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THE MOLECULAR DECOMPOSITION OF HERZ–MORREY–HARDY

SPACES WITH VARIABLE EXPONENTS AND ITS APPLICATION

JINGSHI XU AND XIAODI YANG

(Communicated by J. Pečarić)

Abstract. The molecular decomposition of Herz-Morrey-Hardy spaces with variable exponents
is given. As its application, the boundedness of a convolution type singular integral on Herz-
Morrey-Hardy spaces with variable exponents is obtained.

1. Introduction

Recent three decades, there is a increasing interest in variable exponent spaces, see
[15] and the monographs [5, 6] and the references therein. Moreover, variable Hardy
spaces, variable Herz spaces, variable Besov and Triebel-Lizorkin spaces, variable Mor-
rey spaces and Banach space valued variable Lebesgue space and Sobolev spaces have
been introduced; see [1, 2, 3, 4, 7, 8, 9, 10, 11, 12, 13, 14, 19, 20, 21, 22, 29, 30, 31, 34].
Meanwhile, Morrey type Besov and Triebel spaces and their generalizations have been
developed; see [17, 18, 23, 24, 25, 27, 28, 35]. Motivated by these references, we in-
troduced Herz-Morrey-Hardy spaces with variable exponents and gave their atomic de-
composition in [33]. As a continuation of [33], we establish their molecular decompo-
sition in next section. For the molecular decompositions of the classical Hardy spaces,
the variable Hardy spaces, the Herz type Hardy spaces and the non-homogeneous Herz
type Besov and Triebel-Lizorkin spaces, we refer the reader to [26], [19], [16] and
[32], respectively. In Section 3, by using their atomic and molecular decompositions,
we shall give the boundedness of a convolution type singular integral on Herz-Morrey-
Hardy spaces with variable exponents.

2. Molecular decomposition

Let L1
loc(R

n) be the collection of all locally integrable functions on R
n. Given a

function f ∈ L1
loc(R

n), the Hardy-Littlewood maximal operator M is defined by

M f (x) := sup
r>0

r−n
∫

B(x,r)
| f (y)|dy, ∀x ∈ R

n,
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where and follows B(x,r) := {y∈ R
n : |x−y|< r} . We also use the following notation:

p− := ess inf{p(x) : x∈R
n} and p+ := esssup{p(x) : x∈R

n}. The set P(Rn) consists
of all p(·) satisfying p− > 1 and p+ < ∞. B(Rn) is the set of p(·)∈P(Rn) satisfying
the condition that M is bounded on Lp(·)(Rn) (for its definition see [33]).

In this paper we use the symbol A � B to denote that there exists a positive expo-
nent c such that A � cB.

LEMMA 2.1. (see [12]) Let p(·) ∈ B(Rn). Then there exist 0 < δ1,δ2 < 1 and a
positive constant C depending only on p(·) and n such that for all balls B in R

n and
all measurable subsets S ⊂ B,

‖χB‖Lp(·)
‖χS‖Lp(·)

� C
|B|
|S| ,

‖χS‖Lp(·)
‖χB‖Lp(·)

� C

( |S|
|B|
)δ1

and
‖χS‖Lp′(·)
‖χB‖Lp′(·)

� C

( |S|
|B|
)δ2

.

LEMMA 2.2. (see [12]) Let p(·) ∈ B(Rn). Then there exists a positive constant
C such that for any ball B in R

n,

‖χB‖Lp(·)‖χB‖Lp′(·) � C|B|.

Let k ∈ Z, Bk := {x ∈ R
n : |x| � 2k}, Dk := Bk\Bk−1, χk := χDk . The symbol

N0 denotes the set of all non-negative integers. For any m ∈ N0 , we denote χ̃m :=
χDm ,m � 1 and χ̃0 := χB0 respectively.

DEFINITION 2.1. Let 0 < q � ∞, p(·)∈P(Rn),0 � λ < ∞. Let α(·) be a bounded

real-valuedmeasurable function on R
n. The homogeneousHerz-Morrey space MK̇α(·),q

p(·),λ
and non-homogeneous Herz-Morrey space MKα(·),q

p(·),λ are defined respectively by

MK̇α(·),q
p(·),λ :=

{
f ∈ Lp(·)

loc (Rn\0) : ‖ f‖
MK̇α(·),q

p(·),λ
< ∞

}
,

and

MKα(·),q
p(·),λ :=

{
f ∈ Lp(·)

loc (Rn) : ‖ f‖
MKα(·),q

p(·),λ
< ∞

}
,

where

‖ f‖
MK̇

α(·),q
p(·),λ

:= sup
L∈Z

2−Lλ

(
L

∑
k=−∞

‖2α(·)k f χk‖q
Lp(·)

) 1
q

,

and

‖ f‖
MKα(·),q

p(·),λ
:= sup

L∈N0

2−Lλ

(
L

∑
k=0

‖2α(·)k f χ̃k‖q
Lp(·)

) 1
q

.

Here there is the usual modification when q = ∞.
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LEMMA 2.3. (see [33]) Let p(·) ∈ P(Rn), q ∈ (0,∞] and λ ∈ [0,∞). If α(·) ∈
L∞(Rn)∩P log

0 (Rn)∩P log
∞ (Rn), then

‖ f‖
MK̇

α(·),q
p(·),λ

≈ max

⎧⎨⎩ sup
L�0,L∈Z

2−Lλ

(
L

∑
k=−∞

2kα(0)q‖ f χk‖q
Lp(·)

) 1
q

,

sup
L>0,L∈Z

⎡⎣2−Lλ

(
−1

∑
k=−∞

2kα(0)q‖ f χk‖q
Lp(·)

) 1
q

+2−Lλ

(
L

∑
k=0

2kα(∞)q‖ f χk‖q
Lp(·)

) 1
q
⎤⎦
⎫⎬⎭ .

Let GN f be the grand maximal function of f defined by

GN f (x) := sup
φ∈AN

|φ∗
�( f )(x)|, x ∈ R

n,

where AN := {φ ∈S (Rn) : sup
|α |,|β |�N, ∀x∈Rn

|xαDβ φ(x)| � 1} and N > n+1, φ∗
� is the

nontangential maximal operator defined by

φ∗
�( f )(x) := sup

|y−x|<t
|φt ∗ f (y)|, ∀x ∈ R

n with φt(·) = t−nφ(·/t).

DEFINITION 2.2. Let α(·) ∈ L∞(Rn), 0 < q � ∞, p(·) ∈ P(Rn) , 0 � λ < ∞
and N > n+1. The homogeneous Herz-Morrey-Hardy space with variable exponents

HMK̇α(·),q
p(·),λ and non-homogeneous Herz-Morrey-Hardy space with variable exponents

HMKα(·),q
p(·),λ are defined respectively by

HMK̇α(·),q
p(·),λ :=

{
f ∈ S ′(Rn) : ‖ f‖

HMK̇
α(·),q
p(·),λ

:= ‖GN f‖
MK̇

α(·),q
p(·),λ

< ∞
}

,

and

HMKα(·),q
p(·),λ :=

{
f ∈ S ′(Rn) : ‖ f‖

HMKα(·),q
p(·),λ

:= ‖GN f‖
MKα(·),q

p(·),λ
< ∞

}
,

Let P log
0 (Rn) and P log

∞ (Rn) be the set of log-Hölder continuous functions at
origin and the set of log-Hölder continuous functions at infinity, respectively; for their
definitions see [33].

Now, we give the notion of molecules and atoms.

DEFINITION 2.3. Let 0 < q < ∞, p(·) ∈ P(Rn), α(·) ∈ L∞(Rn)∩P log
0 (Rn)∩

P log
∞ (Rn) such that nδ1 � α(0) , α∞ < ∞ where δ1 as in Lemma 2.1. Let non-negative

integer s � max{[α(0)−nδ1], [α∞ −nδ1]} and ε > max{s/n,α(0)/n+δ1−1,α∞/n+
δ1−1}. Let b = 1− δ1 + ε. If l is a negative integer, let αl = α(0) and a = 1− δ1−
α(0)/n+ ε; if l is a non-negative integer, let αl = α∞, and a = 1− δ1−α∞/n+ ε.

(i) A function Ml ∈ Lp(·) with l ∈ Z is called a dyadic central (α(·), p(·);s,ε)l -
molecule if it satisfies
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(i1) ‖Ml‖Lp(·) � 2−lαl ;

(i2) Rp(·)(Ml) := ‖Ml‖a/b

Lp(·)‖| · |nbMl‖1−a/b

Lp(·) < ∞;

(i3)
∫
Rn Ml(x)xβ dx = 0 for any multi index β with |β | � s.

(ii) When l ∈ N0, a dyadic central (α(·), p(·);s,ε)l -molecule Ml is also called of
restricted type.

DEFINITION 2.4. Let p(·) ∈ P(Rn), α(·) ∈ L∞(Rn)∩P log
0 (Rn)∩P log

∞ (Rn),
and non-negative integer s � [αr −nδ2], here αr = α(0) , if r < 1, αr = α∞ , if r � 1,
nδ2 � αr < ∞ and δ2 as in Lemma 2.1.

