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IMPROVED YOUNG AND HEINZ INEQUALITIES
WITH THE KANTOROVICH CONSTANT

WENSHI LIAO AND JUNLIANG WU

(Communicated by M. Krni¢)

Abstract. In this article, we study the further refinements and reverses of the Young and Heinz
inequalities with the Kantorovich constant. These modified inequalities are used to establish
corresponding operator inequalities on a Hilbert space and Hilbert-Schmidt norm inequalities.

1. Introduction

The well-known Young inequality for scalars is the weighted arithmetic-geometric
mean inequality, which was due to William Henry Young (1863-1942). The inequality
states that if @,b >0 and 0 < v < 1, then

(1—v)a+vb=a b (1)

with equality if and only if a=b. If v = %, it gives rise to the elementary arithmetic-
geometric mean inequality vab < #.

If v>1 or v <0, then the reverse of (1)
(1—=v)a+vb<a' ™"

holds. For more details, the reader is referred to [1].
The Heinz mean in the parameter 0 < v < 1, defined by

avbl—v +a1—vbv

H,(a,b) = 7

, a,b>0

interpolates between the arithmetic mean and geometric mean, i.e.

b
Vab = Hy(a,b) < Hy(a,b) < Hi(a,b) = are

, ve[0,1].

It is easy to see that the Heinz mean is convex as a function of v on the interval [0, 1],

attains minimum at v = 1/2, and attains maximum at v =0 and v = 1. Moreover,

H,(a,b) is symmetric with respect to v =1/2, thatis, H,(a,b) = Hi_,(a,b), v € [0,1].
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In recent years, Kittaneh and Manasrah [11, 12] improved the Young inequality
(1), and obtained the following relation:

r(v/a—vb)*> < (1 —v)a+vb—a' b’ < R(Va—Vb)?, (2)

where a,b >0, v € [0,1], = min{v,1 — v} and R = max{v,1 —v}.
Later, Wu and Zhao [15] presented two improvements of (2) that

(1=v)a+vb>r(va—vb)* +K(vVh,2)"a' D", (3)
(1—v)a+vb < R(va—vVb)* +K(Vh,2)"a" b,

where h =2, K(Vh,2) = {\71) and r; = min{2r,1—2r}. Note that K(z,2) =
(t+1)%

7 is the classical Kantorovich constant which has properties K(1,2)=1, K(#,2)
K(1.2)
>1 (r>0) and K(z,2) is monotone increasing on [1,e°) and monotone decreasing on
(0,1].
Recently, Zhao and Wu [16] obtained the refinements and reverses of Young in-
equality and improved inequalities (2) in the following forms:

PROPOSITION 1. [16] Let a,b be two nonnegative real numbers and v € (0,1).
MHIfo<v< % then

(1—=v)a+vb>a' b’ +v(v/a—Vb)? +r (Vab—/a)?, 4)
(1—v)a+vb<a' b + (1 —v)(va—Vb)* — ri(Vab—Vb)?, (5)

(I) if 3 <v <1, then

(1=vjatvb>a' b+ (1=v)(Va—VbP +n(Vab—Vb),  (©
(1=v)a+vb<a'™"b +v(va—Vb)?* —r(Vab—/a)?, e

where r =min{v,1 —v} and r; = min{2r,1 —2r}.

Let A(.77) be the C*-algebra of all bounded linear operators on a complex sep-
arable Hilbert space (7, (-,-)). I stands for the identity operator. %" (J#) denotes
the cone of all positive invertible operators on .7#’. As a matter of convenience, we use
the following notations to define the weighted arithmetic mean and geometric mean for
operators:

AV,B = (1—v)A+vB, At,B=A%(A2BA"2)"A%,

where A,B € #7 () and v € [0,1]. When v =1, we write AVB and A#B for
brevity, respectively.
An operator version of the Young inequality proved in [3] says that if A,B €
BT (A) and v € [0,1], then
AV,B > At,B.
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The Heinz operator mean is defined by

