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WEIGHTED NORM INEQUALITIES FOR TOEPLITZ
TYPE OPERATOR ASSOCIATED TO SINGULAR
INTEGRAL OPERATOR WITH NON-SMOOTH KERNEL

YUE HU AND YUESHAN WANG

(Communicated by J. Pecaric)

Abstract. Let T®! be singular integrals with non-smooth kernels, which are associated with
an approximation to the identity or &I (the identity operator), T%? and T** are the linear
operators, T%3 = +1. Denote the Toeplitz type operator by

m
Ty = 3, (T"' MplaT*? + T 1aM, TH),
k=1

where M, f(x) = b(x)f(x), and I is the fractional integral operator. In this paper, we establish
the sharp maximal function estimates for 7, when b belongs to weighted Lipschitz function
space. As an application, the boundedness of the operator on weighted Lebesgue space is ob-
tained.

1. Introduction and results

As the development of the singular integral operators, their commutators have been
well studied [1, 2, 3]. In [1], the authors proved that the commutators [b,T], which
were generated by Calderén-Zygmund singular integral operators and BMO functions,
are bounded on LP(R") for 1 < p < o. Chanillo (see [4]) obtained a similar result when
Calder6n-Zygmund singular integral operators were replaced by the fractional integral
operators. Recently, some Toeplitz type operators associated to the singular integral
operators are introduced, and the boundedness for the operators generated by singular
integral operators and BMO functions and Lipschitz functions are obtained (see [5, 6]).
In [7, 8], some singular integral operators with non-smooth kernel are introduced, and
the boundedness for the operators and their commutators are obtained [9, 10].

DEFINITION 1.1. A family of operators A;, # > 0 is said to be an approximation
to the identity if, for every + > 0, A, can be represented by a kernel « (x,y) in the
following sense:

ANE) = [ alefo)dy (L.1)
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forevery f € LP(R") with p > 1, and (x,y) satisfies
Jar (e, )| < (o, y) = et Ps(|x =y /1), (1.2)
where s is a positive, bounded, and decreasing function satisfying

lim 7"*€5(r2) =0 (1.3)

r—so0
for some € > 0.

The sharp maximal function Mj associated with the approximation to the identity
{A;,t > 0} is defined by

MAG) =sup o [ 1700 = Ay (1)), (14

where tp = r% and rg denotes the radius of B.

DEFINITION 1.2. A linear operator T is called a singular integral operator with
non-smooth kernel if 7 is bounded on L?(R") and associated with a kernel K(x,y)
such that

= [ KGxnf )y (15)

for every continuous function f with compact support, and for almost all x not in the
support of f.

(1) There exists an approximation to the identity {B;,7 > 0} such that T'B; has the
associated kernel &, (x,y) and there exist c¢1,c, > 0 so that

/\ o KO kxS ez forally € R (1.6)
X—y|>c1

(2) There exists an approximation to the identity A;, # > 0 such that A;T has the
associated kernel K; (x,y) which satisfies

K, (x,3)| < eat ™% i |x—y| < c3t'/?, (1.7)
and
K (x,y) = Ki(x,y)] < eat®Plx—y[ "0 i [x—y| > c5t'/ (1.8)
for some 6 >0, c¢3, ¢4 > 0.

Let b be a locally integrable function on R". The Toeplitz type operator associated
to singular integral operator with non-smooth kernel and fractional integral operator I
is defined by

(T5 Mylo TR + T3 1M, T, (1.9)

M=

T, =

k=1



WEIGHTED NORM INEQUALITIES FOR TOEPLITZ TYPE OPERATOR 661

where T*! are the singular integral operator with non-smooth kernel T or I (the
identity operator), T%? and T** are the linear operators, T%3 =41, k=1,---,m.

Note that the commutators [b,1y](f) = bly(f) — Io(bf) are the particular opera-
tors of the Toeplitz type operator 7;. The Toeplitz type operator 7; is the non-trivial
generalization of these commutators.

