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THE LOG-CONVEXITY OF GENOCCHI
NUMBERS AND THE MONOTONICITY OF SOME
SEQUENCES RELATED TO GENOCCHI NUMBERS

FENG-ZHEN ZHAO

(Communicated by B. Uhrin)

Abstract. In this paper, we investigate the properties of Genocchi number {G,},>1. We prove
that the sequence {|Gau|},>1 is log-convex. In addition, we discuss the monotonicity of some
sequences related to {G,},>1. In particular, we show that {{/|G2,|},>1 is strictly increasing

and { "/|Gans2|//|Gon| }nx2 is strictly decreasing.
1. Introduction

For n > 1, let G, denote the n'* term of the Genocchi numbers. The sequence
{Gp}n>1 is a sequence of integers, which is defined by

2t < ~ "
m:ZlGnE, |t|<TE
n=

Genocchi numbers G, satisfy G3 = Gs = G7 = --- = 0. Some initial values of {G,}
are as follows:
nil 2 4 6 8 10 12 14 16 18 20

G,|1 -1 1 =3 17 —155 2073 —38227 929569 —28820619 1109652905

For n > 0, let {B,,} denote the Bernoulli numbers. It is well known that

2n—ln.2n
§(2n) = = 5= 1B
where -
C) =Y (Re(x)>1)
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is the Riemann zeta function. It is clear that

¢(2n) =1+ My,
where

1 3

7 ST S

For n > 1, let {As,_} denote tangent numbers. Tangent numbers {A,,_;} are defined
by

iAg,,_ltzn; =tant, |f|< T
(2n—1)! ’ 2

Genocchi numbers are related to Bernoulli numbers and tangent numbers, and there
two formula correlating them, which are (see [6])

Gon =2(1-2")By,, n>1, (1)

Aspy = 4" NG| /n, n> 1. 2)

Genocchi numbers have been studied in many subjects such as elementary number the-
ory, complex analytic number theory, theory of modular forms, p-adic analytic num-
ber theory and quantum physics. They have drawn much attention. See for instance
[1,2,3,4, 8,9, 10]. In this paper, we focus on the log-behavior of Genocchi numbers
and the monotonicity of some sequences related to Genocchi numbers.

A sequence {z, },>0 of positive real numbers is said to be log-convex (log-concave)
if zﬁ < Zn—1Zn+1 (Z,% > Zy—12Zu4+1) for all n > 1. Log-convexity and log-concavity are
important properties of combinatorial sequences and they are also fertile sources of in-
equalities. It is clear that a sequence {z, },>0 is log-convex (log-concave) if and only
if the sequence {z,+1/zn}n>0 is nondecreasing (nonincreasing). The log-behavior of
{|Ban|}n>1 has been studied in [5]. It seems that the log-behavior of {|G2,|},>1 has not
been investigated. In this paper, we discuss the log-convexity of {|Ga,|},>1. We will
prove that {|Ga|}n=1, {|Ganl|/n!}u>1 and {n|Ga,|}u>1 are log-convex. In addition,
we also consider the monotonicity of some sequences involving {G, },>1. In [12], Sun
posed a series of conjectures on monotonicity of sequences as the types {{/z,} and
{ "/Zn11//zn}» Where {z,},>0 is a combinatorial sequence of positive integers. In
[5, 7, 11, 13, 14], many conjectures of [12] are confirmed. In particular, Wang and
Zhu [13] show that the monotonicity of {\/z,} is related to the log-convexity (log-

concavity) of {z,}. In this paper, we also show that {{/|G2,|}n>1 is strictly increasing

and { "/|Gans2l//|Gan|}u2 is strictly decreasing.
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2. Main results for {G,}

In this section, we state and prove the main results of this paper. The following
result given by Chen, Guo and Wang in [5] will be useful:

LEMMA 2.1. Forn>1,

|B2y—2||Ban+2] UERCIERY

|B2, |2 ~ n2n—1) 3)

Now we discuss the log-convexity of some sequences related to {Gy,},>1 -

THEOREM 2.1. The sequences {|Gan|}n>1, {|Gan|/n!}uz1 and {n|Gay|}us1 are
log-convex.