(i) A function a on R
n is called a central (α(·), p(·))-atom, if it satisfies: (1)

supp a ⊂ B(0,2r); (2) ‖a‖Lp(·) � |B(0,2r)|−αr/n; (3)
∫
Rn a(x)xβ dx = 0, |β | � s.

(ii) A function a on R
n is called a central (α(·), p(·))-atom of restricted type, if it

satisfies: (1) supp a⊂B(0,2r), r � 1; (2) ‖a‖Lp(·) � |B(0,2r)|−αr/n; (3)
∫
Rn a(x)xβ dx =

0, |β | � s.

Next lemma shows that an atom is a molecule.

LEMMA 2.4. Let 0<q<∞, p(·)∈B(Rn), α(·)∈L∞(Rn)∩P log
0 (Rn)∩P log

∞ (Rn)
such that max{nδ1,nδ2} � α(0),α∞ < ∞, where δ1,δ2 as in Lemma 2.1. Define a
non-negative integer s � [max{α(0),α∞}−min{nδ1,nδ2}], ε > max{s/n,α(0)/n +
δ1 − 1,α∞/n+ δ1 − 1}, a = 1− δ1 −α(0)/n+ ε or a = 1− δ1 −α∞/n+ ε and b =
1− δ1 + ε.

(i) If M is a central (α(·), p(·)) -atom, then M is a central (α(·), p(·);s,ε) -
molecule such that Rp(·)(M) � C with C independent of M.

(ii) If M is a central (α(·), p(·)) -atom of restricted type, then M is a central
(α(·), p(·);s,ε) -molecule of restricted type such that Rp(·)(M) � C with C indepen-
dent of M.

Proof. Let M is a (α(·), p(·)) -atom with support on a ball B(0,r), then we get

‖M‖a/b

Lp(·)‖| · |nbM‖1−a/b

Lp(·) � rnb(1−a/b)‖M‖Lp(·) � rαr r−αr � 1.

Then the results follow from the definition of atoms. �

Now there is a position to state the molecular decompositions of Herz-Morrey-
Hardy spaces with variable exponents.

THEOREM 2.1. Let 0 < q < ∞, p(·) ∈ B(Rn), α(·) ∈ L∞(Rn) ∩P log
0 (Rn) ∩

P log
∞ (Rn) such that max{nδ1,nδ2} � α(0),α∞ < ∞, where δ1,δ2 as in Lemma 2.1.

0 � λ � 1
2 min{α(0),α∞}. Define a non-negative integer s � [max{α(0),α∞} −

min{nδ1,nδ2}]. Suppose ε > max{s/n,α(0)/n+ δ1−1,α∞/n+ δ1−1}.
(i) f ∈ HMK̇α(·),q

p(·),λ if and only if f can be represented as f = ∑∞
k=−∞ λkMk in the

sense of S ′(Rn), where each Mk is a dyadic central (α(·), p(·);s,ε)k -molecule and
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Rp(·)(Mk) are uniformly bounded, and supL∈Z
2−Lλq

L
∑

k=−∞
|λk|q < ∞. Moreover

‖ f‖
HMK̇α(·),q

p(·),λ
≈ inf

(
sup
L∈Z

2−Lλq
L

∑
k=−∞

|λk|q
)1/q

,

where the infimum is taken over all above decompositions of f .

(ii) f ∈ HMKα(·),q
p(·),λ if and only if f = ∑∞

k=0 λkMk in the sense of S ′(Rn), where

each Mk is a dyadic central (α(·), p(·);s,ε)k -molecule of restricted type and Rp(·)(Mk)

are uniformly bounded, and supL∈N0
2−Lλq

L
∑

k=0
|λk|q < ∞. Moreover

‖ f‖
HMKα(·),q

p(·),λ
≈ inf

(
sup
L∈N0

2−Lλq
L

∑
k=0

|λk|q
)1/q

,

where the infimum is taken over all above decompositions of f .

To prove the theorem, we need the following decomposition of molecules, which
is a adjustment from classical setting in [16].

LEMMA 2.5. For any dyadic central (α(·), p(·);s,ε)l -molecule Ml ∈ Lp(·), l ∈
Z, there is a decomposition

Ml =
∞

∑
i=l

gli +
∞

∑
i=l

Qli

such that (a) for i � l,
∫
Rn gli(x)xβ dx = 0 for each |β | � s and ‖gli‖Lp(·) � C2−inb2lna

where the constant C independent of Ml ;
(b) ∑∞

i=l Qli =C∑| j|�s ∑∞
i=l a

l
ji, where each al

ji is a central (α(·), p(·);s,ε)k -atom.

Proof. For l ∈ Z, without loss of generality, let

‖Ml‖Lp(·) = 2−lαl .

Let Ell := {x : |x| � 2l}. For i > l, let Eli := {x : 2i−1 < |x| � 2i}. We denote by χli

the characteristic function of Eli. So we have

Ml(x) =
∞

∑
i=l

Ml(x)χli(x).

We denote by Ps the class of all real polynomials of degree no more than s. Let
Mli := Mlχli and let PEliMli ∈ Ps be the unique polynomial satisfying∫

Eli

(Mli(x)−PEliMli(x))xβ dx = 0, |β | � s. (1)
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Let Qli := (PEliMli)χli. Denote gli := Mli −Qli, then we have

Ml =
∞

∑
i=l

gli +
∞

∑
i=l

Qli.

Now we first show (a). Equation (1) means
∫
Rn gli(x)xβ dx = 0 for i � l. We

still to show the size estimates for gli. Without loss of generality, we can suppose that
Rp(·)(Ml) = 1, which implies that∥∥∥| · |nbMl

∥∥∥
Lp(·) = ‖Ml‖−a/(b−a)

Lp(·) = 2lna,

where a = 1− δ1−αl/n+ ε and b = 1− δ1 + ε. Then there exists a positive constant
C independent of Ml such that for i � l,

‖Mli‖Lp(·) � C2−inb2lna

Since if i > l,
‖Mli‖Lp(·) � ‖| · |nbMl‖Lp(·) |2i|−nb � 2−inb2lna;

if i = l,
‖Mll‖Lp(·) � ‖Ml‖Lp(·) = 2−lαl = 2−lnb2lna.

Choose {ϕ li
j : | j| � s} ⊂ Ps such that

〈ϕ li
μ ,ϕ li

ν 〉Eli =
1

|Eli|
∫

Eli

ϕ li
μ (x)ϕ li

ν (x)dx = δμν .

Then
Qli(x) = ∑

|β |�s

〈Mli,ϕ li
β 〉Eliϕ

li
β (x), if x ∈ Eli. (2)

By scaling we have

|Qli(x)| � 1
|Eli|

∫
Eli

|Mli(x)|dx.

Thus for any i � l, by Lemmas 2.1 and 2.2 we have

‖gli‖Lp(·) � ‖Mli‖Lp(·) +‖Qli‖Lp(·)

� ‖Mli‖Lp(·) +
1

|Eli| ‖Mli‖Lp(·)‖χEli‖Lp′(·)‖χEli‖Lp(·)

� ‖Mli‖Lp(·)

� 2−inb2lna.

Next we turnto show (b). Let {ψ li
j : | j| � s} ⊂ Ps be the dual basis of {xγ : |γ| � s}

with respect to the weight 1
|Eli| on Eli, that is

〈ψ li
j ,xγ〉 =

1
|Eli|

∫
Eli

ψ li
j (x)x

γdx = δ jγ .



MOLECULAR CHARACTERIZATION OF HERZ-MORREY-HARDY SPACES 983

If set ϕ li
j (x) := ∑

|ν|�s
β li

ν jx
ν and ψ li

j (x) := ∑
|ν|�s

τ li
ν jϕ li

ν (x), then we have

τ li
ν j = 〈ψ li

j ,ϕ li
ν 〉 = ∑

|γ|�s

β li
νγ 〈ψ li

j ,x
γ 〉 = ∑

|γ|�s

β li
νγδ jγ = β li

ν j.

So ψ li
j (x) = ∑

|ν|�s
β li

ν jϕ li
ν (x). For any x ∈ Eli, we have

〈Mli,ϕ li
j 〉Eliϕ

li
j (x) = 〈Mli, ∑

|ν|�s

β li
ν jx

ν 〉Eliϕ
li
j (x) = ∑

|ν|�s

〈Mli,x
ν〉Eliβ

li
ν jϕ

li
j (x),

which together with (2) implies that

Qli(x) = ∑
| j|�s

〈Mli,x
j〉Eliψ

li
j (x), if x ∈ Eli. (3)

We denote E := {x ∈ R
n : 1 � |x| � 2}, F := {x ∈ R

n : |x| � 1}, {e j : | j| �
s} ⊂ Ps(Rn) satisfying 1

|E|
∫
E e j(x)xγdx = δ jγ , and {ẽ j : | j|� s} ⊂ Ps(Rn) satisfying

1
|F|
∫
F ẽ j(x)xγdx = δ jγ . Noting that if i > l,

δ jγ =
1

|Eli|
∫

Eli

ψ li
j (x)xγdx =

1
|E|

∫
E
(2i−1)|γ|ψ li

j (2i−1y)yγdy,

we get e j(y) = (2i−1)| j|ψ li
j (2

i−1y). This in turn leads to that for i > l,

ψ li
j (x) = (2i−1)−| j|e j

( x
2i−1

)
, x ∈ Eli.