It is well known that the commutators of fractional integral have been widely stud-
ied by many authors. Paluszyriski [11] showed that b € Lipg (homogeneous Lip-
schitz space) if and only if [b,I] is bounded from L” to L, where 0 < 8 < 1,
I<p<n/(e+P) and 1/g=1/p— (a+B)/n. When b belongs to the weighted
Lipschitz spaces Lipg ,,, Hu and Gu [12] proved that [b,I,] is bounded from L”(®) to
LY ('~ (1=9/m4) for 1 /qg=1/p—(a+B)/n with 1 < p <n/(c+ ). A similar result
obtained when I is replaced by the generalized fractional integral operator [13]. In
[14], by the sharp maximal function estimates for 7}, the author obtained the bounded-
ness of the operator on Lebesgue space when b belongs to Lipschitz space. Our work
is motivated by these papers. In this paper, we establish the sharp maximal function
estimates for the Toeplitz type operator associated to singular integral operator with
non-smooth kernel, fractional integral operator and weighted Lipschitz spaces. As an
application, the boundedness of the operator on weighted Lebesgue space is obtained.
The main results are as follows.

THEOREM 1.1. Suppose T is a singular integral operator with non-smooth ker-
nel. Let b € Lipg, (0<B <1), 1/g=1/ro—B/n, 1/ro=1/p—o/n, and u =
/P € A1 If Ti(f) =0 forany f € LP(w) (1 < p <n/(a+ B)), then there exists a
constant C > 0 such that, forany 1 <r < p and x € R",

M (Ty(f)) ()
<N ipg o @) P My (1T ) ()

- ClBlLipg o (@)~ M1 0, (T4 1) (@) + 0() P/ "M g (TH4(1)) () )

THEOREM 1.2. Suppose T is a singular integral operator with non-smooth ker-
nel. Let ®"/P € Ay, b€ Lipg, (0<B <1)and 1/q=1/p—(a+B)/n. If Tiy(f) =0
forany feLP() (1 <p<n/(a+B)), TH* and T** are the bounded operators on
LP(®), k=1,---,m, then there exists a constant C > 0 such that,

1T ()l a1 -0-amay < ClIbI|Lipg o |1 f 1|20 (@)-

2. Some preliminaries

A weight o is a nonnegative, locally integrable function on R". Let B = B(xo, )
denote the ball with the center x¢ and radius r. For a given weight function @ and a
measurable set E, we also denote the Lebesgue measure of E by |E| and set weighted
measure ®(E) = [; o(x)dx. For any given weight function @ on R", 0 < p < oo,
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denote by L?(w) the space of all function f satisfying

1fllze () = (/R" |f(x)pa)(x)dx) v < oo,

A weight o is said to belong to the Muckenhoupt class A, for 1 < p < eo, if there
exists a constant C such that

(ﬁ/Bw(x)dx) (ﬁ/}gw(x)_ﬁdx)p_l <c @.1)

for every ball B C R". The class A is defined by replacing the above inequality with

B /a) <C- ess%nfw( X) (2.2)

for every ball B C R".

The classical A, weight theory was first introduced by Muckenhoupt in the study
of weighted L?-boundedness of Hardy-Littlewood maximal function in [15]. We also
need another weight class A, , introduced by Muckenhoupt and Wheeden in [16]. Let
p’ be the dual of p such that 1/p+1/p’ = 1. A weight function @ belongsto A, for
1 < p < g < oo, if for every ball B in R", there exists a positive constant C which is
independent of B such that

1 , 1/p 1 1/q
- q
(B /Ba)(y) dy> <|B| /Bw(y) dy) <cC. (2.3)

From the definition of ® € A), 4, we can get that
[ORS Ap7qa iff 07 € A1+q/p" 2.4)

LEMMA 2.1. (see [15]) Suppose @ € A;. Then

(i) there exists a € > 0 such that

L e 1/(1+¢)
(B/Ba)(x) dx) |B|/ X; (2.5)

(ii) there exist two constant Cy and C,, such that

C10(B) < |Blinfo(x) < Ca(B). 2.6)
xXEB

Let us recall the definition of weighted Lipschitz function space.

