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Abstract. Let T k,1 be singular integrals with non-smooth kernels, which are associated with
an approximation to the identity or ±I (the identity operator), T k,2 and T k,4 are the linear
operators, T k,3 = ±I . Denote the Toeplitz type operator by

Tb =
m

∑
k=1

(Tk,1MbIα Tk,2 +Tk,3Iα MbT
k,4),

where Mb f (x) = b(x) f (x), and Iα is the fractional integral operator. In this paper, we establish
the sharp maximal function estimates for Tb when b belongs to weighted Lipschitz function
space. As an application, the boundedness of the operator on weighted Lebesgue space is ob-
tained.

1. Introduction and results

As the development of the singular integral operators, their commutators have been
well studied [1, 2, 3]. In [1], the authors proved that the commutators [b,T ] , which
were generated by Calderón-Zygmund singular integral operators and BMO functions,
are bounded on Lp(Rn) for 1 < p < ∞. Chanillo (see [4]) obtained a similar result when
Calderón-Zygmund singular integral operators were replaced by the fractional integral
operators. Recently, some Toeplitz type operators associated to the singular integral
operators are introduced, and the boundedness for the operators generated by singular
integral operators and BMO functions and Lipschitz functions are obtained (see [5, 6]).
In [7, 8], some singular integral operators with non-smooth kernel are introduced, and
the boundedness for the operators and their commutators are obtained [9, 10].

DEFINITION 1.1. A family of operators At , t > 0 is said to be an approximation
to the identity if, for every t > 0, At can be represented by a kernel at(x,y) in the
following sense:

At( f )(x) =
∫

Rn
at(x,y) f (y)dy (1.1)
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for every f ∈ Lp(Rn) with p � 1, and at(x,y) satisfies

|at(x,y)| � ht(x,y) = ct−n/2s(|x− y|2/t), (1.2)

where s is a positive, bounded, and decreasing function satisfying

lim
r→∞

rn+εs(r2) = 0 (1.3)

for some ε > 0.

The sharp maximal function M�
A associated with the approximation to the identity

{At ,t > 0} is defined by

M�
A( f )(x) = sup

x∈B

1
|B|
∫

B
| f (y)−AtB( f )(y)|dy, (1.4)

where tB = r2
B and rB denotes the radius of B.

DEFINITION 1.2. A linear operator T is called a singular integral operator with
non-smooth kernel if T is bounded on L2(Rn) and associated with a kernel K(x,y)
such that

T ( f )(x) =
∫

Rn
K(x,y) f (y)dy (1.5)

for every continuous function f with compact support, and for almost all x not in the
support of f .

(1) There exists an approximation to the identity {Bt , t > 0} such that TBt has the
associated kernel kt(x,y) and there exist c1,c2 > 0 so that∫

|x−y|>c1t1/2
|K(x,y)− kt(x,y)| � c2 for all y ∈ R

n. (1.6)

(2) There exists an approximation to the identity At , t > 0 such that AtT has the
associated kernel Kt (x,y) which satisfies

|Kt(x,y)| � c4t
−n/2 if |x− y|< c3t

1/2, (1.7)

and

|K(x,y)−Kt(x,y)| � c4t
δ/2|x− y|−n−δ if |x− y|� c3t

1/2, (1.8)

for some δ > 0, c3 , c4 > 0.

Let b be a locally integrable function on R
n. The Toeplitz type operator associated

to singular integral operator with non-smooth kernel and fractional integral operator Iα
is defined by

Tb =
m

∑
k=1

(Tk,1MbIαTk,2 +Tk,3IαMbT
k,4), (1.9)
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where Tk,1 are the singular integral operator with non-smooth kernel T or ±I (the
identity operator), Tk,2 and Tk,4 are the linear operators, Tk,3 = ±I , k = 1, · · ·,m.

Note that the commutators [b, Iα ]( f ) = bIα( f )− Iα(b f ) are the particular opera-
tors of the Toeplitz type operator Tb. The Toeplitz type operator Tb is the non-trivial
generalization of these commutators.