Af,B+Af1_,B
m,(4.5) = 2B ALD = 2

for A,Be Bt () and 0<v< 1.
It is easy to see that the Heinz operator mean interpolates the arithmetic-geometric
operator mean inequality:
AfB < H,(A,B) < AVB. (8)

Inequalities in (8) are called the Heinz operator inequalities (see [9, 10]).
The first difference-type improvement of the matrix Young inequality is due to
Kittaneh and Manasrah [12] extending (2) to matrices:

r(AVB — A$B) < AV,B — A$,B < R(AVB — AtB) ©9)

holds for positive definite matrices A and B and 0 < v < 1, where r = min{v,1 — v}
and R = max{v,1 — v}, which remain of course valid for Hilbert space operators by a
standard approximation argument.

Note that Furuichi [4] independently established the first inequality in (9) for two
positive operators and Kittaneh et al. [9] also proved (9) by taking a different approach.
In [13], the authors provided the general refinement and reverse of the Jensen’s operator
inequality and the relation (9) appears as a special case of their results.

For the ratio-type improvements of the Young inequality, the readers are referred
to [4, 5, 14, 15, 17].

Zhao and Wu [16] also extended inequalities (4)—(7) to positive invertible opera-
tors and improved (9), which were shown as

PROPOSITION 2. [16] Let A,B € B () and v € (0,1).
M Ifo<v< % then

AV,B > AtyB+2v(AVB — ALB) + ri(A$B — 248, B+ A), (10)
AV,B < AfyB+2(1—v)(AVB — A$B) — ri(A4B — 2433 B+ B), (11)

(1) if § <v <1, then
AV,B > At,B+2(1 - v)(AVB — AfB) + r1(AtB — 243 B+ B), (12)
AV,B < Af,B+2v(AVB — ALB) — r\(A$B — 2Af B+ A), (13)

where r =min{v,1 —v} and r; = min{2r,1 —2r}.

In this paper, we are concerned with several improvements of the Young and Heinz
inequalities via the Kantorovich constant. In Section 2, we present the whole series of
refinements and reverses of the scalar Young inequality which will help us to derive
several Heinz mean inequalities. In Section 3, we extend inequalities proved in Section
2 from the scalars setting to a Hilbert space operator setting. In Section 4, the Hilbert-
Schmidt norm inequalities are established.
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2. Scalar inequalities
In this section, we mainly present the direct refinements and reverses of the Young

inequality for two positive numbers a,b. When v =0 and v = 1, the Young inequality
is trivial. We will study the case v € (0,1).

THEOREM 1. Let a,b>0 and v € (0,1).
(1) If0<v< 4, then

(1=v)a+vb=v(va—Vb)*+r(Vab—a)* +K(Vh,2)a' b, (14)
(1) zf% <v<1,then
(1—=v)a+vb > (1 —v)(va—Vb)?+ri(Vab—vVb)> +K(Vh,2)a Vb, (15)

where h="2, r =min{v,1—v}, rj = min{2r,1 — 2r} and # = min{2r,1—2r}.
Proof. The proof of inequality (15) is similar to that of (14). Thus, we only need
to prove (14).

Ifv= % and v= %, (14) becomes equality.
By the inequality (3), if 0 <v < %, then we have

(1 —=v)a+vb—v(va—vb)* =2vWab+ (1 —2v)a
> 2V(m— \/5)2+K(é/];72)min{4v7l—4v}al—vbv’

if%<v<%,thenweget

(1=v)a+vb—v(va—vb)*> =2vab+ (1 —2v)a
> (1 - 2v)(Vab — /a)* + K(Vh, 2)min{2-4vdv=1} gl—vpy

So we conclude that
(1 — V)a +vb > V(\/_— \/1_7)2 +r (m_ \/a)z + K(W72)?1al—vbv.