DEFINITION 2.1. For 1 < p <o, 0< 3 <1, and ® € A... A locally integrable
function b is said to be in the weighted Lipschitz functlon space if

1/p

P I=p oo
Slépw ﬁ/n[ /\ —bplPo(x) Pdx < C < oo, 2.7

where bg = |B|! [;b(y)dy, and the supremum is taken over all balls B C R".
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The Banach space of such functions modulo constants is denoted by Lipg ,(®).
The smallest bound C satisfying conditions above is then taken to be the norm of b
denoted by HbHsz . Put Lipg , = Lipg ;(@). Obviously, for the case @ = 1, the

LlpﬁAp( ) space is the cla551cal Lipg space. Let ® € A; . Garcia-Cuervain [17] proved
that the spaces Lipg ,(®) coincide, and the norms |[[b|| Lipy () A€ equivalent with

respect to different values of p provided that 1 < p < e. Since we always discuss
under the assumption @ € Ay in the following, then we denote the norm of Lipg ,(®)
by || - ||LiP,B‘w for 1 < p < oo

Now we shall introduce the Hardy-Littlewood maximal operator and several vari-
ants.

DEFINITION 2.2. The Hardy-Littlewood maximal operator M is defined by

M) = sup o [ 17l

xeB

For 0 < a < n, the maximal fractional function My, (f) is defined by

MalF)(3) = sup = [ 7)1

For 0 < B <n, and r > 1, we define the fractional weighted maximal operator Mg .,
by

1/r
My, 10) =30 (o [ 17000 )

xeB

where the supremum is taken over all ball B containing x.

DEFINITION 2.3. For 0 < o < n, the fractional integral operator I is defined by

L@ = [, 0

n ey
LEMMA 2.2. (see [16]) Let O< o <n, 1/q=1/p—oa/nand o € Ap 4. Then

o (F)lLa@e) < CllfllLr(or), and [IMa(f)(00) < Cllfllr@r)- (2:8)

LEMMA 2.3. Let 1y be fractional integral operator, and let E be a measurable
set in R". Then for any f € L'(R"), there exists a constant C such that

[ et ()1 < I £l B 29)



664 Y. HU AND Y. WANG

Proof. Since

{x€E:|laf(x)] > A}
< {xeR:|laf(x)] > A}

Il )"
< N WL
< C( 2 )

we have

Jlafldx= [ {xe E: ltas()] > A} A
E 0
oo N\ ()
g/o min{c(f/{'L> ,\E\}d}t

Clfll, 1 |E1%/m=1 = n/(n—a)
< / Ll \E\dl—i—/ (”le) da
0 Cllflp|Efm=1 \ A

<CIflp|E[*". D

We also need the following conclusions about the sharp maximal function Mj
associated with the approximation to the identity {A;,r > 0} .

LEMMA 2.4. [8] Let {A;,t > 0} be an approximation to the identity. Thus, for
any 1 < p <eo, feLP(w), and @ € A,, we have

IM()lr(w) < CIMEF o (0)- (2.10)

LEMMA 2.5. [18] Ler {A;,t > 0} be an approximation to the identity, I be
fractional integral, and K (x,y) be the kernel of difference operator Iy — Aly. Then

- t
Ko (x,9)] <C|x_y|m~ (2.11)
The following lemma play a key role in the proof of Theorem 1.1.
LEMMA 2.6. Let 0 < a <n, and let 0 < 3 < 1. Suppose b € Lipg o, 1/q=
1/ro—B/n, 1/ro=1/p—o/n, and = &'/? € Ay. Then there exist a sufficiently

large number s and a constant C > 0 such that, for every f € LP(®) with 1 <r <
p <njo, we have

1 . A
(137,060 = 0o LT ) < bl 0007y, (1)), 212

where 1/s+1/s' = 1.
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Proof. Let ro=r/s', 3 =¢/(s—1) and 1/ri+1/r,+1/r3 = 1, where € is
the constant in (2.5). Choosing a sufficiently large number s such that 1 < s < r(1+
€)/(r+¢€), then ry, ra, r3 > 1. By Holder’s inequality, we have

y 1/s'
(5 ;o0 —oal 00 )

