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THE MOLECULAR DECOMPOSITION OF HERZ-MORREY-HARDY
SPACES WITH VARIABLE EXPONENTS AND ITS APPLICATION

JINGSHI XU AND XI1AODI YANG

(Communicated by J. Pecari¢)

Abstract. The molecular decomposition of Herz-Morrey-Hardy spaces with variable exponents
is given. As its application, the boundedness of a convolution type singular integral on Herz-
Morrey-Hardy spaces with variable exponents is obtained.

1. Introduction

Recent three decades, there is a increasing interest in variable exponent spaces, see
[15] and the monographs [5, 6] and the references therein. Moreover, variable Hardy
spaces, variable Herz spaces, variable Besov and Triebel-Lizorkin spaces, variable Mor-
rey spaces and Banach space valued variable Lebesgue space and Sobolev spaces have
been introduced; see [1, 2, 3,4, 7,8,9, 10, 11, 12, 13, 14, 19, 20, 21, 22, 29, 30, 31, 34].
Meanwhile, Morrey type Besov and Triebel spaces and their generalizations have been
developed; see [17, 18, 23, 24, 25, 27, 28, 35]. Motivated by these references, we in-
troduced Herz-Morrey-Hardy spaces with variable exponents and gave their atomic de-
composition in [33]. As a continuation of [33], we establish their molecular decompo-
sition in next section. For the molecular decompositions of the classical Hardy spaces,
the variable Hardy spaces, the Herz type Hardy spaces and the non-homogeneous Herz
type Besov and Triebel-Lizorkin spaces, we refer the reader to [26], [19], [16] and
[32], respectively. In Section 3, by using their atomic and molecular decompositions,
we shall give the boundedness of a convolution type singular integral on Herz-Morrey-
Hardy spaces with variable exponents.

2. Molecular decomposition

Let L}, (R") be the collection of all locally integrable functions on R". Given a

function f € Ll (R"), the Hardy-Littlewood maximal operator ./ is defined by

loc

AP = supr [ 1)y, e R

r>0
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where and follows B(x,r) :={y € R" : |[x—y| < r}. We also use the following notation:
p—:=essinf{p(x) :x € R"} and py :=esssup{p(x) :x € R"}. The set Z(R") consists
of all p(-) satisfying p_ > 1 and p; <eo. Z(R") is the set of p(-) € Z(R") satisfying
the condition that ./ is bounded on LP()(R") (for its definition see [33]).

In this paper we use the symbol A < B to denote that there exists a positive expo-
nent ¢ such that A < ¢B.

LEMMA 2.1. (see [12]) Let p(-) € B(R"). Then there exist 0 < 81,0, < 1 and a
positive constant C depending only on p(-) and n such that for all balls B in R" and
all measurable subsets S C B,

Isllo _ 1Bl sl <c(i)‘“ . ||xS||L,,,<.><C<g)52
||XSHLP( |S| HXB”LP ‘B‘ HXBHLP’(-) |B|

LEMMA 2.2. (see [12]) Let p(-) € B(R"). Then there exists a positive constant
C such that for any ball B in R",

lxsll o) 118l ) < CIB.

Let k € Z, By :={x € R": |x| < 2%}, Dy := B\Bi_1, Yk := Xp,. The symbol
Np denotes the set of all non-negative integers. For any m € Ny, we denote J,, :=
XD,-m =1 and Yo := xp, respectively.

DEFINITION 2.1. Let 0 < g <o, p(-) € Z(R"),0 < A <oo. Let () be abounded
a(')?‘l

real-valued measurable function on R". The homogeneous Herz-Morrey space M. f(p ()4

and non-homogeneous Herz-Morrey space MK (()) 5 are defined respectively by

MKI?((>),/{I {f e LPV®M0): Hf||MKa(<-)>f < °°}7
P,

and
MKI?((){ = {f 6Lloc ( n) : Hf”MKa(-),q < 00},
p().A
where
L 3
Sl atra = sup2*L’l 20‘(')kka 9 7
H ”MKP((-)J‘L] LeZ kzz_’NH HLP()
and

q
I£1l,, ¢ := sup 2‘“(22"‘ Kra, )

p()A LeNy k

Here there is the usual modification when g = oo.
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LEMMA 2.3. (see [33]) Let p(-) € Z(R"), g € (0,00] and A € [0,). If o(-) €
L=(R") N ZYE(R") N PRE(RY), then