It is well known that the commutators of fractional integral have been widely stud-
ied by many authors. Paluszyński [11] showed that b ∈ Lipβ (homogeneous Lip-
schitz space) if and only if [b, Iα ] is bounded from Lp to Lq, where 0 < β < 1,
1 < p < n/(α + β) and 1/q = 1/p− (α + β)/n. When b belongs to the weighted
Lipschitz spaces Lipβ ,ω , Hu and Gu [12] proved that [b, Iα ] is bounded from Lp(ω) to
Lq(ω1−(1−α/n)q) for 1/q = 1/p−(α +β )/n with 1 < p < n/(α +β ). A similar result
obtained when Iα is replaced by the generalized fractional integral operator [13]. In
[14], by the sharp maximal function estimates for Tb, the author obtained the bounded-
ness of the operator on Lebesgue space when b belongs to Lipschitz space. Our work
is motivated by these papers. In this paper, we establish the sharp maximal function
estimates for the Toeplitz type operator associated to singular integral operator with
non-smooth kernel, fractional integral operator and weighted Lipschitz spaces. As an
application, the boundedness of the operator on weighted Lebesgue space is obtained.
The main results are as follows.

THEOREM 1.1. Suppose T is a singular integral operator with non-smooth ker-
nel. Let b ∈ Lipβ ,ω (0 < β < 1) , 1/q = 1/r0 −β/n, 1/r0 = 1/p−α/n, and μ =
ωr0/p ∈ A1. If T1( f ) = 0 for any f ∈ Lp(ω) (1 < p < n/(α + β )), then there exists a
constant C > 0 such that, for any 1 < r < p and x ∈ R

n,

M�
A(Tb( f ))(x)

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2 f )(x)

+C‖b‖Lipβ ,ω

(
ω(x)1−α/nMα+β ,ω,r(T

k,4 f )(x)+ ω(x)1+β/nMα+β (Tk,4( f ))(x)
)

.

THEOREM 1.2. Suppose T is a singular integral operator with non-smooth ker-
nel. Let ωq/p ∈ A1 , b∈ Lipβ ,ω (0 < β < 1) and 1/q = 1/p−(α +β )/n. If T1( f ) = 0
for any f ∈ Lp(ω) (1 < p < n/(α +β )), Tk,2 and T k,4 are the bounded operators on
Lp(ω) , k = 1, · · ·,m, then there exists a constant C > 0 such that,

‖Tb( f )‖Lq(ω1−(1−α/n)q) � C‖b‖Lipβ ,ω‖ f‖Lp(ω).

2. Some preliminaries

A weight ω is a nonnegative, locally integrable function on Rn. Let B = B(x0,r)
denote the ball with the center x0 and radius r . For a given weight function ω and a
measurable set E , we also denote the Lebesgue measure of E by |E| and set weighted
measure ω(E) =

∫
E ω(x)dx. For any given weight function ω on R

n, 0 < p < ∞,
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denote by Lp(ω) the space of all function f satisfying

‖ f‖Lp(ω) =
(∫

Rn
| f (x)|pω(x)dx

)1/p

< ∞.

A weight ω is said to belong to the Muckenhoupt class Ap for 1 < p < ∞, if there
exists a constant C such that(

1
|B|
∫

B
ω(x)dx

)(
1
|B|
∫

B
ω(x)−

1
p−1 dx

)p−1

� C (2.1)

for every ball B ⊂ R
n . The class A1 is defined by replacing the above inequality with

1
|B|
∫

B
ω(y)dy � C · ess inf

x∈B
w(x) (2.2)

for every ball B ⊂ R
n .

The classical Ap weight theory was first introduced by Muckenhoupt in the study
of weighted Lp -boundedness of Hardy-Littlewood maximal function in [15]. We also
need another weight class Ap,q introduced by Muckenhoupt and Wheeden in [16]. Let
p′ be the dual of p such that 1/p+1/p′ = 1. A weight function ω belongs to Ap,q for
1 < p < q < ∞, if for every ball B in R

n, there exists a positive constant C which is
independent of B such that(

1
|B|
∫

B
ω(y)−p′dy

)1/p′( 1
|B|
∫

B
ω(y)qdy

)1/q

� C. (2.3)

From the definition of ω ∈ Ap,q, we can get that

ω ∈ Ap,q, iff ωq ∈ A1+q/p′. (2.4)

LEMMA 2.1. (see [15]) Suppose ω ∈ A1. Then

(i) there exists a ε > 0 such that(
1
|B|
∫

B
ω(x)1+εdx

)1/(1+ε)

� C
|B|
∫

B
ω(x)dx; (2.5)

(ii) there exist two constant C1 and C2, such that

C1ω(B) � |B| inf
x∈B

ω(x) � C2ω(B). (2.6)

Let us recall the definition of weighted Lipschitz function space.