Proof. Forn> 1, let

_ [Ganys |Gantal _ (n+1)[Gans2]
n|G2,,| '

Sy = , = —V, Uy =
2n |G2n‘ 2n (n+ l)‘G2n| 2n

By applying (1) and (3), we have

Sant2 _ (22— 1)(2*" — 1)|Bau14Baa|

Son (22n+2 _ 1)2‘an+2‘2

(2444 2244 _ 220 4 1)(n+2)(2n+3)
(24n+4 —22n+3 4 l)(n + 1)(2n + 1) ’

Donin - (24n+4 _ 22n+4 _ 22n 4 1)(2n =+ 3)

ton (244 223 L 1)(2n+1)
Ui (244 —22mH4 221 4 1) (n+2)?(2n+3)n

Uy (2444 — 2203 4 1) (n+1)3(2n+1)

Forn>1, let

fi(n) = (2% 2204 22 L Y (n+2)(2n43) — 2" 22" B L D(n+1)(2n+ 1),
Hn) = (24n+4_22n+4_22n+ 1)(2n+3) — (24n+4_22n+3+ 1)(2n+1),
fa(n) = (244 22004 22 L ) (n+2)2(2n+3)n

— (2 22 L ) (1) (204 1).

By straightforward calculation, we have

fi(n) = (4n45) (2% 4 1) — 22"(18n> +95n 4 94)
> 284 (4n + 5) — 22"(18n* 4+ 951 + 94),
fo(n) =202+ 1 1) = 22(18n 4 43),
f(n) = Q"4 D)(@nd + 110 +Tn— 1) = 22(18n* + 131n° 4 268n° + 164n — 8).
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For n > 1, we can prove by induction that
224 > 9(n+3). 4)
By means of the inequality (4), we have

fi(n) > 2%[9(n+3)(4n+5) — 181> — 95n — 94
>0,

fa(n) >0,

f3(l’l) > 0.

Then
Sont2/Sm > 1, topia/ton > 1, uopiofus, > 1,

and the sequences {sa, }u>1, {fan}n>1 and {uo,},>1 are strictly increasing. Hence the
sequences {|Gan|}uz1, {|Ganl/n!}n=1 and {n|Gay|}u>1 are log-convex. O

COROLLARY 2.1. The sequence {Az,—1}n>1 is log-convex.

Proof. Itis obvious that the sequence {4"~!/n},> is log-convex. It follows from
(2) that the sequence {Az,_1},>1 is log-convex. [J

Sun [12] presented the following conjecture related to Bernoulli numbers:
(C1) The sequence {{/|Ban|}n>1 is strictly increasing.

(C2) The sequence { "\/|Bau+2|//|Ban|}n>2 is strictly decreasing.

The answers to (C1) and (C2) are both positive. Recently, the monotonicities of

{/|Ban|}u=1 and { "/ |Bani2|/ /|Ban| }n>2 have been verified. See [5, 11]. In the rest

of this section, we investigate the monotonicity of some sequences involving {G, },,> .

THEOREM 2.2. The sequences {/|Ga|}n>2, {/|Ganl/n' }nz2 and {/n|Gan) }n=2

are strictly increasing, and

4 2
)1/|G2n| ~ L

(en?’ (n — o). (5)

Proof. For n > 2, let 55, = |Gay12|/|Ganl. Since

C/|G2n‘ < "+\I/|G2n+2‘ < (n+1)In|Gy,| —nln|Gyyi2| <0
<= In|Gy,| —nlnsy, <0,

we show that In|Gy,| —nlnsy, <0 for n > 2. In fact,

In|Gy,| —nlnsy, =Insy,—» +1nsy, 4+ -+ +1nsy —nlnsy,.
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Since {sa, }n>2 is strictly increasing and s4 = 3, In|G,,| —nlns,, < 0.
Hence {{/|Gan|}n>2 is strictly increasing.
Using the similar method, we can prove that the sequences {{/|G2,|/n!}n>2 and

{{/n|Gap|}n>2 are strictly increasing.

From (1),
|Boa| ~ (20)1/(20)*, (n— +e0), (6)
and
! 1 1
n! = (Z) \/277:ne9n7 (n — o), where i1 <6, < Ton for all n>1,
we obtain
n 2n
Gal 252 ( ) V(1 ) ™

Therefore we have (5). [

COROLLARY 2.2. The sequence {/Ay—1}u>1 is strictly increasing and

; 16n°
A1~ (677:)2’ (n — +00). (8)

Proof. Since the sequences {/4"1/n},>2 and {{/|Ga|}n>2 are both strictly
increasing, {{/A,—1 n>2 is strictly increasing. Noting that A; < /A3, the sequence

{YA—1 }n>1 is strictly increasing.
By using (2) and (5), we have (8). O

In fact, the monotonic increasing property of {/Az,—1},>1 has been proved in
[10].