1
L q
IF]l, gatra = max< sup 27 ( > 2ka(0)q||f)(kzp(l>> )

p()A L<0,LeZ k=—o0
1

1
q L q
sup 2_L)L< Z 2ka quXkHLp ) +2_L}L (sza quXkH )

L>0,L€Z k=—oc0 k=0
Let Gy f be the grand maximal function of f defined by

Gnf(x) == sup [95(f)(x)|, xR,
oy

where o7y := {¢ € S (R"): sup Ix?DB(x)| <1} and N >n+1, ¢ is the
|ail,|BI<N, VxeRn
nontangential maximal operator defined by

¢ (f)(x) = sup [@*f(y)], Vox € R" with ¢ (-) =17"¢(-/1).
ly—x|<t
DEFINITION 2.2. Let a(-) € L*(R"), 0 < g < oo, p(-) € Z(R"), 0K A <o
and N > n+ 1. The homogeneous Herz-Morrey-Hardy space with variable exponents
HMK (()) 3 and non-homogeneous Herz-Morrey-Hardy space with variable exponents

HMK (()) 3 are defined respectively by

HMK(()H {fey(R") Hf”HMK() = [|IGN Sl s <oo}7

and
MRS = {1 € 7B 110y = 168y <=}

()7L
Let 2 %(R") and Z2%(R") be the set of log-Holder continuous functions at
origin and the set of log-Holder continuous functions at infinity, respectively; for their
definitions see [33].
Now, we give the notion of molecules and atoms.

DEFINITION 2.3. Let 0 < g <, p(-) € 2(R"), a(-) € L*(R") N 2 E(R") N
PR #(R") such that n8; < a(0), 0. < e where §; asin Lemma 2.1. Let non-negative
integer s > max{[a(0) —nd|, [0 — 1]} and € > max{s/n,t(0)/n+ 8 — 1,0 /n+
01— 1}. Let b=1—0; +e¢. If [ is a negative integer, let oy = 0¢(0) and a =1— 8, —
o(0)/n+ €; if [ is a non-negative integer, let 0 = Otw, and a = 1 — §; — 0o/ + €.
(i) A function M; € LP() with [ € Z is called a dyadic central (a(-),p(-);s,€); -
molecule if it satisfies
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(il) HMZHLP < _lal
. b 1=afb _
(2) Zp()(My) = IIMzH“/ - Penill s < o
(i3) fgn M (x)xPdx = 0 for any multi 1ndex B with [B| <s
(ii) When [ € Ny, a dyadic central (o(-), p(+);s,€); -molecule M; is also called of
restricted type.

DEFINITION 2.4. Let p(-) € 2(R"), a(-) € L™(R") N 2 E(R") N PLE(RY),

and non-negative integer s > [o- — nd|, here o, = a(0),if r <1, 0 = Ok, if r > 1,
nd < o <o and & asin Lemma 2.1.

(i) A function a on R" is called a central (ot(-),p(-))-atom, if it satisfies: (1)
supp a C B(0,2); (2) |lal| o) < [B(0,27)]7%/"; 3) fana(x)xPdx =0, |B| <s.

(ii) A function a on R” is called a central (o(-), p(+))-atom of restricted type, if it
satisfies: (1) supp a C B(0,2"), r> 15 (2) |lal| o) < |B(0,27)[7%/"; (3) fgn a(x)xPdx=
0, |ﬂ‘ <s.

Next lemma shows that an atom is a molecule.

LEMMA 2.4. Let 0<q<eo, p(-) € B(R"), a(-) € L™ (R*)N 2y E(R") N PE(R")
such that max{nd;,n%} < 0(0), 0 < oo, where 01,0, as in Lemma 2.1. Define a
non-negative integer s > [max{o(0), 0. } — min{nd;,nd}], € > max{s/n,0(0)/n+
O —Lo/n+8 -1}, a=1-6—0(0)/n+eora=1—06 — O/n+¢€ and b=
1-0+e¢.

(1) If M is a central (a(-),p(-))-atom, then M is a central (o(-),p(-);s,€)-
molecule such that %,(M) < C with C independent of M.

(ii) If M is a central (o(-),p())-atom of restricted type, then M is a central
(a(:),p(:);s,€) -molecule of restricted type such that %, (M) < C with C indepen-
dent of M.