DEFINITION 2.1. For 1 � p < ∞ , 0 < β < 1, and ω ∈ A∞. A locally integrable
function b is said to be in the weighted Lipschitz function space if

sup
B

1

ω(B)β/n

[
1

ω(B)

∫
B
|b(x)−bB|pω(x)1−pdx

]1/p

� C < ∞, (2.7)

where bB = |B|−1 ∫
B b(y)dy, and the supremum is taken over all balls B ⊂ R

n.
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The Banach space of such functions modulo constants is denoted by Lipβ ,p(ω).
The smallest bound C satisfying conditions above is then taken to be the norm of b
denoted by ‖b‖Lipβ ,p

(ω). Put Lipβ ,ω = Lipβ ,1(ω). Obviously, for the case ω = 1, the

Lipβ ,p
(ω) space is the classical Lipβ space. Let ω ∈ A1 . Garcı́a-Cuerva in [17] proved

that the spaces Lipβ ,p(ω) coincide, and the norms ‖b‖Lipβ ,p
(ω) are equivalent with

respect to different values of p provided that 1 � p < ∞. Since we always discuss
under the assumption ω ∈ A1 in the following, then we denote the norm of Lipβ ,p(ω)
by ‖ · ‖Lipβ ,ω for 1 � p < ∞.

Now we shall introduce the Hardy-Littlewood maximal operator and several vari-
ants.

DEFINITION 2.2. The Hardy-Littlewood maximal operator M is defined by

M( f )(x) = sup
x∈B

1
|B|
∫

B
| f (y)|dy.

For 0 < α < n , the maximal fractional function Mα( f ) is defined by

Mα ( f )(x) = sup
x∈B

1

|B|1−α/n

∫
B
| f (y)|dy.

For 0 < β < n, and r � 1, we define the fractional weighted maximal operator Mβ ,r,ω
by

Mβ ,ω,r( f )(x) = sup
x∈B

(
1

ω(B)1−rβ/n

∫
B
| f (y)|rω(y)dy

)1/r

,

where the supremum is taken over all ball B containing x.

DEFINITION 2.3. For 0 < α < n, the fractional integral operator Iα is defined by

Iα( f )(x) =
∫

Rn

f (y)
|x− y|n−α dy.

LEMMA 2.2. (see [16]) Let 0 < α < n, 1/q = 1/p−α/n and ω ∈ Ap.q. Then

‖Iα( f )‖Lq(ωq) � C‖ f‖Lp(ω p), and ‖Mα( f )‖Lq(ωq) � C‖ f‖Lp(ω p). (2.8)

LEMMA 2.3. Let Iα be fractional integral operator, and let E be a measurable
set in R

n. Then for any f ∈ L1(Rn), there exists a constant C such that

∫
E
|Iα f (x)|dx � C‖ f‖L1 |E|α/n. (2.9)
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Proof. Since

|{x ∈ E : |Iα f (x)| > λ}|
� |{x ∈ Rn : |Iα f (x)| > λ}|

� C

(‖ f‖L1

λ

)n/(n−α)

,

we have∫
E
|Iα f (x)|dx =

∫ ∞

0
|{x ∈ E : |Iα f (x)| > λ}|dλ

�
∫ ∞

0
min

{
C
(‖ f‖L1

λ

)n/(n−α)

, |E|
}

dλ

�
∫ C‖ f‖L1 |E|α/n−1

0
|E|dλ +

∫ ∞

C‖ f‖L1 |E|α/n−1

(‖ f‖L1

λ

)n/(n−α)

dλ

� C‖ f‖L1 |E|α/n. �

We also need the following conclusions about the sharp maximal function M�
A

associated with the approximation to the identity {At ,t > 0} .