By the similar way, we have

ψ ll
j (x) = (2l−1)−| j|ẽ j(x), x ∈ F.

By taking C := sup
j:| j|�s

{‖e j‖L∞(Rn),‖ẽ j‖L∞(Rn)} we have

|ψ li
j (x)| � C(2i−1)−| j|, for i � l. (4)

Now we can conclude (b). Let

Nli
j :=

∞

∑
d=i

|Eld |〈Mld ,x
j〉Eld , i � l.

It is easy to see that

Nll
j =

∞

∑
d=l

|Eld |〈Mld ,x
j〉Eld =

∞

∑
d=l

∫
Eld

Ml(x)x jdx =
∫

Rn
Ml(x)x jdx = 0.

For any l ∈ Z, and measurable subset Eld we have

min{|Eld|
1

p+ , |Eld |
1

p− } � ‖χEld‖Lp(·) � max{|Eld |
1

p+ , |Eld |
1

p− }.
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By Lemmas 2.1 and 2.2, we have for i > l

|Nli
j | �

∞

∑
d=i

∫
Eld

|Mld(x)x j|dx

�
∞

∑
d=i

‖Mld | · | j‖Lp(·)‖χEld‖Lp′(·)

�
∞

∑
d=i

‖Mld | · | j‖Lp(·) |Eld | 1
‖χEld‖Lp(·)

�
∞

∑
d=i

(2d)| j|−nb‖| · |nbMl‖Lp(·) |Eld |max{2−nd 1
p+ ,2

−nd 1
p− }

�
∞

∑
d=i

2lan max
{

2
d(| j|−nb+n− n

p− )
,2

d(| j|−nb+n− n
p+ )
}

=
∞

∑
d=i

2lan max
{

2
d(| j|−nε+nδ1− n

p− )
,2

d(| j|−nε+nδ1− n
p+ )
}

.

By (4) we have

|Eli|−1|Nli
j ψ li

j (x)χli(x)| �
∞

∑
d=i

2lan2
−dn(ε+1+ 1

p+ −δ1)

�
∞

∑
d=i

2
dn(a−ε−1− 1

p+ +δ1)

=
∞

∑
d=i

2
dn(−αl/n− 1

p+ )

� 2
in(−αl/n− 1

p+ )
.

When i > 0 is sufficiently large

2
in(−αl/n− 1

p+ ) → 0, i → ∞. (5)

Using Abel’s transform, from (3) and (5) we get

∞

∑
i=l

Qli(x) =
∞

∑
i=l

∑
| j|�s

〈Mi,x
j〉Eliψ

li
j (x)

= ∑
| j|�s

∞

∑
i=l

(
∞

∑
d=i

|Eld |〈Md ,x
j〉Eli

)

×
{
|Eli|−1ψ li

j (x)χli(x)−|El(i+1)|−1ψ l(i+1)
j (x)χl(i+1)(x)

}
= ∑

| j|�s

∞

∑
i=l

(−Nl(i+1)
j )

{
|Eli|−1ψ li

j (x)χli(x)−|El(i+1)|−1ψ l(i+1)
j (x)χl(i+1)(x)

}
.
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Let al
ji = (−Nl(i+1)

j )
{
|Eli|−1ψ li

j (x)χli(x)−|El(i+1)|−1ψ l(i+1)
j (x)χl(i+1)(x)

}
and by (5)

‖al
ji‖Lp(·) = ‖(−Nl(i+1)

j )
{
|Eli|−1ψ li

j χli −|El(i+1)|−1ψ l(i+1)
j χl(i+1)

}
‖Lp(·)

� |Nl(i+1)
j |

(
|Eli|−1‖ψ li

j ‖∞‖χli‖Lp(·) + |El(i+1)|−1‖ψ l(i+1)
j ‖∞

∥∥χl(i+1)
∥∥

Lp(·)

)
� 2−i| j|2−in|Nl(i+1)

j |‖χB(i+1)‖Lp(·) .

But by Lemmas 2.1 and 2.2, we have

|Nl(i+1)
j |‖χB(i+1)‖Lp(·) �

∞

∑
d=i+1

∫
Eld

|Mld(x)x j|dx‖χB(i+1)‖Lp(·)

�
∞

∑
d=i+1

‖Mld | · | j‖Lp(·)‖χEld‖Lp′(·)‖χB(i+1)‖Lp(·)

�
∞

∑
d=i+1

‖Mld | · | j‖Lp(·)‖χBd‖Lp′(·)‖χB(i+1)‖Lp(·)

�
∞

∑
d=i+1

(2d)| j|−nb‖| · |nbMl‖Lp(·) |Bd |
( |Bi+1|

|Bd|
)δ1

�
∞

∑
d=i+1

2d(| j|−nε)2lna2n(i+1)δ1

� 2i(| j|−nε)2inδ12lna.

Thus we obtain

‖al
ji‖Lp(·) � 2−i| j|2−in2i(| j|−nε)2inδ12lna � 2−inb2lna. (6)

Also we have
‖al

ji‖Lp(·) � 2−inb2lna � 2−inb+ina = 2−iαl .

By the preceding definition we get

|El(i+1)|−1
∫

Rn
ψ i+1

j (x)χl(i+1)(x)x
jdx = |Eli|−1

∫
Rn

ψ i
j(x)χli(x)x jdx.

Hence,∫
Rn

al
ji(x)x

jdx

=
∫

Rn
(−Ni+1

j )
{
|Eli|−1ψ i

j(x)χli(x)−|El(i+1)|−1ψ i+1
j (x)χl(i+1)(x)

}
x jdx

= (−Ni+1
j )

(
|Eli|−1

∫
Rn

ψ i
j(x)χli(x)x jdx−|El(i+1)|−1

∫
Rn

ψ i+1
j (x)χl(i+1)(x)x

jdx

)
= 0.

This finishes the proof. �
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Proof of Theorem 2.1. We shall show (i). The proof of (ii) is similar and simpler.
The necessity follows from Lemma 2.4 and Theorem 13 in [33]. Thus we only need
to prove the sufficiency. Suppose f = ∑∞

k=−∞ λkMk in the sense of S ′(Rn), where
each Mk is a dyadic central (α(·), p(·);s,ε)k -molecule and Rp(·)(Mk) are uniformly

bounded, and supL∈Z 2−Lλq
L
∑

k=−∞
|λk|q < ∞. We need to estimate the norm of GN f in

space MK̇α(·),q
p(·),λ . For convenience, we denote supL∈Z 2−Lλq

L
∑

i=−∞
|λi|q = Λ. By Lemma

2.3 we have

‖GN f‖q

MK̇
α(·),q
p(·),λ

≈ max

{
sup

L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)‖(GN f )χk‖q
Lp(·) ,

sup
L>0,L∈Z

2−Lλq

( −1

∑
k=−∞

2kqα(0)‖(GN f )χk‖q
Lp(·)

L

∑
k=0

2kqα(∞)‖(GN f )χk‖q
Lp(·)

)}
� max{I, II + III} ,

where

I := sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)‖(GN f )χk‖q
Lp(·)

II :=
−1

∑
k=−∞

2kqα(0)‖(GN f )χk‖q
Lp(·)

III := sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα(∞)‖(GN f )χk‖q
Lp(·) .

To complete the proof, it suffices to show that I, II, III � Λ. To do so, we estimate
I, II, III step by step. In the summation of f = ∑∞

l=−∞ λlMl , we consider it into two
parts. For the smaller indices l, we shall use the boundedness of the grand maximal
operator GN acting on Ml in the variable exponent Lebesgue space, for the larger
indices l, we shall use Lemma 2.5, the decomposition of Ml. Therefore, we have

I = sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)‖(GN f )χk‖q
Lp(·)

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl|‖GNMlχk‖Lp(·)

)q

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|‖GNMlχk‖Lp(·)

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|
∞

∑
i=l

‖GNgliχk‖Lp(·)

)q
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+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|‖GN

(
∞

∑
i=l

Qli

)
χk‖Lp(·)

)q

:= I1 + I2 + I3.

I1 := sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

.

I2 := sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|
∞

∑
i=l

‖GNgliχk‖Lp(·)

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|‖GNgliχk‖Lp(·)

)q

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

∞

∑
i=k−1

|λl|‖gli‖Lp(·)

)q

:= I21 + I22.

I3 � sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|‖GN

(
∑
| j|�s

∞

∑
i=l

al
ji

)
χk‖Lp(·)

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl| ∑
| j|�s

∞

∑
i=k−1

‖al
ji‖Lp(·)

)q

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl| ∑
| j|�s

k−2

∑
i=l

‖(GNal
ji)χk‖Lp(·)

)q

:= I31 + I32.

II =
−1

∑
k=−∞

2kqα(0)‖(GN f )χk‖q
Lp(·)

�
−1

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

+
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|‖GNMlχk‖Lp(·)

)q

�
−1

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

+
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|
∞

∑
i=l

‖GNgliχk‖Lp(·)

)q

+
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|‖GN

(
∞

∑
i=l

Qli

)
χk‖Lp(·)

)q

:= II1 + II2 + II3.
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II1 =
−1

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

.