THEOREM 2.3. The sequence { "\/|Gan+2|/V/|Ganl}ns2 is strictly decreasing.

Proof. Forn>1,

" Gantal/ "N/ |Gons2l < "N/Gansal / /Gl
In|Gonia| | In|Gop|  2In[Gopyo <0

n+2 n n+1

By using (1), we have

111‘G2n+4| ln|G2,,| 2ln\G2n+2|
+ _
n+2 n n+1

= 2In2 + ! In{1 ! —|—11n 1 !
Cn(n+1)(n+2) n+2 22n+4 n 22n
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2 1 1 1 2
— In(l-=— ——In|By, —In|By,| — In|By,
n+1 n( 22"+2>+n+2 MBonal 20 |Bon| = 2= In[Bonsa]
2In2 1 1 1 1
= In(l-=— —In{1—==
n(n—|—1)(n+2)+n+2n< 22"+4)+nn< 22”)
+21 1+ ! +11|B |+11\B| In|Bay, 12|
——1In n —In - n .
n+l 22n+2_1 n+2 2n+4 n 2n n+l 2n+2

By means of the following inequality
In(1+x)<x, x>-—1,
we get

In |G2n+4‘ In |G2n| 2In ‘G2n+2|
+ —
n+2 n n+1
2In2 1 L 2
San+1)(n+2) 224 (n4-2)  22n 0 (2212 _1)(n+1)

1 1 2
+n—+21n |Banya| + Zln |Bon| — o) In|Boy 2]

Noting that (see [10])

1 | 2 2 lnn+2+In(167
w3 Bl + - InBoy| =~ In By o] < BCESIE n(:+ {;(n(—i—2))
1 12
+@+m7 nz3,
we have
In|Gopi4|  In|Goy|  2In[Gayyo|
n-+2 + no n+1
_ 1 N 2 2 Inn +2 + In(647)
S22 (p42) 22 222 1)(n+1) (n+12 " a+1)(n+2)
1 12
T2 T 2
1 2 Inn+2+In(64r) (n+1)> 6(n+1)>
ST w2 2t Dr2) 12 2

For n > 4, we can verify that

- Inn+2+1In(64n) (n+ 1)? _ 6(n+ 1)2 >0
2n(n+1)(n+2) 12n? 22np ’

Then

In|G,, In|Gy,| 2In|Ga,
| 2+4\+ [Gan| _ 2In|Gona| _

0, n>4,
n+2 n n+1 > P
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and the sequence { "\/|Gani2|//|Gan|}n>a is strictly decreasing. On the other hand,
"NGantal/ "V 1Ganral < "V1Goial//1Gl, (1 =2,3).
Hence the sequence { "/|Gani2|//|Gan| }n>2 is strictly decreasing. O
Since the sequence { "\/|Gani2|/ /| Gan|}nx2 is strictly decreasing, {/|Gan|}n>2

is log-concave.

COROLLARY 2.3. The sequence { "/ (n+1)|Gayi2|//n|Gan| }nz1 is strictly de-
creasing.

Proof. We first prove that the sequence { "v/n+ 1/{/n},>> is strictly decreasing.
It is clear that

Y1/ > Y VAT
<~ 2n(n+2)In(n+1)—(n+1)(n+2)Inn—n(n+1)In(n+2) > 0.

Now we show that
2n(n+2)In(n+1)—(n+1)(n+2)Inn—n(n+1)In(n+2) >0, n=2.
By computation, we have

2n(n+2)In(n+1)—(n+1)(n+2)Inn—n(n+1)In(n+2)
1 1 1
:(n2+n)ln<l+—>—2lnn+2nln<l+—> (n* +n)l <1+—>
n n n+1

)

1
> (n®+n)In (1 + ?) —2Inn+2nln (1
n

:l’—‘

By using the following inequality

% <1n(1—|—x) x>0,

we obtain
2n(n+2)In(n+1)— (n+1)(n+2)Inn—n(n+1)In(n+2)
2 1
Srn —21nn+2nln<1 +—)
n+2 n

2
-2 2)1 1
_nAn (n+ )nn+2nln<l—|——>

n+2 n

>0, n=2.

Then the sequence { "/n+1/{/n},>> is strictly decreasing. It follows from Theo-

rem 2.3 that the sequence { "%/|Gani2|//|Ganl|}n>2 is strictly decreasing. Hence the
sequence { "3/ (n+1)|Gani|/{/n|Gau|}n>2 is also strictly decreasing. On the other

hand, we can verify that \/2|G4|/|G2| > /3|Gs|/+/2|G4l.