LEMMA 2.4. [8] Let {At ,t > 0} be an approximation to the identity. Thus, for
any 1 < p < ∞ , f ∈ Lp(ω), and ω ∈ Ap, we have

‖M( f )‖Lp(ω) � C‖M�
A f‖Lp(ω). (2.10)

LEMMA 2.5. [18] Let {At ,t > 0} be an approximation to the identity, Iα be
fractional integral, and K̃α ,t(x,y) be the kernel of difference operator Iα −AtIα . Then

|K̃α ,t(x,y)| � C
t

|x− y|n+2−α . (2.11)

The following lemma play a key role in the proof of Theorem 1.1.

LEMMA 2.6. Let 0 < α < n, and let 0 < β < 1. Suppose b ∈ Lipβ ,ω , 1/q =
1/r0 −β/n, 1/r0 = 1/p−α/n, and μ = ωr0/p ∈ A1. Then there exist a sufficiently
large number s and a constant C > 0 such that, for every f ∈ Lp(ω) with 1 < r <
p < n/α, we have

(
1
|B|
∫

B
|b(x)−bB|s′ | f (x)|s′dx

)1/s′

� C‖b‖Lipβ ,ω ω(x)1−αβ r0/n2
Mβ ,μ,r( f )(x), (2.12)

where 1/s+1/s′ = 1.
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Proof. Let r2 = r/s′ , r3 = ε/(s′ −1) and 1/r1 + 1/r2 + 1/r3 = 1, where ε is
the constant in (2.5). Choosing a sufficiently large number s such that 1 < s′ < r(1+
ε)/(r+ ε), then r1 , r2 , r3 > 1. By Hölder’s inequality, we have

(
1
|B|
∫

B
|b(x)−bB|s′ | f (x)|s′dx

)1/s′

= |B|−1/s′
(∫

B
|b(x)−bB|s′ω(x)1/r1−s′ | f (x)|s′ω(x)

1
r2 ω(x)s′−1/r1−1/r2dx

)1/s′

� C|B|−1/s′
(∫

B
|b(x)−bB|r1s′ω(x)1−r1s

′
dx

)1/(r1s′)

×
(∫

B
| f (x)|r2s′ω(x)dx

)1/(r2s′)(∫
B

ω(x)1+r3(s′−1)dx

)1/(r3s′)
.

Since μ = ωr0/p ∈ A1, then

(
inf
x∈B

ω(x)
)r0/p−1

ω(B) � μ(B) � C

(
inf
x∈B

ω(x)
)r0/p−1

ω(B). (2.13)

By b ∈ Lipβ ,ω , and (2.5), we have

(
1
|B|
∫

B
|b(x)−bB|s′ | f (x)|s′dx

)1/s′

� C‖b‖Lipβ ,ω |B|−1/s′ω(B)β/n+1/(r1s′)

×
(∫

B
| f (x)|rω(x)dx

)1/r(∫
B

ω(x)1+εdx

)1/(r3s′)

� C‖b‖Lipβ ,ω

ω(B)1+β/n

|B|
(

1
ω(B)

∫
B
| f (x)|rω(x)dx

)1/r

� C‖b‖Lipβ ,ω

ω(B)1+β/n

|B|
(

1
μ(B)

∫
B
| f (x)|rμ(x)dx

)1/r

.

But

ω(B)β/n =
(

inf
x∈B

ω(x)
)−αβ r0/n2(∫

B
ω(x)

(
inf
x∈B

ω(x)
)αr0/n

dx

)β/n

� C

(
inf
x∈B

ω(x)
)−αβ r0/n2

μ(B)β/n. (2.14)
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Since 1/q = 1/r0−β/n, we have 1−αβ r0/n2 > 0. Then

(
1
|B|
∫

B
|b(y)−bB|s′ | f (y)|s′dy

)1/s′

� C‖b‖Lipβ ,ω

(
inf
x∈B

ω(x)
)1−αβ r0/n2

Mβ ,μ,r( f )(x)