II2 =
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|
∞

∑
i=l

‖GNgliχk‖Lp(·)

)q

�
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|‖GNgliχk‖Lp(·)

)q

+
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

∞

∑
i=k−1

|λl|‖gli‖Lp(·)

)q

:= II21 + II22.

II3 �
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl|‖GN

(
∑
| j|�s

∞

∑
i=l

al
ji

)
χk‖Lp(·)

)q

�
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl| ∑
| j|�s

∞

∑
i=k−1

‖al
ji‖Lp(·)

)q

+
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

|λl| ∑
| j|�s

k−2

∑
i=l

‖(GNal
ji)χk‖Lp(·)

)q

:= II31 + II32.

III = sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞‖(GN f )χk‖q
Lp(·)

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
∞

∑
l=k−1

|λl|‖GNMlχk‖Lp(·)

)q

+ sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

|λl|‖GNMlχk‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
∞

∑
l=k−1

|λl|‖Mlχk‖Lp(·)

)q

+ sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

|λl|
∞

∑
i=l

‖GNMliχk‖Lp(·)

)q

+ sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

|λl|‖GN

(
∞

∑
i=l

Qli

)
χk‖Lp(·)

)q

:= III1 + III2 + III3.

III1 := sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

.
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III2 := sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

|λl|
∞

∑
i=l

‖GNgliχk‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|‖GNgliχk‖Lp(·)

)q

+ sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

∞

∑
i=k−1

|λl|‖gli‖Lp(·)

)q

:= III21 + III22

III3 � sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

|λl|‖GN

(
∑
| j|�s

∞

∑
i=l

al
ji

)
χk‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

|λl| ∑
| j|�s

∞

∑
i=k−1

‖al
ji‖Lp(·)

)q

+ sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

|λl| ∑
| j|�s

k−2

∑
i=l

‖(GNal
ji)χk‖Lp(·)

)q

:= III31 + III32.

To proceed, we need a pointwise estimate for GNgli(x) on Dk. Let φ ∈AN ,s ∈ N such
that s+1+nδ2 > nb. Denote by Ps the s-th order Taylor series expansion of φ at y/t.
If |x− y|< t, then from the vanishing moment condition of gli we have

|gli| ∗φt(y)| = t−n

∣∣∣∣∫
Rn

gli(z)
(

φ
(

y− z
t

)
−Ps

(
− z

t

))
dz

∣∣∣∣
� t−n

∫
Rn

|gli(z)|
∣∣∣ z
t

∣∣∣s+1
(1+ |(y−θ z)/t|)−(n+s+1)dz

�
∫

Rn
|gli(z)||z|s+1(t + |y−θ z|)−(n+s+1)dz,

where 0 < θ < 1. Since x ∈ Dk for k ∈ Z, we have |x| � 2k−1. From |x− y| < t,
|z| < 2i, and i � k−2 we have

t + |y−θ z|� |x− y|+ |y−θ z|� |x|− |z|� 1
2
|x|.

Thus,

|gli ∗φt(y)| �
∫

Rn
|gli(z)||z|s+1(|x− y|+ |y−θ z|)−(n+s+1)dz

� 2i(s+1)|x|−(n+s+1)
∫

Rn
|(gli)(z)|dz

� 2i(s+1)|x|−(n+s+1)2−inb2lna‖χBi‖Lp′(·) .

Therefore, for i � k−2

GN(gli)(x) � 2i(s+1)−k(s+n+1)2−inb2lna‖χBi‖Lp′(·) , x ∈ Dk, and k ∈ Z. (7)
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We also need a pointwise estimate for GNal
ji(x) on Dk. As the argument as above,

we have for i � k−2,

GNal
ji(x) � 2i(s+1)−k(s+n+1)2−inb2lna‖χBi‖Lp′(·) , x ∈ Dk, and k ∈ Z. (8)

Since al
ji is similar to gli, then GNal

ji is similar to GNgli. Therefore the estimation
of I3, II3, and III3 are similar to that of I2, II2 and III2 respectively. So we omit the
details for the estimation of I3, II3, and III3. To complete the proof, we consider them
into two cases 0 < q � 1 and 1 < q < ∞.

Case 1: 0 < q � 1. In this case, we always use the inequality:(
∞

∑
i=1

ai

)q

�
∞

∑
i=1

aq
i for ai � 0, i ∈ N, (9)

and the convergence of a geometric series and exchange order of summation and the
convergence of geometric power series. Using the condition ( i1 ) in Definition 2.3, we
have

I1 = sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2α(0)kq

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2α(0)kq

(
∞

∑
l=k−1

|λl|2−αl l

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2α(0)kq

( −1

∑
l=k−1

|λl|q2−α(0)lq +
∞

∑
l=0

|λl|q2−α∞lq

)

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

−1

∑
l=k−1

|λl|q2α(0)(k−l)q

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2α(0)kq
∞

∑
l=0

|λl|q2−α∞lq

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

−1

∑
l=k−1

2−lλq|λl|q2lλq2α(0)(k−l)q

+ sup
L�0,L∈Z

∞

∑
l=0

2−lλq|λl|q2(λ−α∞)lq2−Lλq
L

∑
k=−∞

2α(0)kq

� Λ sup
L�0,L∈Z

L

∑
k=−∞

−1

∑
l=k−1

2(l−L)λq2α(0)(k−l)q

+ Λ sup
L�0,L∈Z

∞

∑
l=0

2(λ−α∞)lq
L

∑
k=−∞

2α(0)kq−Lλq

� Λ.

In the last inequality, we used the condition λ < α∞.
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By (8), Lemma 2.1 and the assumpton s+1+nδ2 > nb we have

I21 � sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)
k−2

∑
l=−∞

|λl|q
k−2

∑
i=l

‖(GNgli)χk‖q
Lp(·)

� ∑
| j|�s

sup
L�0,L∈Z

2−Lλq
L

∑
l=−∞

|λl|q
L

∑
k=−∞

2kqα(0)
k−2

∑
i=l

2q(i−k)(s+1+nδ2)−iqnb+lqna

� ∑
| j|�s

sup
L�0,L∈Z

2−LλqΛ
L

∑
k=−∞

2kqα(0)
k−2

∑
i=l

2q(i−k)(s+1+nδ2)−iqα(0)

� Λ ∑
| j|�s

sup
L�0,L∈Z

L

∑
k=−∞

k−2

∑
i=l

2q(i−k)(s+1+nδ2−α(0))

� Λ.

By (a) in Lemma 2.5, we obtain that

I22 � sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)
k−2

∑
l=−∞

|λl|q ∑
| j|�s

∞

∑
i=k−1

‖gli‖q
Lp(·)

� ∑
| j|�s

sup
L�0,L∈Z

2−Lλq
L

∑
l=−∞

|λl|q
L

∑
k=−∞

2kqα(0)
∞

∑
i=k−1

2−inbq2lnaq

� ∑
| j|�s

sup
L�0,L∈Z

Λ
L

∑
k=−∞

2kqα(0)
∞

∑
i=k−1

2−iqα(0)

� Λ ∑
| j|�s

sup
L�0,L∈Z

L

∑
k=−∞

∞

∑
i=k−1

2(k−i)qα(0)

� Λ.

Then we estimate II. Using the condition ( i1 ) in Definition 2.3, we have

II1 =
−1

∑
k=−∞

2kqα(0)

(
∞

∑
l=k

|λl|‖Ml‖Lp(·)

)q

�
−1

∑
k=−∞

2kqα(0)

(
∞

∑
l=k

|λl|2−lαl

)q

�
−1

∑
k=−∞

2α(0)kq

(
−1

∑
l=k

|λl|q2−α(0)lq +
∞

∑
l=0

|λl|q2−α∞lq

)

�
−1

∑
k=−∞

−1

∑
l=k

|λl|q2α(0)(k−l)q +
−1

∑
k=−∞

2α(0)kq
∞

∑
l=0

|λl|q2−α∞lq

�
−1

∑
l=−∞

|λl|q
l

∑
k=−∞

2α(0)(k−l)q +
∞

∑
l=0

|λl|q2−α∞lq
−1

∑
k=−∞

2α(0)kq
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�
−1

∑
l=−∞

|λl|q +
∞

∑
l=0

2−lλq|λl|q2(λ−α∞)lq

� Λ+ Λ
∞

∑
l=0

2(λ−α∞)lq

� Λ.

In the last inequality, we used the condition λ < α∞.
By (8), Lemma 2.1 and the assumption s+1+nδ2 > nb,

II21 �
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|2i(s+1)−k(s+n+1)2−inb2lna‖χBi‖Lp′(·)‖χk‖Lp(·)

)q

�
−1

∑
k=−∞

2kqα(0)
k−2

∑
l=−∞

|λl|q ∑
| j|�s

k−2

∑
i=l

2q(i−k)(s+1+nδ2)2−iqnb2lqna

� ∑
| j|�s

−3

∑
l=−∞

|λl|q
−1

∑
k=−∞

k−2

∑
i=l

2q(i−k)(s+1+nδ2)−iqα(0))

� ∑
| j|�s

−3

∑
l=−∞

|λl|q
−1

∑
k=−∞

k−2

∑
i=l

2q(i−k)(s+1+nδ2−α(0))

� Λ.