1/s
= 81 60— bt 000 70 000 S )

, , S\
<l ( [ 1) —bal o0 ax )
B

, 1(rss) , (rss)
x ( / ()] (u(x)dx) ( / a)(x)1+’3(5_1)dx> .
B B

Since y = ©'°/? € Ay, then

xeB

(iggco(x))r()/p 1a)(B) <uB)<C (infw(x))m/p 1a)(B). (2.13)

By b € Lipg , and (2.5), we have

, 1/s
<B|/b bB|S ‘f )|S dx)

< CIbl|Lipg 1B~ o (B)P /115

% (/B|f(x)rw(x)dx)l/r (/Bw(x)lﬂdx)l/(m,)

148 /n 1/r
< Clluiy, 2 (i o0

B)+B/n 1 1/r
< Clluiy, 200 (s [ R ax)

But
B/n

—afry/n? org/n
o(B)P/" = <m£w ) /a) (1n£co ) dx
Xe xXe

—apro/n?
<C (inf a)(x)) w(B)P/m. (2.14)

xeB
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Since 1/qg=1/ro— B/n, we have 1 — aBry/n’> > 0. Then

y 1/s
(151 ;100 - at 170 a)

) 1—afro/n
< Clbluiy, (o) M08

—apry/n?
< ClblLipy , @)~ P M L (F)(x). O

3. Proof of Theorems

Proof of Theorem 1.1. Fix a ball B = B(xo,rg) and B > x. It suffices to prove for
f € Cy(R"), the following inequality holds:

37 o 0 = A ()6l

< cnbnupﬁ,wmxv 0aB /Mg (I TR ) (x)
- ClBlipg o, (@) = Moy 0, (T 1) )+ () TP Mg y (TH4(1)) () )

where 75 = r5. Without loss generality, we may assume T%! are T (k= 1,---,m). We
write, by Ti(f) =0,

() = i T My Lo T () () + i T3 1M T () ()
pas] k=1

= U (y) + () = Uy (Y) + Vo ()

where,

Uy (y) = ZTklM(b hZB)mBIaTk’z(f)(Y)JF 2Tk’lM(hszg)x(ZB)JaTm(f)(Y)
k=1 k=1

=Ui(y)+ Ua(y).

and

%)—bzg (y) = Z Tk’3IaM(b—b23)X23 Tk74 (f) (y) + Z Tk’3IaM(b—b23)l(23)c Tk.’4 (f) (y)
k=1 k=1

=Vi(y) + Va(y).
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Then
& / T(£)0) = A4y (T (1) )l dy
<75 / U, \dy+|B| L IVitlay
+@ [ )Gy + o [ 14 (V) 01y

+ 057 10200 = A U0+ 70 [ V20) =4 (V) )l

=M+ M+ Mz + Ms+ Ms + M.

We are going to estimate each term, respectively. Choosing a sufficiently large
number s, by Holder’s inequality, the boundedness of 7%! and Lemma 2.6, we have

1
18] T Mgyl T 20l

k2 S/ 1/
(B/ My 10l T (F) ()] dy)

L
C (E/R” M(b—bZB)XZBIaTk’z(f)(Y)Sld}’) /
< Y0 ipg o @) 0P My (1 TR ) (3).
Then
My < 3 g [T M eT2 )0
< CIbipg o, @(6) 0P My (1 TR ) (3).

By Lemma 2.3 and Holder’s inequality, we deduce that
&1
M < Y 1o [ ey, T 0l
k=1 B
< ¢ k4
<X e [ Mo i T )y
=1 |B| Rt

(B 1—o/n
< ClbllLipg oMo 1.0 (T4 ) () ( 1(3))

< Clllzing o @) =" Mo 0 (T 1) ().
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For Ms, by (1.2), we have hy,(y,z) < Ct;"/*s(220=1) for y € B, z € 2/7+1B\ 2/B.
Then, by (1.3) and the estimates for M;, we get