This completes the proof. [l

REMARK 1. By the properties of Kantorovich constant, (14) and (15) are better
than (4) and (6), respectively. As a direct consequence of Theorem 1, we have the
following inequality with respect to the Heinz mean:

a+b
2

> r(va—Vb)? + %rl (Vab —/a)* + (Vab — \/5)2] +K(Vh,2)"" H,(a,b).
(16)
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COROLLARY 1. Let a,b >0 and v € (0,1).
@ If0<v<%,then

—v)a+v >vi(a— +ri(vab—a)” + , F(a— .
1 b2 > v (a—b)? +r(Vab—a)? + K(VA,2)™ (a"p")° (17)
(I) If L <v <1, then
—v)a+vb) =2 (1—-v)"(a—b) " +r (Vab—b)" + 2)7 (al™ .
1 b2 > (1—v)2(a—b) +r(Vab—b)? +K(V,2)" (a'p")*. (18)
Proof. Replacing a by a*> and b by b? in (14) and (15), respectively, we have
(1—=v)a> 4+ vb* > v(a—b)* + r|(Vab — a)® + K(Vh,2)" (alfvb")2
and
(1=v)a®+vb* > (1= v)(a—b)*+ri (Vab—b)* + K(VA,2)" (a'b")*. (19)
Ifo<v< %, then by the first inequality above, we obtain
(1 =v)a+vb)>—v*(a—b)* = (1 —v)a®> +vb* —v(a —b)?
> 1y (Vab—a)? + K(VA,2)" (a'5")°.

If % < v < 1, then by using (19), we get

(1 =v)a+vb)>— (1 —v)}(a—b)*> = (1 —v)a> +vb* — (1 —v)(a—b)?
> 11 (Vab—b)* + K(VA,2)" (a'b"). O

THEOREM 2. Let a,b> 0 and v € (0,1).
(1) If 0 <v < 3, then

(1—v)a+vb < (1—v)(vVa—vb)?:—r(Vab— Vb +K(Vh,2) a' b, (20)
(I) If § <v <1, then
(1—v)a+vb < v(va— Vb)Y —r(Vab—a)?* +K(Vh,2)a' =", (21)

_ b _ . _ . A .
where h = 2, r = min{v,1 —v}, r| = min{2r,1 —2r} and #; = min{2r,1 —2r}.

Proof. The proof of inequality (21) is similar to that of (20). Thus, we only need
to prove (20).

fo<v< %, then by the inequality (3), we deduce
K(Vh,2)1a" b + (1 —v)(Va— Vb)* — (1 —v)a—vb
=K(Vh,2)a"""b" + (1 = 2v)b+ 2vVab — 2\ ab

K(Vh,2) "a" b + K(Vh,2)"a"b" " + r (Vab — Vb)* — 2V ab

ri(Vab—v/b).

Ifv= %, the inequality (20) becomes equality. [

>
>
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REMARK 2. By the properties of Kantorovich constant, (20) and (21) are better
than (5) and (7), respectively. As a direct consequence of Theorem 2, we have the
following inequality with respect to the Heinz mean:

P < R(a— B~ 3r[(Vabay + (Vab—VBY) + K(Vh2) " Hy(a,b),

(22)
where R = max{v,1 —v}.

COROLLARY 2. Let a,b>0 and v e (0,1).
(1) If0<v< 4, then

(1= v)a+vb)* < (1—v)2(a—b)* — r(Vab— b +K(Vh,2) 1 (' ")
(I) If § <v <1, then
(1= v)a+vb)> <vi(a—b)2 —ri(Vab—a)* + K(Vh,2) ™ (a'b")".
Proof. Replacing a by a*> and b by b? in (20) and (21), respectively, we have
(1—v)a® +vb? < (1= v)(a—b)? — 1y (Vab—b)* + K(VA,2) ™ (a'b")?
and
(1—=v)a®>+vb?> <v(a—b)? —ri(Vab—a)*> +K(Vh,2)™" (al_"bv)2 .