By (a) of Lemma 2.5,

II22 �
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

∞

∑
i=k−1

|λl|2−inb2lna

)q

�
−1

∑
k=−∞

2kqα(0)
k−2

∑
l=−∞

|λl|q ∑
| j|�s

∞

∑
i=k−1

2−iqnb2lqna

� ∑
| j|�s

−3

∑
l=−∞

|λl|q
−1

∑
k=−∞

2kqα(0)
∞

∑
i=k−1

2−iqα(0)

� Λ ∑
| j|�s

−1

∑
k=−∞

0

∑
i=k−1

2(k−i)qα(0)

� Λ.

Now we turn to estimate III. Similar to I1, we use the condition ( i1 ) in Definition
2.3 and obtain that

III1 = sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞
∞

∑
l=k−1

|λl|2−lqα∞q
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� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

∞

∑
l=k−1

|λl|q2(k−l)α∞q

= sup
L>0,L∈Z

2−Lλq

[
L−1

∑
l=−1

|λl|q
l+1

∑
k=0

2(k−l)α∞q +
∞

∑
l=L−1

|λl|q
L

∑
k=0

2(k−l)α∞q

]

� sup
L>0,L∈Z

2−Lλq
L

∑
l=−1

|λl|q + sup
L>0,L∈Z

∞

∑
l=L−1

2(lλq−Lλq)2−lλq|λl|q
L

∑
k=0

2(k−l)α∞q

� Λ+ Λ sup
L>0,L∈Z

∞

∑
l=L−1

2(l−L)λq2(L−l)α∞q

� Λ+ Λ sup
L>0,L∈Z

∞

∑
l=L−1

2(l−L)q(λ−α∞)

� Λ.

In the last inequality, we used the condition λ < α∞.
By Lemma 1.1, (8) and the hypothesis s+1+nδ2 > nb,

III21� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|2i(s+1)−k(s+n+1)2−inb2lna‖χBi‖Lp′(·)‖χk‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|2(i−k)(s+1+nδ2)2−inb2lna

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞
k−2

∑
l=−∞

k−2

∑
i=l

|λl|q2(i−k)(s+1+nδ2)q2−inbq2lnaq

= sup
L>0,L∈Z

2−Lλq
−2

∑
l=−∞

|λl|q2lnaq
L

∑
k=0

2−k(s+1+nδ2−α∞)q
k−2

∑
i=l

2i(s+1+nδ2−nb)q

+ sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q2lnaq
L

∑
k=l+2

2−k(s+1+nδ2−α∞)q
k−2

∑
i=l

2i(s+1+nδ2−nb)q

� sup
L>0,L∈Z

2−Lλq
−2

∑
l=−∞

|λl|q2lnaq
L

∑
k=0

2−k(s+1+nδ2−α∞)q2k(s+1+nδ2−nb)q

+ sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q2lnaq
L

∑
k=l+2

2−k(s+1+nδ2−α∞)q2k(s+1+nδ2−nb)q

= sup
L>0,L∈Z

2−Lλq
−2

∑
l=−∞

|λl|q2lnaq
L

∑
k=0

2k(α∞−nb)q

+ sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q2lnaq
L

∑
k=l+2

2k(α∞−nb)q

� sup
L>0,L∈Z

2−Lλq
−2

∑
l=−∞

|λl|q2lnaq + sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q2lnaq2l(α∞−nb)q
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�
−2

∑
l=−∞

|λl|q + sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q

� Λ.

By (a) of Lemma 2.5, we have

III22 � sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞
k−2

∑
l=−∞

∞

∑
i=k−1

|λl|q2−inbq2lnaq

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞
k−2

∑
l=−∞

|λl|q2lnaq2−knbq

= sup
L>0,L∈Z

2−Lλq
−2

∑
l=−∞

|λl|q2lnaq
L

∑
k=0

2k(α∞−nb)q

+ sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q2lnaq
L

∑
k=l+2

2k(α∞−nb)q

� sup
L>0,L∈Z

2−Lλq
−2

∑
l=−∞

|λl|q2lnaq

+ sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q2lnaq2l(α∞−nb)q

�
−2

∑
l=−∞

|λl|q + sup
L>0,L∈Z

2−Lλq
L−2

∑
l=−1

|λl|q

� Λ.

Case 2: q > 1. In this case, similar to Case 1, we always exchange order of
summation and use the convergence of a geometric series, but use Hölder’s inequal-
ity instead of the inequality (9). Denote by q′ the conjugate exponent of q. Using the
condition ( i1 ) in Definition 2.3 and Hölder’s inequality, we get

I1 = sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl|‖Ml‖Lp(·)

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
∞

∑
l=k−1

|λl||Bl|−αl/n

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

(
−1

∑
l=k−1

|λl|2α(0)(k−l)

)q

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2α(0)kq

(
∞

∑
l=0

|λl|2−α∞l

)q
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� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

(
−1

∑
l=k−1

|λl|q2α(0)(k−l)q/2

)(
−1

∑
l=k−1

2α(0)(k−l)q′/2

)q/q′

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2α(0)kq

(
∞

∑
l=0

|λl|q2−α∞lq/2

)(
∞

∑
l=0

2−α∞lq′/2

)q/q′

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

−1

∑
l=k−1

|λl|q2α(0)(k−l)q/2

+ sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2α(0)kq
∞

∑
l=0

|λl|q2−α∞lq/2

� sup
L�0,L∈Z

2−Lλq

(
L−1

∑
l=−∞

|λl|q
l+1

∑
k=−∞

2α(0)(k−l)q/2 +
−1

∑
l=L−1

|λl|q
L

∑
k=−∞

2α(0)(k−l)q/2

)

+ sup
L�0,L∈Z

∞

∑
l=0

2−lλq|λl|q2(λ−α∞/2)lq2−Lλq
L

∑
k=−∞

2α(0)kq

� sup
L�0,L∈Z

2−Lλq
L

∑
l=−∞

|λl|q + sup
L�0,L∈Z

2−Lλq
−1

∑
l=L−1

|λl|q
l

∑
k=−∞

2α(0)(k−l)q/2

+ Λ sup
L�0,L∈Z

∞

∑
l=0

2(λ−α∞/2)lq
L

∑
k=−∞

2α(0)kq−Lλq

� Λ+ sup
L�0,L∈Z

−1

∑
l=L−1

2−lλq|λl|q2(l−L)λq
l

∑
k=−∞

2α(0)(k−l)q/2 + Λ

� Λ+ Λ sup
L�0,L∈Z

−1

∑
l=L−1

2(l−L)λq
j

∑
k=−∞

2α(0)(k−l)q/2

� Λ.

In the last three inequality, we used the condition 2λ < α∞.

Then by (a) of Lemma 2.5, Hölder’s inequality, (8) and the assumption s + 1 +
nδ2 > αk, we obtain that

I21 � sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|2(i−k)(s+1+nδ2)2−inb2lna

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
k−2

∑
i=−∞

i

∑
l=−∞

|λl|2(i−k)(s+1+nδ2)2−inb2lna

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)
k−2

∑
i=−∞

i

∑
l=−∞

|λl|q2
q
2 (i−k)(s+1+nδ2)2−

q
2 inb2

q
2 lna

×
(

k−2

∑
i=−∞

i

∑
l=−∞

2
q′
2 (i−k)(s+1+nδ2)2−

q′
2 inb2

q′
2 lna

)q/q′
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� sup
L�0,L∈Z

L

∑
l=−∞

|λl|q2−Lλq
L

∑
k=−∞

2kqα(0)
k−2

∑
i=−∞

2
q
2 (i−k)(s+1+nδ2)2−

q
2 iα(0)

×
(

k−2

∑
i=−∞

2
q′
2 (i−k)(s+1+nδ2)2−

q′
2 iα(0)

)q/q′

� sup
L�0,L∈Z

Λ
L

∑
k=−∞

k−2

∑
i=−∞

2
q
2 (i−k)(s+1+nδ2−α(0))

(
k−2

∑
i=−∞

2
q′
2 (i−k)(s+1+nδ2−α(0))

)q/q′

� Λ.

By by (a) of Lemma 2.5 and Hölder’s inequality again, we have

I22 � sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)

(
+∞

∑
i=k−2

k−2

∑
l=−∞

|λl|2−inb2lna

)q

� sup
L�0,L∈Z

2−Lλq
L

∑
k=−∞

2kqα(0)
+∞

∑
i=k−2

k−2

∑
l=−∞

|λl|q2−
q
2 inb2

q
2 lna

×
(

+∞

∑
i=k−2

k−2

∑
l=−∞

2−
q′
2 inb2

q′
2 lna

)q/q′

� sup
L�0,L∈Z

2−Lλq
L

∑
l=−∞

|λl|q
L

∑
k=−∞

2kqα(0)
+∞

∑
i=k−2

2−
q
2 iα(0)

(
+∞

∑
i=k−2

2−
q′
2 iα(0)

)q/q′

� Λ
L

∑
k=−∞

+∞

∑
i=k−2

2(k−i) q
2 α(0)

(
+∞

∑
i=k−2

2(k−i) q′
2 α(0)

)q/q′

� Λ.