1
B / iy (T M0 1T (£)) )y
C
STl L 0T Mgy laT*2(1)2) dzdy
C —n
s 1B / /23 "B ‘Tk71]VI(”*th)JtzBI&Tk’2 (f)(2)|dzdy

2(j-1) Tk
+CZ’ s |B|//21+IB\2JB‘ Mp- sz)XzBIaT 2(f)(@)|dzdy

<5 / T IO
 Dn N |
+C22(1 I +8)5(22(", 1))2 e |2/+1B| 2,.HB|Tk71M(h—b23)XzBIO¢Tk72(f)(Z)|d2

J=1

! RN
¢ (E /Rn |M(b*h23)lzBIaTk72 (NI dZ)

= 1 y 1/s
+CY 27¢ (m/}en \M(hbeB)XZBIaTm(f)(Z)|' dZ)

j=1

<O+ Y 277) bl Lipg , @(x) 0P/ My, (1o TH2 ) (x)
=1

— I n2 N
< || ||Lipg , @(x)' 0B/ Mg (Lo TR2f) (x).

Thus
|
M < 3 1o [ 1A (T My a2 (1)) 0
k=1
< CJb]l1ipg o, @(6) 0P My, (1o TH2 ) (3).
Since T3 = +I, by the estimates in M,, we have
LA |
My < 3%t A (P aM iy 0, T )y
k=1
<3 [ AT My 0, T @)
& ‘B| BJRn
- C k4
<3 | My T2
k=1 |B| J28

iC i 3 2l Dime) (921 )y e
k=1j=1

1
27F1B] Joiip

|I°‘M(b*h23)7(23 T+ (f)(2)ldz
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m

C
s & [B]I=e/n / M0 T () (2) 2
=1

+C22 718|2/+IB|1 a/n/ M, (b— bZB)XZBT7 (f)(z)ldz

Jj=1
< Clbl|Lipg o @) =" My g o, (TH ) ().

For M5, by (1.8), we get,

|Tk’IM(hfbw);C(ZB)CIotTk’2 (H) _AIB(TkJM(b*th)%(zB)fI“Tkg(f))(y)‘

SC J 1y [PQ) = baplIK Gy =2) = Koy (y = LT (/) )2

S

r
b(z) — bop| —B |1, TK? Vd
/+13\2/B‘ @) 23|‘ ‘n+8‘ a (f)(2)ldz

s 1
<cye PTG 0~ ballaT () (2) 12
j=1

<CX2 a0
j_

1

T MRCC RN e ICTE

+c22-i5
j=1

= M5, 4-M52~
Note that
w21 BB/ < Cxeizrkllew(x)faﬁro/nzlu(szrlB)ﬁ/n
<C_inf () P p @it P
then

J
i =bul < 3 e 31 fany 110 bl

J w(2k+13)1+ﬁ/n

H HLlpﬁ‘wkgfl |2kB|

< C|bllLipg,, 2 inf o(x)o2 B)P"

cok+1lp

—afry/n? j n
< ClIbllLipg Z _inf (00" p(@Ip)P

j - T n2 / n
gCJ”b”LipB)ww(x)l aBro/n” 1y (21 B)B/".
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Thus

- 1
Ms; <C Y, 277 |byji1p—b —/ I, T (f)(2)ldz
51 ng |byisip 2B\|2JHB| 2/‘+13‘ oI () ()]

1aT*?(f)(2)|dz

. - n—j& 1—afry/n? J 13/"—
<CHbHszﬂﬁwj22112 o(x) n(2'B) [2/H1B| )i+

oo 1/r
. :n—JjO 1—afry/n? 1 / k2 r
<Clllug., 3,72 o)~ (7 fop T2 G0 )

—afry/n?
<C1Bllzing o @)~ P My (1T () ).

Similar to the proof of Lemma 2.6, we have

w(2j+lB)l+[3/n 1 2 . 1/r
15— (@@ E) fyy T D@ 0z

< Co(x)' Py (TR (1)) ().

