A,b].
x,b

Finally, if x € [a,a+ 4], then

/Mg (H)du(r) = /w]g(f)du(f) - /[mx)g(l)dﬂ(t)
> p(la,a+A)) —u(la,x)) = pu(fx,a+21]) >0,
concluding

[ ]g(t)du(t) >0, foreveryux € [a,b].
x,b

(b) The proof of this part is similar to the proof of (a)-part so we omit the details. [

2.2. Sufficient and necessary conditions for reversed Steffensen’s inequality

THEOREM 2.2. Let U be a finite, positive measure on %B(l), g : [a,b] — R
(la,b) C1, I is an interval in R) be a [ -integrable function, and a+ A € I where

ulaa+a) = [ gdut), 26
[a.0]

for A >0, and
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for A <0.
Then, for A >0,
[ rodui < [ rogdut): e
[a,a+A] [a,b]
and for A <0,
[ swdui < [ rogdu); )
[a+2 4] [a,b]

for every nonincreasing, right continuous function f: I — R if and only if either

/ g(t)du(t) > u(la,x)), for x € [a,a+ A] and /g(t)d/.t(t) <0, forx € (a+ A,b],

[a.x) [x.0]
(2.9)
where 0 < A <b—a;
or
/ g(t)du(t) > u(la,x)), forx¢€la,b, (2.10)
[a.x)
where A > b —a;
or
/g(t)du(t) <0, forx€lab], .11
[x,b]
where A < 0.

Proof. Necessity part. Putting

£1) = {1, t<x;

0, t>x

in (2.7) we get (2.9), (2.10) and (2.11) for choices A € [0,b—a], A € (b—a,+oo), and
A € (—eo,0), respectively.
Sufficiency part. Let A € [0,b — a]. Then from (2.4) we have

/[a,aH]f(t)d”(t) _/[a’b] ft)g(t)du(r)

~ Jiwara) U[a,x)(l _g(t))d“(t)] dv(x)+ g(t)du(t)] dv(x) <0,

(a+A7,b] |: [x,b]

where Vv is a measure defined on %((a,b]), with v((c,d]) = f(c) — f(d), for ¢ < d,
cdel.
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If L € (b—a,+oo) then

[0~ [ gs0ane) = [ o0+ [ o
= [, U0 FoN0 —g@)u)+ [ ()~ 1 B)aute)
B /[a,b] /[;hx)(l - g(t /b (b.a+A] /x a+A)
— MM(uﬂmﬂ)—AMfUMuUOdv@yiéwﬂﬁqma+ﬂyw@)<0
If 1 € (—eo,0) then
- /[M,a]f ()dp(e) = /M F(O)g(t)dur)
= | (fla)=f(0)g()du(r) + (f(a) — f(1))du(r)

la,b] [a+2,a]

:/[a,b] /[x’b]g(t)du(t)dv(x)—/[a%a]u([aJrk,x])dv(x) <0. O

THEOREM 2.3. Let U be a finite, positive measure on B(I), g:[a,b] — R ([a,b] C
I, I is an interval in R) be a W -integrable function, and b— A € I where

(b—2,b]) /g V(1)

for A >0, and
([b,b—2)) /g )du(r)

for A <0.
Then, for A >0
[ roauw = [ rogodut; 2.12)
(b-2.b] [a.b]
and for A <0,
- [ rwau)> [ rOgodut: (2.13)
[b.b—1) [a,b]

for every nonincreasing, right continuous function f : I — R if and only if either

[ s0du) <0, for v fap~Aand [ g)due) > u(is ), forx € (b 2,5
[a.x) [x.0]
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where 0 < A <b—a;
or

[ s0du() > u(ixp)). forxela

where A > b —a;
or

/ g(1)du (1) <0, forx € [a,b]
[ax)

where A < 0.
Proof. Similar to the proof of Theorem 2.2. [

THEOREM 2.4. Let [ be a finite, positive measure on HB(I), g : la,b] — R be a
U -integrable function for which there exists ¢ € |a,b] such that g(x) > 1 for x € [a,c]
and g(x) <0 for x € (c,b]. Then (2.7) (resp. (2.8)) for A >0 (resp. A <0) is valid for
every nonincreasing function f : I — R provided that [a,b) C I and a+ A € 1.

Proof. Let A € [0,b— a]. Suppose that ¢ < a+ A. Then it is obvious that
/[ g()du() = p(la,x)),forx € [a,c] and /[ 8(0)du(0) 0 forx€ (atA,b).
ax x,b

Suppose that for some xg € (c,a+ 4] we have [, .\ &(t)du(t) < p(la,xo)). Since
S, 8(0)dpa(t) <0, it follows p(la,a+A]) = [, g(t)du(t) < p(la,xo)), hence a+
A < xg, what is, evidently, a contradiction. Analogously, in the case ¢ > a+ A we can
also prove that (2.9) holds.

Let A € (b—a,e). Then [, ,g(#)du(r) > u([a,x)) for x € [a,c]. For x € (c,b]

we have
/[mx)g(t)du 0= /[a,b] sdut) - /[x.,b] g(t)du(r)
> / g0)du(r) = u(la,a+A)) > u([a,x)),
la,b]

and condition (2.10) is fulfilled.
If A € (—eo,0) then if x € [a,c]

[ sdu) /g Jau(®) - [ g0dul) = —pu(la+a.a) - p(la.x) <0
[x,b] lax)
if x € (c,b] then f[x’b]g(t)du(t) <080 (2.11) is again valid. O

Similar to Theorem 2.4 we can prove the next theorem.

THEOREM 2.5. Let [ be a finite, positive measure on HB(I), g: la,b] — R be a
U -integrable function for which there exists ¢ € |a,b] such that g(x) < 0 for x € [a,c]
and g(x) > 1 for x € (¢,b]. Then (2.12) (resp. (2.13)) for L =0 (resp. A <0) is valid
for every nonincreasing function f : 1 — R provided that [a,b) C1 and b— A € I.
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3. Some applications and concluding remarks

REMARK 3.1. Under assumption (1.5) and from (1.6) it follows that

()= [ s0soan) - [ rdut)

[a,b] [a,a+1]

is a linear functional, acting on U -integrable functions, positive for nondecreasing func-
tions f on [a,b]. This fact, combined with results from paper [7], is used in paper [8]
in order to produce exponentially convex functions and even further, some new Cauchy
means. The same construction can be applied here, but under modified conditions on
the function g and measure p. For example, if (2.6) and (2.11) are valid then

M) = [ f0au0 - [ fOgldut).
[a,0]

la,a+A)

is a linear functional which is positive for nondecreasing functions f on [a,b]. Us-
ing similar construction as in [7] we could produce exponential convexity and Cauchy
means.

REMARK 3.2. Itis obvious that the choice of measure u in the main section cov-
ers some known results: Lebesgue measure gives us the classic Steffensen inequality,
counting measure gives us Jensen-Steffensen’s inequality (even with relaxed conditions,
see [6]), and Lebesgue-Stieltjes measure gives us results for Steffensen’s inequality
from [9].
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