Next we turn to estimate II. Using the condition ( i1 ) in Definition 2.3, we have

II1 =
−1

∑
k=−∞

2kqα(0)

(
∞

∑
l=k

|λl|‖Ml‖Lp(·)

)q

�
−1

∑
k=−∞

2kqα(0)

(
∞

∑
l=k

|λl|2−lαl

)q

�
−1

∑
k=−∞

(
−1

∑
l=k

|λl|2α(0)(k−l)

)q

+
−1

∑
k=−∞

2α(0)kq

(
∞

∑
l=0

|λl|2−α∞l

)q

�
−1

∑
k=−∞

(
−1

∑
l=k

|λl|q2α(0)(k−l)q/2

)(
−1

∑
l=k

2α(0)(k−l)q′/2

)q/q′

+
−1

∑
k=−∞

2α(0)kq

(
∞

∑
l=0

|λl|q2−α∞lq/2

)(
∞

∑
l=0

2−α∞lq′/2

)q/q′
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�
−1

∑
k=−∞

|λl|q
l

∑
k=−∞

2α(0)(k−l)q/2 +
∞

∑
l=0

|λl|q2−α∞lq/2

�
−1

∑
l=−∞

|λl|q +
∞

∑
l=0

2(λ−α∞/2)lq2−lλq
l

∑
i=−∞

|λl|q

� Λ+ Λ
∞

∑
l=0

2(λ−α∞/2)lq

� Λ.

In the last inequality, we used the condition 2λ < α∞.
By (a) of Lemma 2.5 and the hypothesis that s+1+nδ2 > αk, we get

II21 �
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|2(i−k)(s+1+nδ2)2−inb2lna

)q

�
−1

∑
k=−∞

2kqα(0)

(
k−2

∑
i=−∞

i

∑
l=−∞

|λl|2(i−k)(s+1+nδ2)2−inb2lna

)q

�
−1

∑
k=−∞

2kqα(0)
k−2

∑
i=−∞

i

∑
l=−∞

|λl|q2
q
2 (i−k)(s+1+nδ2)2−

q
2 inb2

q
2 lna

×
(

k−2

∑
i=−∞

i

∑
l=−∞

2
q′
2 (i−k)(s+1+nδ2)2−

q′
2 inb2

q′
2 lna

)q/q′

�
−3

∑
l=−∞

|λl|q
−1

∑
k=−∞

k−2

∑
i=−∞

2
q
2 (i−k)(s+1+nδ2−α(0))

×
(

k−2

∑
i=−∞

2
q′
2 (i−k)(s+1+nδ2−α(0))

)q/q′

� Λ.

By (a) of Lemma 2.5, we obtain

II22 �
−1

∑
k=−∞

2kqα(0)

(
+∞

∑
i=k−1

k−2

∑
l=−∞

|λl|2−inb2lna

)q

�
−1

∑
k=−∞

2kqα(0)
+∞

∑
i=k−2

k−2

∑
l=−∞

|λl|q2−
q
2 inb2

q
2 lna

(
+∞

∑
i=k−2

k−2

∑
l=−∞

2−
q′
2 inb2

q′
2 lna

)q/q′

�
−3

∑
l=−∞

|λl|q
−1

∑
k=−∞

2kqα(0)
∞

∑
i=k−2

2−
q
2 iα(0)

(
+∞

∑
i=k−2

2−
q′
2 iα(0)

)q/q′

� Λ
−1

∑
k=−∞

∞

∑
i=k−2

2(k−i) q
2 α(0)

(
+∞

∑
i=k−2

2(k−i) q′
2 α(0)

)q/q′

� Λ.



998 JINGSHI XU AND XIAODI YANG

Finally, we estimate III. Using the condition ( i1 ) in Definition 2.3, we have

III1 = sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
∞

∑
l=k

|λl|‖Ml‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
∞

∑
l=k

|λl|2−lαl

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
∞

∑
l=k

|λl|q2−lα∞q/2

)(
∞

∑
l=k

2−lα∞q′/2

)q/q′

= sup
L>0,L∈Z

2−Lλq
L

∑
k=0

(
∞

∑
l=k

|λl|q2(k−l)α∞q/2

)(
∞

∑
l=k

2(k−l)α∞q′/2

)q/q′

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

∞

∑
l=k

|λl|q2(k−l)α∞q/2

= sup
L>0,L∈Z

2−Lλq

[
L

∑
l=0

|λl|q
l

∑
k=0

2(k−l)α∞q/2 +
∞

∑
l=L

|λl|q
L

∑
k=0

2(k−l)α∞q/2

]

� sup
L>0,L∈Z

2−Lλq
L

∑
l=0

|λl|q + sup
L>0,L∈Z

∞

∑
l=L

2(lλq−Lλq)2−lλq
l

∑
i=−∞

|λi|q
L

∑
k=0

2(k−l)α∞q/2

� Λ+ Λ sup
L>0,L∈Z

∞

∑
l=L

2(l−L)λq2(L−l)α∞q/2

� Λ+ Λ sup
L>0,L∈Z

∞

∑
l=L

2(l−L)q(λ−α∞/2)

� Λ.

In the last inequality, we used the condition 2λ < α∞.
By (a) of Lemma 2.5, (8) and the hypothesis that s+1+nδ2 > αk,

III21 � sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
l=−∞

k−2

∑
i=l

|λl|2i(s+1)−k(s+n+1)2−inb2lna‖χBi‖Lp′(·)‖χk‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
i=−∞

i

∑
l=−∞

|λl|2i(s+1)−k(s+n+1)2−inb2lna‖χBi‖Lp′(·)‖χk‖Lp(·)

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
k−2

∑
i=−∞

i

∑
l=−∞

|λl|2(i−k)(s+1+nδ2)2−inb2lna

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞
k−2

∑
i=−∞

i

∑
l=−∞

|λl|q2
q
2 (i−k)(s+1+nδ2)2−

q
2 inb2

q
2 lna

×
(

k−2

∑
i=−∞

i

∑
l=−∞

2
q′
2 (i−k)(s+1+nδ2)2−

q′
2 inb2

q′
2 lna

)q/q′
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� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞
k−2

∑
i=−∞

(
0

∑
l=−∞

|λl|q2
q
2 (i−k)(s+1+nδ2)2−

q
2 inb

+
i

∑
l=1

|λl|q2
q
2 (i−k)(s+1+nδ2)2−

q
2 iα∞

)

×
[

k−2

∑
i=−∞

(
2

q′
2 (i−k)(s+1+nδ2)2−

q′
2 inb +2

q′
2 (i−k)(s+1+nδ2)2−

q′
2 iα∞

)]q/q′

� Λ sup
L>0,L∈Z

L

∑
k=0

2kqα∞
k−2

∑
i=−∞

(
2

q
2 (i−k)(s+1+nδ2)2−

q
2 inb +2

q
2 (i−k)(s+1+nδ2)2−

q
2 iα∞

)

×
[

k−2

∑
i=−∞

(
2

q′
2 (i−k)(s+1+nδ2)2−

q′
2 inb +2

q′
2 (i−k)(s+1+nδ2)2−

q′
2 iα∞

)]q/q′

� Λ sup
L>0,L∈Z

L

∑
k=0

(
k−2

∑
i=−∞

2
q
2 k(α∞−nb)2

q
2 (i−k)(s+1+nδ2−nb) +

k−2

∑
i=−∞

2
q
2 (i−k)(s+1+nδ2−α∞)

)

×
(

k−2

∑
i=−∞

2
q
2 k(α∞−nb)2

q′
2 (i−k)(s+1+nδ2−nb) +

k−2

∑
i=−∞

2
q′
2 (i−k)(s+1+nδ2−α∞)

)q/q′

� Λ sup
L>0,L∈Z

L

∑
k=0

(
k−2

∑
i=−∞

2
q
2 (i−k)(s+1+nδ2−nb) +

k−2

∑
i=−∞

2
q
2 (i−k)(s+1+nδ2−α∞)

)

×
(

k−2

∑
i=−∞

2
q′
2 (i−k)(s+1+nδ2−nb) +

k−2

∑
i=−∞

2
q′
2 (i−k)(s+1+nδ2−α∞)

)q/q′

� Λ.

By (a) of Lemma 2.5,

III22 � sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
+∞

∑
i=k−2

k−2

∑
l=−∞

|λl|2−inb2lna

)q

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞
+∞

∑
i=k−2

k−2

∑
l=−∞

|λl|q2−
q
2 inb2

q
2 lna

(
+∞

∑
i=k−2

k−2

∑
l=−∞

2−
q′
2 inb2

q′
2 lna

)q/q′

� sup
L>0,L∈Z

2−Lλq
L

∑
k=0

2kqα∞

(
+∞

∑
i=k−2

0

∑
l=−∞

|λl|q2−
q
2 inb2

q
2 lna+

+∞

∑
i=k−2

k−2

∑
l=1

|λl|q2−
q
2 inb2

q
2 lna

)

×
(

+∞

∑
i=k−2

0

∑
l=−∞

2−
q′
2 inb2

q′
2 lna +

+∞

∑
i=k−2

k−2

∑
l=1

2−
q′
2 inb2

q′
2 lna

)q/q′

�Λ sup
L>0,L∈Z

L

∑
k=0

2kqα∞

(
+∞

∑
i=k−2

2−
q
2 inb+

+∞

∑
i=k−2

2−
q
2 iα∞

)(
+∞

∑
i=k−2

2−
q′
2 inb+

+∞

∑
i=k−2

2−
q′
2 iα∞

)q/q′
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� Λ sup
L>0,L∈Z

L

∑
k=0

(
+∞

∑
i=k−2

2
q
2 kα∞2−

q
2 inb +

+∞

∑
i=k−2

2(k−i) q
2 α∞

)

×
(

+∞

∑
i=k−2

2
q
2 kα∞2−

q′
2 inb +

+∞

∑
i=k−2

2(k−i) q′
2 α∞

)q/q′

� Λ sup
L>0,L∈Z

L

∑
k=0

(
2

q
2 k(α∞−nb)+

+∞

∑
i=k−2

2(k−i) q
2 α∞

)(
2

q
2 k(α∞−nb)+

+∞

∑
i=k−2

2(k−i) q′
2 α∞

)q/q′

� Λ. �

3. An application

By using atomic and molecular decompositions, we have the following result.