The remaining proof is similar to that of Corollary 1. [

3. Operator inequalities

If A is a selfadjoint operator and f is a real valued continuous function on Sp(A)

(the spectrum of A), then f(r) >0 forevery t € Sp(A) implies that f(A) >0, i.e., f(A)

is a positive operator on .. Equivalently, if both f and g are real valued continuous

functions on Sp(A), then the following monotonic property of operator functions holds:
f(t) > g(z) for any r € Sp(A) implies that f(A) > g(A)

in the operator order of Z(5).

THEOREM 3. Let A,B € B+ () and positive real numbers m,m’' ,M,M’' sat-
isfy either 0 <m'I <KA<ml <MI<B<MIor 0<m'I <B<ml <MI<ALM'I.
(1) If 0 <v < 3, then

AV, B > 2v(AVB — AtB) + 1 (AB —2A%) B+ A) + K(Vh,2)" A%, B, (23)
(I) if 3 <v <1, then
AV,B >2(1=v)(AVB— ALB) + r1(AB — 24, B+ B) + K(Vh,2)"A,B,  (24)
M

where h = o, r=min{v,1 —v}, r; = min{2r,1 —2r} and # = min{2ry,1 —2r}.

Equality holds if and only if A = B.
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Proof. If 0 <v < %, it follows from inequality (14) that for any x > 0,
(1=v)+vx>v(vx— D2 +r (Y- 1)+ K(x,2) 15" (25)

Taking X =A~2BA~2, under the condition 0 < m'I <A < ml < MI < B< M'I,

we have
M M

I<hl=—I<X<hI=—I,
m m

and then Sp(X) C [,'] C (1,+0e). Thus for positive operator X, it can be deduced
from the inequality (25) and the monotonic property of operator functions that

(1 =)+ VX > v(X —2XZ +1)+r (X2 —2X7 +1) + min K(J%,2)"X".
<x<h!
On the other hand, since the Kantorovich constant K(#,2) is an increasing function on
(1,40), we get
| 11 BN |
(1=v)[+vA"2BA"2 > v(A"2BA 2 —2(A"2BA 2)2+1)
Fr((ATEBATH T _2(A7IBA T 1) (26)
1

FK(VR,2)1 (A 2BAT 2,

Likewise, under the condition 0 < m'I < B <ml < MI <A < M'I, we have 0 <
L1 <X < }1<1 and then Sp(X) C [#,}] C (0,1). Thus for positive operator X, we
obtain

(1= v)I+vX > v(X —2X2 + 1)+ r (X2 —2X3 +1)+ min K(I/x,2)"1X".

1 1
W<X<;

On the other hand, the Kantorovich constant K(z,2) is an decreasing function on (0, 1)
and K(4,2) = K(z,2) ,we get
(1= V) +vX > v(X —2X2 +1)+r(X? —2X3 +1)+K(VR,2)1X".  (27)

It is striking that we obtain two same inequalities (26) and (27) under the two different

condition. Then multiplying inequality (26) or (27) by A2 onboth sides, we can deduce
the required inequality (23).

If % < v < 1, the inequality (24) follows from inequality (15) by the similar meth-
ods. [

The operator version of (16) can be shown as follows:

COROLLARY 3. Under the same conditions as Theorem 3, then

AVB > 2r(AVB — AB) + ri(AVB+ A$B —2Hy (A, B)) + K(Vh,2) H,(A,B).  (28)
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THEOREM 4. Let A,B € B+ () and positive real numbers m,m’' ,M,M’' sat-
isfy either 0 <m'I <A<ml <MI<B<MIor 0<m'I <B<ml <MI <AL M.
MIfo<v< %, then

AV,B <2(1-v)(AVB—AtB) — ri(AtB—24%; B+ B) + K(Vh,2) "144,B,  (29)
(I) if $ <v <1, then
AV,B < 2v(AVB — AB) - ri(AtB — 24%) B+ A) + K(Vh,2) 14, B, (30)

where h =" r = min{v,1—v}, ri = min{2r,1 —2r} and # = min{2ry,1 —2r}.
Equality holds if and only if A = B.