Therefore, { "\/(n+ 1)|Gays2|//n|Ganl }uz1 is strictly decreasing. [
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THEOREM 2.4. There exist a positive integer M such that the sequence

{V/1Gan+2!/ |Gl }

is strictly decreasing when n > M, and

lim \"/ ‘G2n+2|/‘G2n‘ =1.
n— oo

Proof. Since {/|Gany2|/|Gan| = /(2272 —1)|Boys2|/[(2%" — 1)|Baal], we first
discuss the monotonicity of the sequences

{21/ 1)} and {/[Baneal/|Bal}-

For n > 1, since

2n+2 _ 1 22n+4 -1 n 22n+2 1 N n (22n+2 _ 1)2
= n
22n _ ] (22n _ 1)(22n+4 _ 1)
(22n+2 _ 1)2
(22n _ 1)(22n+4 _ 1)

(n+1)In YT —nln22n+2_1

> nln

> 0,

the sequence {{/ (2212 —1)/(22" — 1)} is strictly decreasing.

Forn>1,
(n+1)ln |Bansa| . |Bonyal
|B2n| |Banya|
' |Bongo| !

~|Ba|"tYBoptal”

= In|Byp+2| — ln|an‘ +n (2111 ‘an+2‘ —1In ‘an‘ —In an+4> .

There is an identity for By,| (see [10])

1 In(16
ln‘32n|=2nlnn—|—m+¥+ n(zn)

where ¢ = —2 — 2In7x. By using (9) and straightford calculation, we derive

+ 62, + In(141,), C))

1 1
ln‘Berrz‘ —ln‘an| = (271— E) In (1 + —> +2In(l+n)+c+ 612
n

_92;7 —‘,—111(1 + 77n+1) _ln(l ‘H‘ln):

n(21n By, 12| —1n|By,| —1n|B2,14)

—n|(4n+5)In(n+1)— <2n—|—%> Inn— <2n+§)ln(n+2)
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+(292n+2 — 6y, — 92n+4) + 2ln(l + nn+l) — 111(1 + T]n) — ln(l + nn+2):|

:n[<2n+%>ln(n+l)— <2n+%> Inn — <2n+%)ln <1+ﬁ)

+(262112 — 020 — 02y 44) +2In(1 4+ 1Myyy) — In(1 + 1) — In(1 + nn+2)}

1+L 5 1 9n 1
= 21’1 "4 n(l4-)—=In(1+— 26052 — 02y
nln - #—an( —|—n> 2n< +n+1)+n( hnt2 — 62
—0214) +2nIn(1 4+ Myi 1) — nin(1+n,) — nln(1 4+ Myy2).

Noting that

1< < 3 ! <6<1
22 S S o3 11 S S o

we get
r}i_xgn(ﬂn ‘an+2‘ —In ‘an| —In ‘an+4‘)

1+1 1\ 9 1
— lim [2n21n n +Eln<1+—)——nln<l+—>}
n— oo 1+ 2 n 2 n+1
=-2

and lim (In|By,+2| — In|By,|) = +eo. Then we obtain
n—oo

. |Bani2 |Ban+4| ]
lim [(n+1)In —nln = +oo,
s, [( = Baea|

and there exists a positive integer M such that

By, By,
| 2Jr2‘—n1n‘ 4] >0, (n=M).

n+1)In ,
( ) |Ban| |Ban2|

Then the sequence {{/|B2n+2|/|Ban|}n=m is strictly decreasing. Hence the sequence

{/1Gans2|/1Gan| }u=m is strictly decreasing.

By means of (7), we derive

Jm /|G| /|Gon| = 1. O

3. Conclusions

In this paper, we discuss the properties of Genocchi numbers {G,},>;. We have
derived some results for {G,},>; for the log-convexity of some sequences including
{IGanl}nz15 {|Ganl/n!}u=1 and {n|Ga,|},>1. We have also investigated the mono-
tonicity of some sequences related to Genocchi numbers. In particular, we discuss the
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monotonicity of {{/|Ga,|} and { "/|Gau12|//|Gan|} - In the future, we will discuss

the properties of some sequences such as tangent numbers 7 (n, k), arctangent numbers
t(n,k) and Salié integers S, which are defined by

t2"

tant)f & 1" tant) " ht &
(tant) =S Tk (arcan Zt cos ~ Y S

n'7 cost

For more details of T(n,k), t(n,k) and Sy,, see [6]. The investigation for the log-
behavior of the above sequences will be the future work.
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