THEOREM 3.1. Let 0 < q < ∞, p(·) ∈ B(Rn). Let

T f (x) = p.v.

∫
Rn

K(x− y) f (y)dy

be a bounded operator on Lp(·) with the kernel K satisfies

|K(x− y)−K(x)|� C
|y|δ
|x|n+δ , |x| � |y|,

where C is a positive constant and 0 < δ � 1, and T ∗(1) = 0. If α(·) ∈ L∞(Rn)∩
P log

0 (Rn)∩P log
∞ (Rn) such that max{nδ1,nδ2} � α(0),α∞ < min{nδ1 + δ ,nδ2 + δ},

where δ1,δ2 as in Lemma 2.1, 0 � λ � 1
2 min{α(0),α∞}, then the operator T is a

bounded operator on HMK̇α(·),q
p(·),λ and HMKα(·),q

p(·),λ .

The idea of the proof of Theorem 3.1 comes from Theorem 6.2.3 in [16] for Herz
Type Hardy spaces. To complete the proof of Theorem 3.1 we need the following
definition and lemmas firstly.

DEFINITION 3.1. For s ∈ Z+, let D(Rn) be the space of infinitely differentiable
complex-valued functions with compact supported in R

n.

Ds(Rn) =
{

f ∈ D(Rn) :
∫

f (x)xβ dx = 0, for all |β | � s

}
and

Ḋs(Rn) = { f ∈ Ds(Rn), 0 /∈ supp f} .
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LEMMA 3.1. Let 0 < q < ∞, p(·)∈B(Rn), α(·)∈L∞(Rn)∩P log
0 (Rn)∩P log

∞ (Rn)
such that max{nδ1,nδ2} � α(0),α∞ < ∞, where δ1,δ2 as in Lemma 2.1. 0 � λ �
1
2 min{α(0),α∞}. Let s be a non-negative integer such that s � [max{α(0),α∞}−
min{nδ1,nδ2}]. Suppose that f ∈ Ds(Rn) and supp f ∈ Bk0−1 for some k0 ∈ N.

(i) There exist a sequence of numbers {λk}k∈Z and a sequence of cental (α(·), p(·))-
atoms {ak}k∈Z ⊂ Ds(Rn) with supp ak ∈ Bk+2\Bk−1 such that

f (x) = ∑
k∈Z

λkak(x)

for all x ∈ R
n\{0} and in the sense of S ′(Rn), and(

sup
L∈Z

2−Lλq
L

∑
k=−∞

|λk|q
)1/q

� C‖ f‖
HMK̇

α(·),q
p(·),λ

.

Furthermore, if supp f ∈ Bk0−1\Bk1+1 for some k1 ∈ Z, then λk = 0 for all k > k0

and k < k1;
(ii) There exist a sequences of numbers {λk}k0

k=0 and a sequence of cental
(α(·), p(·))-atoms of restrict type {ak}k∈Z ⊂ Ds(Rn) with supp ak ∈ Bk+1 such that

f (x) =
k0

∑
k=0

λkak(x)

for all x ∈ R
n, and (

sup
L∈N0

2−Lλq
L

∑
k=0

|λk|q
)1/q

� C‖ f‖
HMKα(·),q

p(·),λ
.

Proof. We only prove the conclusion (i), the proof of conclusion (ii) is analogous
and omitted. Let φ ∈ S (Rn) such that

0 � φ(x) � 1, x ∈ R
n; φ(x) = 1, |x| � 1

2
+

1
10

; φ(x) = 0, if |x| > 1− 1
10

.

Let
ϕ(x) = φ(x)−φ(

x
2
) and Φk(x) = ϕ(2−kx).

Then supp ϕ ⊂ { 1
2 � |x| � 2}. supp Φk ⊂ Dk ∪Dk+1 and ∑k Φ(x) = 1 for any x ∈

R
n\{0}. Let R0 = { 1

2 � |x|� 2}, Rk = Dk∪Dk+1 for k � 1. Let {ψ̃β : β � s}∈S (Rn)
be a dual basis of {xβ : |β | � s} with respect to the weight |R0|−1ϕ , namely

1
|R0|

∫
Rn

xβ ψ̃γ(x)ϕ(x)dx = δβ γ ,

which implies that

2−k(n+|β |) 1
|R0|

∫
Rn

xβ ψ̃γ(2−kx)ϕ(2−kx)dx = δβ γ .
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For all x ∈ R
n, k ∈ Z and |β | � s, set

ψk,β (x) = 2−k(n+|β |) 1
|R0| ψ̃β (2−kx)Φk(x).

Then ψk,β (x) ∈ S (Rn), supp ψk,β ⊂ Rk,

‖ψk,β‖L∞(Rn) � C2−k(n+|β |) (10)

and ∫
Rn

ψk,β (x)xγdx = δβ γ . (11)

For each fixed f ∈ Ds(Rn) and k ∈ Z, set fk(x) = f (x)Φk(x) and

Pk(x) = ∑
|β |�s

ψk,β (x)
∫

Rn
fk(y)yβ dy.

It is easy to see that fk −Pk ∈ Ds(Rn) and supp ( fk −Pk) ⊂ Rk for k ∈ Z. Decompose
f as

f (x) = ∑
k∈Z

[ fk(x)−Pk(x)]+ ∑
k∈Z

Pk(x) (12)

= ∑
k∈Z

[ fk(x)−Pk(x)]+ ∑
k∈Z

∑
|β |�s

[ψk,β (x)−ψk+1,β (x)]
∫

Rn

k

∑
l=−∞

fl(y)yβ dy (13)

where the equality holds for x ∈ R
n\{0}.

Notice that | f (x)|� GN( f )(x) for any x∈R
n. Then by (10), the Hölder inequality

and Lemma 2.2 we have

‖Pk‖Lp(·) � ∑
|β |�s

2−kn‖χBk‖Lp(·)

∫
Rn

GN( f )(x)χRk (x)dx

� 2−kn‖χBk‖Lp(·)‖χBk‖Lp′(·)‖GN( f )χRk‖Lp(·)

� ‖GN( f )χRk‖Lp(·) .

This implies that
‖ fk −Pk‖Lp(·)(Rn) � ‖χRkGN( f )‖Lp(·)(Rn).

Let λk = |Bk+1|αk/n‖χRkGN( f )‖Lp(·)(Rn) and ak ≡ λ−1
k ( fk −Pk). Then for any k ∈ Z,

Cak is a central of (α(·), p(·))-atom supported in Bk+1\Bk−1. Moreover’(
sup
L∈Z

2−Lλq
L

∑
k=−∞

|λk|q
)1/q

� C‖ f‖
HMK̇

α(·),q
p(·),λ

. (14)

To estimate the second summation, for |β | � s, let ζ β be the function satisfies
that

ζ β (y) =
0

∑
l=−∞

ϕ(2−ly)yβ , y �= 0
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and ζ β (0) = 0 if |β | > 0, ζ β (0) = 1 if |β | = 0. Then there exists a constant C > 0
such that Cζ β ∈ AN(Rn) for all |β | � s. Moreover, it is easy to see that∫

Rn

k

∑
l=−∞

fl(y)yβ dy = 2k(n+|β |)|ζ β
2k ∗ f (0)| � C2k(n+|β |)χBk+1(x)GN( f )(x). (15)

By the definition of ψk,β and (11) we have that ψk,β −ψk−1,β ∈ Ds(Rn) and

|ψk,β −ψk+1,β | � C2−k(n+|β |)χRk∪Rk+1 (16)

Let μk = C|Bk+2|αk/n‖χRkGN( f )‖Lp(·)(Rn) and

bk = (μ−1
k ) ∑

|β |�s

(ψk,β −ψk−1,β )
∫

Rn

k

∑
l=−∞

fl(y)yβ dy.