Proof. By (20) and (21), using the same ideas as in the proof of Theorem 3, we
can get this theorem. [

The operator version of (22) can be shown as
COROLLARY 4. Under the same conditions as Theorem 4, then
AVB < 2R(AVB — A#B) — ri(AVB + AtB — 2H41 (A,B))+ K(<‘/I;,2)7f1H,,(A,B)7 (31)
where R = max{v,1 —v}.

REMARK 3. (28) and (31) are sharper than (3.4) in [12].
If 0 < v < §, combining (23) with (29), we have
0 < A#,B

< 2v(AVB — AtB) + A#,B

< 2v(AVB — ALB) + ri(A1B — 2A% B+ A) + At,B
20(AVB — AiB) + ri(A3B — 24t B+ A) +K(Vh,2)"1At,B
AV,B
2(1—v)(AVB —AtB) — r\(A4B —2A; B+ B) +K(Vh,2)""A4,B
2
2

INCININ N

(1-v)(AVB —AB) — r1(AB — 2483 B+ B) + A, B
(1—v)(AVB — AtB) + A#,B.

N

By the properties of Kantorovich constant, (23) and (24) are better than (10) and (12),
respectively.
If + <v <1, combining (24) with (30), we have
0 < At,B
<2(1-v)(AVB— AfB) + Af,B
<2(1—v)(AVB—AtB) + ri(AfB — ZAﬁ%B+B) +At,B

<2(1-V)(AVB — AtB) + ri(AtB — 2At3 B+ B) + K(Vh,2)"1A%,B
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AV,B

2v(AVB — A4B) — ri(A3B — 248, B+ A) + K(Vh,2) "'A4,B
2v(AVB — A$B) — ri(A$B — 2A, B+ A) + A}, B

2v(AVB — A#B) + A#,B.

NN

N

N

(29) and (30) are better than (11) and (13), respectively.

4. Hilbert-Schmidt norm inequalities

In this section, we present the improved Young and Heinz inequalities for the
Hilbert-Schmidt norm.

Let M,,(C) denote the algebra of all n x n complex matrices. The Hilbert-Schmidt
norm of A € M,(C) is denoted by ||A||%. It is well-known that the Hilbert-Schmidt
norm is unitarily invariant in the sense that |[UAV||% = [|A||% for all unitary matri-
ces U,V € M,(C) (see [6, p. 341-342]). The spectrum of A and B are denoted by
Sp(A) = {A1, A2, -+, An} and Sp(B) = {vi,Va,--+, Vs }, respectively. The Schur prod-
uct (Hadamard product) of two matrices A,B € M,(C) is the entrywise product and
denoted by Ao B.

Hirzallah and Kittaneh [7] and Kittaneh and Manasrah [12] had showed that if
A,B,X € M,(C) with positive semidefinite matrices A and B, then

_ 2
P ||AX — XB||p < ||[(1—v)AX +vXB|; — ||[A""XB"|| . <R*|AX - XB|;, (32)

where v € [0,1], r = min{v,1 — v} and R = max{v,1 —v}.
Applying Corollary 1 and 2, we derive two theorems which improve (32).