Then, by Holder’s inequality,

= 1
M52<C22 16‘21413‘ /2jHB|b(Z)—bz.f+lBHIoch’2(f)(Z)|dZ
j=1

- 1
: l J J
<329 (g [, O byl 00 i)

= ‘2]+1B‘ 2/+1B

1 . 1/r
: (W 2j+1B|IaTk’2(f)(Z)I w(z)dz)

oo O 1/r
< Clbllzipy,, 3,277
j=1

i+1p\1+p/n 1
(2|J2f+Bl)B| (w(2]’+1B) /WB|IaT"’2(f)(z)|’w(z)dz)

<CHbHLipB)w(D()C)liroaﬁ/nle; I Tk 22 jo

< N0 ipg o, 0 (6) 0P My (16T .
Hence,
Ms < Clbling @007 (My 0 (T (1)) () 4 Mt (1))
Since TX3 = +1I, by Lemma 2.5, we get
|Tk"3M (b—baw)x(28) JoTH () () —Ats(Tk’3M(b—b23)x(23)c1aTk"4 ()

<C [P0 = baall (v = NI )z
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2
r
< B Tk’4
2 //+1B\2]B b23| ‘Z_XO‘n-&-Z—a ‘ (f)(Z)|dZ
27— _ Thd
Czl |zz+13|1—— [, 160 = bl T4 2)

1

=21y s k4
<CY 2 Yy Dl g fyony T )

j=1
o ' 1
-2j . kA
Y T L C R R L I
= Me1 + Mep.
Since
! k+1p\B/
. _ < . i n
|byjig bzg\\C||b||Llpﬁ>w]Cglxérkllem(x)w(z B)
B/n
<Cij,-pﬁwa)(x)< inf a)(x)) |2/+1g|B/n
' xe2/+1B
< CijHLipﬁ‘ww(x)l+ﬁ/n|2j+lB|ﬁ/n,
we get
- 1 k4
Me1 < CZZ Tbyjerp— sz‘m/le‘T (f)(2)ldz

j=1

. |
<CHbHLipﬁ#ww(X)”ﬁ/"Zﬂ ?
j:

< CHbHLipﬁ‘ww(x)H-ﬁ/nM Tk4 2]2—2j
< CHbHupﬁ‘ww(X)”ﬁ/"MaHa(T"’4(f))(X)~
By Holder’s inequality,

1

M < C 32 s [, PO sl TRz

J=1

> 1 , 1
—2j _ . 7 1—-7
<C 2 2 |2/ +1B[1-a/n </2!’+IB b(2) = byjrigl” @(2) dZ)

J=1

([ o)

/ k.4
m L e

671
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SR CO(Z’JHB) l—a/n
< Clluig, 3,277 (e
P, j; |2/+IB|

! k2 Ir
) (w(Zj“B)l—(Mﬁ)r/n /sz‘T ’ (f)(Z)|rw(z)dz)
< CHbHLipﬁ"ww(x)l_a/nMa+ﬁ,w,r(Tk’4(f))(X).

Then
Mo < Clb|Lipy o ()"~ (Mot 0 (T () () + Mo .01 (TH() ().

Combining the above estimates for M| — Mg, the proof of Theorem 1.1 is fin-
ished. O

Proof of Theorem 1.2. Let 1/qg=1/ro—B/n, and 1/ro=1/p— o/n. Then

(1—aBro/n*)q+1~(1—a/n)g=ro/p,

and
(L+B/n)g+1—(1—a/n)g=q/p.

Since w?/P € Ay, we have = 0'0/P € A;, and @ €A;. By (2.4) we have o'/? € A, .
Thus, by Lemma 2.4, Theorem 1.1 and Lemma 2.2, we have

1T () a(o1-1-amay
< CUMATy (P gt -arma

- T n2 s
< Clblip o (|01 =507 My 1T

Lq(wlf(lfa/n)q)

|0 My g, (TR )

+ o) P g (754 (1))

Li(w!~(1-a/n)q)

L4(w!~(1-a/n)q) )
k4
< Clpluing o ([M5,0.1eT*41)

L)

+ ||Moc+/3,w,r(Tk’4f) HLq(a)) + ||Ma+/3(Tk’4(f)) HLp(a)q/p)>
< Clblng o (1T Flly + 170 )
< C||b||LiP/3,wa||LP(a))~ U
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