Then by (15) and (16), we have bk ∈Ds(Rn) supported in Bk+2\Bk−1 and ‖bk‖Lp(·)(Rn)

� C|Bk+2|α(·)/n, which implies that Cbk ∈ Ds(Rn) is a central (α(·), p(·))-atom sup-
ported in Bk+2\Bk−1 for all k ∈ Z. Again by (15),(

sup
L∈Z

2−Lλq
L

∑
k=−∞

|μk|q
)1/q

� C‖ f‖
HMK̇α(·),q

p(·),λ
. (17)

Since for |k− l| > 2, supp ak ∩ supp al = /0 and supp bk ∩ supp bl = /0, it follows
that

f (x) = ∑
k∈Z

(λkak(x)+ μkbk(x))

for all x ∈ R
n\{0} and in S ′(Rn), which together with (14), (17) and the facts that

{Cak,Cbk}k∈Z are central (α(·), p(·))-atoms gives the central atomic decomposition
of f .

For f ∈ Ds(Rn) with supp f ⊂ Bk0−1\Bk1+1, observing that when k > k0 or k <
k1, fk = 0 and ∫

Rn

k

∑
l=−∞

fl(y)yβ dy =
∫

Rn
f (y)yβ dy = 0,

and so ak = 0 and bk = 0, we have

f (x) = ∑
|k|�k0

(λkak(x)+ μkbk(x))

for all x ∈ R
n. This concludes the proof of the conclusion (i). �

LEMMA 3.2. Let 0 < q < ∞, p(·) ∈ B(Rn), α(·) ∈ L∞(Rn) ∩ P log
0 (Rn) ∩

P log
∞ (Rn) such that max{nδ1,nδ2} � α(0),α∞ < ∞, where δ1,δ2 as in Lemma 2.1.

0 � λ � 1
2 min{α(0),α∞}. Let s be a non-negative integer such that s� [max{α(0),α∞}

−min{nδ1,nδ2}]. Then

(i) Ḋs(Rn) is dense in HMK̇α(·),q
p(·),λ ;

(ii) Ds(Rn) is dense in HMKα(·),q
p(·),λ ;
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Proof. Let f ∈ HMK̇α(·),q
p(·),λ . Theorem 13 in [33] shows that there exist a sequence

of numbers {λk}k∈Z and a sequences of central (α(·), p(·)) atoms {ak}k∈Z such that
f = ∑∞

k=−∞ λkak in the sense of S ′(Rn) and(
sup
L∈Z

2−Lλq
L

∑
k=−∞

|λk|q
)1/q

� C‖ f‖
HMK̇α(·),q

p(·),λ
.

For T ∈ N, let
fT = ∑

|k|<T

λkak.

It is easy to see that fT ∈ HMK̇α(·),q
p(·),λ and

‖ f − fT‖HMK̇
α(·),q
p(·),λ

�
(

sup
L∈N0

2−Lλq
L

∑
k=T

|λk|q
)1/q

→ 0.

Take ψ ∈ D(Rn) with integral 1. Since

fT ∈ Lp(·)(Rn)∩HMK̇α(·),q
p(·),λ , supp fT ∈ BT−1,

it follows that ψt ∗ fT ∈ Ds, where ψt(·) = t−nψ( ·t ). Moreover, note that for any t ∈
(0,2−T ) and k with |k| < T, ‖ak‖HMK̇

α(·),q
p(·),λ

� 1 and

|Bk+1|−(k+1)αk/n‖ψt ∗ ak −ak‖−1
Lp(·)(ψ ∗ ak−ak)

is a central (α(·), p(·))-atom supported in Bk+1. This in turn implies that

‖ψt ∗ fT − fT‖HMK̇
α(·),q
p(·),λ

=

∥∥∥∥∥ ∑
|k|<T

λk(ψ ∗ ak −ak)

∥∥∥∥∥
HMK̇α(·),q

p(·),λ

�
{

sup
|L|�T+1

2−Lλq ∑
|k|<T

|λk|q|Bk+1|q(k+1)αk/n‖ψt ∗ ak−ak‖q
Lp(·)

}1/q

→ 0, as t → 0.

For any fT ∈ Ds(Rn), by Lemma 3.1 (i), we know that fT has an atom decompo-
sition

fT = ∑
k∈Z

λT,kaT,k

almost everywhere and in the sense of S ′(Rn), where aT,k ∈ Ds(Rn) supported in
Bk+2\Bk−1 and supL∈Z 2−Lλq ∑L

k=−∞ |λT,k|q � C‖ fT ‖q

HMK̇
α(·),q
p(·),λ

. Let

fT,J = ∑
|k|�J

λT,kaT,k.



MOLECULAR CHARACTERIZATION OF HERZ-MORREY-HARDY SPACES 1005

Then fT,J ∈ Ḋs(Rn) and

lim
J→∞

‖ fT,J − fT‖HMK̇
α(·),q
p(·),λ

= 0.

Therefore Ḋs(Rn) is dense in HMK̇α(·),q
p(·),λ .

Using Theorem 13 in [33] and Lemma 3.1 (ii) and the same argument above we
can prove (ii). �

LEMMA 3.3. Let 0 < q < ∞, p(·)∈B(Rn), α(·)∈L∞(Rn)∩P log
0 (Rn)∩P log

∞ (Rn)
such that max{nδ1,nδ2} � α(0),α∞ < ∞, where δ1,δ2 as in Lemma 2.1. 0 � λ �
1
2 min{α(0),α∞}. Let s be a non-negative integer such that s � [max{α(0),α∞}−
min{nδ1,nδ2}]. Suppose ε > max{s/n,α(0)/n+ δ1− 1,α∞/n+ δ1− 1}. Let T be a
linear operator on D(Rn).

(i) If there is a constant C > 0 such that for any central (α(·), p(·)) atom b,
CTb is a central (α(·), p(·),s,ε)-molecule. Then T can be boundedly extended to

HMK̇α(·),q
p(·),λ .

(ii) If there is a constant C > 0 such that for any central (α(·), p(·)) atom b of
restrict type, CTb is a central (α(·), p(·),s,ε)-molecule of restrict type. Then T can

be boundedly extended to HMKα(·),q
p(·),λ .

Proof. We only prove (i). The proof of (ii) is similar to (i). Let f ∈ Ḋs(Rn)∩
HMK̇α(·),q

p(·),λ supported in Bk0−1\B−k0+1. It follows from (i) of Lemma 3.1 that there

exists a sequence of numbers {λk}|k|�k0
and a sequence of central (α(·),q(·)) atoms

{ak}|k|�k0
such that f = ∑k λkak in the sense of S ′(Rn) and

(
sup
L�k0

2−Lλq
L

∑
k=−∞

|λk|q
)1/q

� ‖ f‖
HMK̇α(·),q

p(·),λ
.

We then have that
T f = ∑

|k|�k0

λkTak

and

‖T f‖r
HMK̇

α(·),q
p(·),λ

�
{

sup
L�k0

2−Lλq
L

∑
k=−∞

|λk|q
}r/q

� ‖ f‖
HMK̇

α(·),q
p(·),λ

.

Since the density of Ḋs(Rn) in HMK̇α(·),q
p(·),λ , T can be extended to be a bounded operator

on HMK̇α(·),q
p(·),λ . �

Proof of Theorem 3.1. We only prove the result for homogeneous case, the non-

homogeneous can be handled by the similar way. Let f ∈ HMK̇α(·),q
p(·),λ , by Theorem
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13 in [33] then f = ∑∞
k=−∞ λkak in the sense of S ′(Rn), where each ak is a central

(α(·), p(·))-atom with support contained in Bk and

‖ f‖
HMK̇

α(·),q
p(·),λ

≈ inf sup
L∈Z

2−Lλ

(
L

∑
k=−∞

|λk|q
)1/q

.

By Lema 3.1 to 3.3, we only need to show that Tak is a central (α(·), p(·);0,ε)-
molecule for any central (α(·), p(·))-atom with support contained in Bk in D(Rn).
The moment condition is guaranteed by T ∗(1) = 0. So we only need to verify the size
condition for molecules. To do this, let t = 1− δ1−αk/n+ ε, b = 1− δ1 + ε.

Rp(·)(Tak) = ‖Tak‖t/b

Lp(·)‖| · |nb(Tak)‖1−t/b

Lp(·) < ∞,

First we estimate ‖| · |nb(Tak)‖1−t/b

Lp(·) . In fact, we have

‖| · |nb(Tak)‖Lp(·)(|·|�2k) � rnb‖Tak‖Lp(·) � rnb−αk .

On the other hand, for any x with |x| > 2k, the vanishing moment of ak and the regu-
larity of K, we have

|Tak(x)| =
∣∣∣∣∫

Rn
(K(x− y)−K(x))ak(y)dy

∣∣∣∣
�
∫

Rn

|y|δ
|x− y|n+δ |ak(y)|dy

� kn+δ |x|−(n+δ ) 1
|B(0,k)|

∫
B(0,k)

|ak(y)|dy

� kn+δ |x|−(n+δ )M ak(x)
� M ak(x)

and

‖| · |nb(Tak)‖Lp(·)(|·|>2k) � ‖| · |nbM ak‖Lp(·)(|·|>2k) � knb‖|ak‖Lp(·) � knb−αk .

Thus, we get

Rp(·)(Tak) = ‖Tak‖t/b

Lp(·)‖| · |nb(Tak)‖1−t/b

Lp(·)

� ‖ak‖t/b

Lp(·)k
(nb−αk)(1−t/b)

� k−αkt/b+(nb−αk)(1−t/b)

= 1.

Therefore, the proof of Theorem 3.1 is concluded. �
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