� C‖b‖Lipβ ,ω ω(x)1−αβ r0/n2
Mβ ,μ,r( f )(x). �

3. Proof of Theorems

Proof of Theorem 1.1. Fix a ball B = B(x0,rB) and B � x. It suffices to prove for
f ∈C∞

0 (Rn), the following inequality holds:

1
|B|
∫

B
|Tb( f )(y)−AtB(Tb( f )(y))|dy

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2 f )(x)

+C‖b‖Lipβ ,ω

(
ω(x)1−α/nMα+β ,ω,r(T

k,4 f )(x)+ ω(x)1+β/nMα+β (Tk,4( f ))(x)
)

,

where tB = r2
B. Without loss generality, we may assume Tk,1 are T (k = 1, · · ·,m). We

write, by T1( f ) = 0,

Tb( f )(y) =
m

∑
k=1

Tk,1MbIαTk,2( f )(y)+
m

∑
k=1

Tk,3IαMbT
k,2( f )(y)

= Ub(y)+Vb(y) = Ub−b2B(y)+Vb−b2B(y),

where,

Ub−b2B(y) =
m

∑
k=1

Tk,1M(b−b2B)χ2B
IαTk,2( f )(y)+

m

∑
k=1

Tk,1M(b−b2B)χ(2B)c
IαTk,2( f )(y)

= U1(y)+U2(y).

and

Vb−b2B(y) =
m

∑
k=1

Tk,3IαM(b−b2B)χ2B
T k,4( f )(y)+

m

∑
k=1

Tk,3IαM(b−b2B)χ(2B)c
T k,4( f )(y)

= V1(y)+V2(y).
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Then

1
|B|
∫

B
|Tb( f )(y)−AtB(Tb( f ))(y)|dy

� 1
|B|
∫

B
|U1(y)|dy+

1
|B|
∫

B
|V1(y)|dy

+
1
|B|
∫

B
|AtB(U1)(y)|dy+

1
|B|
∫

B
|AtB(V1)(y)|dy

+
1
|B|
∫

B
|U2(y)−AtB(U2)(y)|dy+

1
|B|
∫

B
|V2(y)−AtB(V2)(y)|dy

= M1 +M2 +M3 +M4 +M5 +M6.

We are going to estimate each term, respectively. Choosing a sufficiently large
number s, by Hölder’s inequality, the boundedness of Tk,1 and Lemma 2.6, we have

1
|B|
∫

B
|Tk,1M(b−b2B)χ2B

IαTk,2( f )(y)|dy

�
(

1
|B|
∫

B
|Tk,1M(b−b2B)χ2B

IαTk,2( f )(y)|s′dy

)1/s′

� C

(
1
|B|
∫

Rn
|M(b−b2B)χ2B

IαTk,2( f )(y)|s′dy

)1/s′

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2 f )(x).

Then

M1 �
m

∑
k=1

1
|B|
∫

B
|Tk,1M(b−b2B)χ2B

IαTk,2( f )(y)|dy

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2 f )(x).

By Lemma 2.3 and Hölder’s inequality, we deduce that

M2 �
m

∑
k=1

1
|B|
∫

B
|IαM(b−b2B)χ2B

T k,4( f )(y)|dy

�
m

∑
k=1

C

|B|1−α/n

∫
Rn
|M(b−b2B)χ2B

T k,4( f )(y)|dy

�
m

∑
k=1

C

|B|1−α/n

(∫
2B
|b(y)−b2B|r′ω(y)1−r′dy

)1/r′(∫
2B
|Tk,4( f )(y)|rω(y)dy

)1/r

� C‖b‖Lipβ ,ω Mα+β ,ω,r(T
k,4 f )(x)

(
ω(B)
|B|

)1−α/n

� C‖b‖Lipβ ,ω ω(x)1−α/nMα+β ,ω,r(T
k,4 f )(x).
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For M3, by (1.2), we have htB(y,z) �Ct−n/2
B s(22( j−1)) for y ∈ B , z ∈ 2 j+1B\2 jB.