THEOREM 5. Suppose A,B,X € M,(C) such that A and B are two positive defi-
nite matrices. Let

g:min{K((/li/vjﬁ 2)ij = l2n}
MIfo<v< %,then
(1 —v)AX +vXB||% —v*|[AX — XB|[7
L (33)
1 1 7 1—v v 2
>r1HA2XB2—AXHF+K1HA XB'||.,
(1) if 3 <v <1, then
(1= v)AX +vXB||% — (1—v)?||AX — XB||%
2 . (34)
1 1 7 1—v v 2
ZrIHAZXBZ—XBHF—I—KIHA XB'||;.,

where r =min{v,1 —v}, r = min{2r,1 —2r} and #; = min{2r;,1 —2r}.
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Proof. Since A and B are positive definite, it follows by the spectral theorem that
there exist unitary matrices U,V € M,(C) such that

A=UAU*B=VAV*,

where Al = diag(z’laA‘Za e 72'71)’ A2 = diag(vl7v27 e
Let Y =U*XV = [y;;] € M,(C), then

,Vn), 2,,‘,\/,'>0, i:1,2,~~~,n

(1-v)AX +vXB=U((1—v)A1Y + Y A)V*
=U[((1=v)Ai+vvj)oY]V",
AX —XB=U[(X—v;)oY]V*,
ATXB? — AX = U[((Av;)? — ;) o Y]V*,
AZXB? —XB=U[((Av;)? — v;) o Y]V*

and
AXBY =U[(A} V) oY]V*.

Ifo<v< % , utilizing the inequality (17) and the unitary invariance of the Hilbert-
Schmidt norm, we have

(1 = v)AX +vXB|[7 —v*|AX — X B||7

n
(L= A+ lyisP = v Y (A= v;) vl
ij=1

(=) A+ vv) 2 il = v (A — v)) i

—

—

I
M= TM= TPM=

> |:}"1((A,i\/j)%—Ai)zyij|2+K<(ki/vj)£72> (xl 'v V) ‘ylj|
ij=1
>n 3 ()t =22 PR S (V) P
i,j=1 b=l

—n ‘A%XB%—AXH2 +K A B
F

Similarly, if % < v < 1, using the inequality (18), we can derive (34). U

THEOREM 6. Suppose A,B,X € M,(C) such that A and B are two positive defi-
nite matrices. Let

g:min{ K((Ai/v})? 2),i,) = 12n}
(HIFo<v<yt,

(1 —v)AX +vXB||%2 — (1 —v)?||AX — XB|/>

R 35
<K |JAxB|; 4

Lopl 2
I —ri||atxst —xs| .

-
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(I0) if § <v <1, then
(1= v)AX +vXB||% —V?||AX — XB||%
P 2 11 2 (36)
<K A XB - ||adxst —ax]|

where r =min{v,1 —v}, r; = min{2r,1 — 2r} and #; = min{2r;,1 —2r}.

Proof. By using the same ideas as in the prove of Theorem 5 and Corollary 2, we
can obtain the required results. []

REMARK 4. If 0 <v < %, combining (33) and (35) with (32), we obtain
o< arxe|2
<2 |AX — XB| %+ || A X B[}
<2 |AX — XB|2 + K" A XBY
2 2 iypi 2 Al Al=vy ] |2
< IAX = XBI} + |3 X} — ax|| +K [a4'xB
<||(1 = v)AX +vXB| 7

2 2 ! ! 2 —F 1-v v||2
<(1—v)?*||AX —XB||z —r ||A2XB? —XB LK |A"x B,

N

( _
(1—v)[AX —XB|2 +K 7 |4~ XxB"||;
<(1—v)?[|AX —XB|2 + A" 'xB"| 7.,
if % < v < 1, combining (34) and (36) with (32), we can obtain similar results,
o<[latxp
<(1—v?[AX —XB|2+ A" xB|
<(1—v)?|AX —XB|2 +K't |4 XB|[>
<(1—v)?||AX — XB|2 +ry HA%XB% —XBH; +K A xB |}
<J|(1=v)AX +vXB|%

2 2 11 2 P 2
<2 AX ~XBIE — n [Ja3xB} - ax | + K7 [alxB
F

< AX — XB|2 +K 7 |[A'x B
<P AX —XBI}+ A" xB

which are improvements of HAl‘VXB"H}zE < |I(1 = v)AX +vXB|7 (see [2, 8]).
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reading of the manuscript and useful comments.
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