Then, by (1.3) and the estimates for M1 , we get

1
|B|
∫

B
|AtB(Tk,1M(b−b2B)χ2B

IαTk,2( f ))(y)|dy

� C
|B|
∫

B

∫
Rn

htB(y,z)|T k,1M(b−b2B)χ2B
IαTk,2( f )(z)|dzdy

� C
|B|
∫

B

∫
2B

r−n
B |Tk,1M(b−b2B)χ2B

IαTk,2( f )(z)|dzdy

+C
∞

∑
j=1

r−n
B s(22( j−1))

1
|B|
∫

B

∫
2 j+1B\2 jB

|Tk,1M(b−b2B)χ2B
IαTk,2( f )(z)|dzdy

� C
|B|
∫

2B
|Tk,1M(b−b2B)χ2B

IαTk,2( f )(z)|dz

+C
∞

∑
j=1

2( j−1)(n+ε)s(22( j−1))2− jε 1
|2 j+1B|

∫
2 j+1B

|Tk,1M(b−b2B)χ2B
IαTk,2( f )(z)|dz

� C

(
1
|B|
∫

Rn
|M(b−b2B)χ2B

IαTk,2( f )(z)|s′dz

)1/s′

+C
∞

∑
j=1

2− jε
(

1
|2 j+1B|

∫
Rn
|M(b−b2B)χ2B

IαTk,2( f )(z)|s′dz

)1/s′

� C(1+
∞

∑
j=1

2− jε)‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2 f )(x)

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2 f )(x).

Thus

M3 �
m

∑
k=1

1
|B|
∫

B
|AtB(Tk,1M(b−b2B)χ2B

IαTk,2( f ))(y)|dy

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2 f )(x).

Since Tk,3 = ±I, by the estimates in M2, we have

M4 �
m

∑
k=1

1
|B|
∫

B
|AtB(Tk,3IαM(b−b2B)χ2B

T k,4( f ))(y)|dy

�
m

∑
k=1

C
|B|
∫

B

∫
Rn

htB(y,z)|T k,3IαM(b−b2B)χ2B
T k,4( f )(z)|dzdy

�
m

∑
k=1

C
|B|
∫

2B
|IαM(b−b2B)χ2B

T k,4( f )(z)|dz

+C
m

∑
k=1

∞

∑
j=1

2( j−1)(n+ε)s(22( j−1))2− jε 1
|2 j+1B|

∫
2 j+1B

|IαM(b−b2B)χ2B
T k,4( f )(z)|dz
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�
m

∑
k=1

C

|B|1−α/n

∫
Rn
|M(b−b2B)χ2B

T k,4( f )(z)|dz

+C
m

∑
k=1

∞

∑
j=1

2− jε 1

|2 j+1B|1−α/n

∫
Rn
|M(b−b2B)χ2B

T k,4( f )(z)|dz

� C‖b‖Lipβ ,ω ω(x)1−α/nMα+β ,ω,r(T
k,4 f )(x).

For M5, by (1.8), we get,

|Tk,1M(b−b2B)χ(2B)c
IαTk,2( f )(y)−AtB(Tk,1M(b−b2B)χ(2B)c

IαTk,2( f ))(y)|

� C
∫

(2B)c
|b(z)−b2B||K(y− z)−KtB(y− z)||IαTk,2( f )(z)|dz

� C
∞

∑
j=1

∫
2 j+1B\2 jB

|b(z)−b2B| rδ
B

|z− x0|n+δ |IαTk,2( f )(z)|dz

� C
∞

∑
j=1

2− jδ 1
|2 j+1B|

∫
2 j+1B

|b(z)−b2B||IαTk,2( f )(z)|dz

� C
∞

∑
j=1

2− jδ |b2 j+1B −b2B| 1
|2 j+1B|

∫
2 j+1B

|IαTk,2( f )(z)|dz

+C
∞

∑
j=1

2− jδ 1
|2 j+1B|

∫
2 j+1B

|b(z)−b2 j+1B||IαTk,2( f )(z)|dz

= M51 +M52.

Note that

ω(2k+1B)β/n � C inf
x∈2k+1B

ω(x)−αβ r0/n2
μ(2k+1B)β/n

� C inf
x∈2k+1B

ω(x)−αβ r0/n2
μ(2 j+1B)β/n,

then

|b2 j+1B −b2B| �
j

∑
k=1

1
|2kB|

∫
2k+1B

|b(z)−b2k+1B|dz

� C‖b‖Lipβ ,ω

j

∑
k=1

ω(2k+1B)1+β/n

|2kB|

� C‖b‖Lipβ ,ω

j

∑
k=1

inf
x∈2k+1B

ω(x)ω(2k+1B)β/n

� C‖b‖Lipβ ,ω

j

∑
k=1

inf
x∈2k+1B

(ω(x))1−αβ r0/n2
μ(2 jB)β/n

� C j‖b‖Lipβ ,ω ω(x)1−αβ r0/n2
μ(2 jB)β/n.
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Thus

M51 �C
∞

∑
j=1

2− jδ |b2 j+1B −b2B| 1
|2 j+1B|

∫
2 j+1B

|IαTk,2( f )(z)|dz

�C‖b‖Lipβ ,ω

∞

∑
j=1

j2− jδ ω(x)1−αβ r0/n2
μ(2 jB)β/n 1

|2 j+1B|
∫

2 j+1B
|IαTk,2( f )(z)|dz

�C‖b‖Lipβ ,ω

∞

∑
j=1

j2− jδ ω(x)1−αβ r0/n2
(

1

μ(2 jB)1−β r/n

∫
2 j+1B

|IαTk,2( f )(z)|rμ(z)dz

)1/r

�C‖b‖Lipβ ,ω ω(x)1−αβ r0/n2
Mβ ,μ,r(IαTk,2( f ))(x).

Similar to the proof of Lemma 2.6, we have

ω(2 j+1B)1+β/n

|2 j+1B|
(

1
ω(2 j+1B)

∫
2 j+1B

|IαTk,2( f )(z)|rω(z)dz

)1/r

� Cω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2( f ))(x).

Then, by Hölder’s inequality,

M52 � C
∞

∑
j=1

2− jδ 1
|2 j+1B|

∫
2 j+1B

|b(z)−b2 j+1B||IαTk,2( f )(z)|dz

� C
∞

∑
j=1

2− jδ
(

1
|2 j+1B|

∫
2 j+1B

|b(z)−b2 j+1B|r
′
ω(z)1−r′dz

)1/r′

×
(

1
|2 j+1B|

∫
2 j+1B

|IαTk,2( f )(z)|rω(z)dz

)1/r

� C‖b‖Lipβ ,ω

∞

∑
j=1

2− jδ ω(2 j+1B)1+β/n

|2 j+1B|
(

1
ω(2 j+1B)

∫
2 j+1B

|IαTk,2( f )(z)|rω(z)dz

)1/r

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2( f ))(x)

∞

∑
j=1

2− jδ

� C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
Mβ ,μ,r(IαTk,2( f ))(x).

Hence,

M5 � C‖b‖Lipβ ,ω ω(x)1−r0αβ/n2
(
Mβ ,μ,r(IαTk,2( f ))(x)+Mβ ,μ,1(IαTk,2( f ))(x)

)
.

Since Tk,3 = ±I, by Lemma 2.5, we get

|Tk,3M(b−b2B)χ(2B)c
IαTk,4( f )(y)−AtB(Tk,3M(b−b2B)χ(2B)c

IαTk,4( f ))(y)|

� C
∫

(2B)c
|b(y)−b2B||K̃tB(y− z)||Tk,4( f )(z)|dz
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� C
∞

∑
j=1

∫
2 j+1B\2 jB

|b(z)−b2B| r2
B

|z− x0|n+2−α |Tk,4( f )(z)|dz

� C
∞

∑
j=1

2−2 j 1

|2 j+1B|1− α
n

∫
2 j+1B

|b(z)−b2B||Tk,4( f )(z)|dz

� C
∞

∑
j=1

2−2 j|b2 j+1B −b2B| 1

|2 j+1B|1−α/n

∫
2 j+1B

|Tk,4( f )(z)|dz

+C
∞

∑
j=1

2−2 j 1

|2 j+1B|1−α/n

∫
2 j+1B

|b(z)−b2 j+1B||Tk,4( f )(z)|dz

= M61 +M62.

Since

|b2 j+1B −b2B| � C‖b‖Lipβ ,ω

j

∑
k=1

inf
x∈2k+1B

ω(x)ω(2k+1B)β/n

� C j‖b‖Lipβ ,ω ω(x)
(

inf
x∈2 j+1B

ω(x)
)β/n

|2 j+1B|β/n

� C j‖b‖Lipβ ,ω ω(x)1+β/n|2 j+1B|β/n,

we get

M61 � C
∞

∑
j=1

2−2 j|b2 j+1B −b2B| 1

|2 j+1B|1−α/n

∫
2 j+1B

|Tk,4( f )(z)|dz

� C‖b‖Lipβ ,ω ω(x)1+β/n
∞

∑
j=1

j2−2 j 1

|2 j+1B|1−(α+β)/n

∫
2 j+1B

|Tk,4( f )(z)|dz

� C‖b‖Lipβ ,ω ω(x)1+β/nMα+β (Tk,4( f ))(x)
∞

∑
j=1

j2−2 j

� C‖b‖Lipβ ,ω ω(x)1+β/nMα+β (Tk,4( f ))(x).

By Hölder’s inequality,

M62 � C
∞

∑
j=1

2−2 j 1

|2 j+1B|1−α/n

∫
2 j+1B

|b(z)−b2 j+1B||Tk,4( f )(z)|dz

� C
∞

∑
j=1

2−2 j 1

|2 j+1B|1−α/n

(∫
2 j+1B

|b(z)−b2 j+1B|r
′
ω(z)1−r′dz

)1/r′

×
(∫

2 j+1B
|Tk,2( f )(z)|rω(z)dz

)1/r
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� C‖b‖Lipβ ,ω

∞

∑
j=1

2−2 j
(

ω(2 j+1B)
|2 j+1B|

)1−α/n

×
(

1

ω(2 j+1B)1−(α+β )r/n

∫
2 j+1B

|Tk,2( f )(z)|rω(z)dz

)1/r

� C‖b‖Lipβ ,ω ω(x)1−α/nMα+β ,ω,r(T
k,4( f ))(x).

Then

M6 � C‖b‖Lipβ ,ω ω(x)1−α/n
(
Mα+β ,ω,r(T

k,4( f ))(x)+Mα+β ,ω,1(T
k,4( f ))(x)

)
.

Combining the above estimates for M1 −M6, the proof of Theorem 1.1 is fin-
ished. �

Proof of Theorem 1.2. Let 1/q = 1/r0−β/n, and 1/r0 = 1/p−α/n. Then

(1−αβ r0/n2)q+1− (1−α/n)q= r0/p,

and
(1+ β/n)q+1− (1−α/n)q= q/p.

Since ωq/p ∈A1, we have μ = ωr0/p ∈A1, and ω ∈A1. By (2.4) we have ω1/p ∈Ar0,p.
Thus, by Lemma 2.4, Theorem 1.1 and Lemma 2.2, we have

‖Tb( f )‖Lq(ω1−(1−α/n)q)

� C‖M�
ATb( f )‖Lq(ω1−(1−α/n)q)

� C‖b‖Lipβ ,ω

(∥∥∥ω(·)1−αβ r0/n2
Mβ ,μ,r(IαTk,4 f )

∥∥∥
Lq(ω1−(1−α/n)q)

+
∥∥∥ω(·)1−α/nMα+β ,ω,r(T

k,4 f )
∥∥∥

Lq(ω1−(1−α/n)q)

+
∥∥∥ω(·)1+β/nMα+β (Tk,4( f ))

∥∥∥
Lq(ω1−(1−α/n)q)

)
� C‖b‖Lipβ ,ω

(∥∥∥Mβ ,μ,r(IαTk,4 f )
∥∥∥

Lq(μ)

+‖Mα+β ,ω,r(T
k,4 f )‖Lq(ω) +‖Mα+β (Tk,4( f ))‖Lp(ωq/p)

)
� C‖b‖Lipβ ,ω

(
‖IαTk,4 f‖Lr0 (μ) +‖Tk,4( f )‖Lp(ω)

)
� C‖b‖Lipβ ,ω‖ f‖Lp(ω). �
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