Proof. Let M is a (o(-), p(+))-atom with support on a ball B(0,r), then we get

M0 - 172 < POy S P 1

r( () ~
Then the results follow from the definition of atoms. [

Now there is a position to state the molecular decompositions of Herz-Morrey-
Hardy spaces with variable exponents.

THEOREM 2.1. Let 0 < g < oo, p(-) € B(R"), a(-) € L*(R") N 2 E(R") N
PRER"Y) such that max{n8,,n8} < 01(0), 0t < oo, where 81,8, as in Lemma 2.1.
0 < A < $min{e(0),00}. Define a non-negative integer s > [max{c(0), 0t} —
min{nd;,nd,}|. Suppose € > max{s/n,0(0)/n+ 6 —1,0./n+ 8 — 1}.

1 fe HMK lf and only if f can be represented as f =Y __ MMy in the
sense of ' (R"), where each My is a dyadic central (o.(-),p(-);s,€),-molecule and

—oo
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L
Ky (My) are uniformly bounded, and sup; 2-Lrq kiz |A|? < oo. Moreover

L 1/’1
|1, g & inf sup27LM [Ax|9
HMK LeZ k=2_'.x, ’

where the infimum is taken over all above decompositions of f.
(ii) f € HMK™ ( A 5 if and only if f =37 MMy in the sense of 7' (R"), where
each My is a dyadic central (a(-),p(+);s,€); -molecule of restricted type and %,,.\(My)

L
are uniformly bounded, and supycy, 27 Y | J4]? < oo. Moreover
k=0

1/q
1A, qmnf(supz“qxakq) ,

()7L LeNy k=0
where the infimum is taken over all above decompositions of f.

To prove the theorem, we need the following decomposition of molecules, which
is a adjustment from classical setting in [16].

LEMMA 2.5. For any dyadic central (o.(-),p(-);s,€);-molecule M; € LPV)| [ €
Z, there is a decomposition

M= gii+ Y, Qi
i=l i=l
such that (a) for i > 1, [gngii(x)xPdx = 0 for each |B| < s and ||giil| ;) < €272

where the constant C independent of My;
(0) X2, 01 =CYjj<s iy alji, where each alﬁ is acentral (a(-),p(-);s,€), -atom.

Proof. For | € Z, without loss of generality, let
—1
||M1HLP(‘) =27"%,

Let Ejy := {x: |x| <2'}. For i > [, let Ej:={x:2"! < |x| <2}. We denote by y;;
the characteristic function of Ej;. So we have

ZMZ X) 21 (x

We denote by & the class of all real polynomials of degree no more than s. Let
My; == M;);; and let Pg, M;; € &7 be the unique polynomial satisfying

/E (Mi (x) = Pe,Myi(x))xP dx = 0, [B] < s. (1
li
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Let Qy; := (Pg,,Mj;) x1i- Denote g;; := Mj; — Qy;, then we have
My =Y gi+ Y, Qi
i=l i=l

Now we first show (a). Equation (1) means [y, gi(x)xPdx =0 for i > 1. We
still to show the size estimates for g;;. Without loss of generality, we can suppose that
Ry (M) = 1, which implies that

—a/(b—
11| = Il ) = 2,

where a =1 — 8 — oy /n+¢€ and b = 1 — ;) + €. Then there exists a positive constant
C independent of M; such that for i > [,

1My || iy < C2702Me

Since if i >, | |
HMHHLP(-) IR |nle||LI’(') |2l|_nb S pinbylna,
ifi=|1,
”Mll HL/’ 3 < ||Ml HLI’ N = 2—10{[ — 2—lnb21na.
Choose {¢}: |j| <s} C 2 such that

<(P[,la(PV E; = x)dx = &py.

|E ‘ Elt

Then . _
Qui(x) = Y, (Myi, 9, 0 (x), if x € Eyi. )

|Bl<s

1
041 S 7 [ Mol

Thus for any i > [, by Lemmas 2.1 and 2.2 we have

By scaling we have

lgiill ooy < NIMuill oty + 11 Quill 1)
1
S IMiill e + & Ml o 112 o X )
1

S Ml e
< Zfinhzlna'

Next we turnto show (b). Let { 1 |j| < s} C P be the dual basis of {x: |y| < s}
with respect to the weight — | 7 on El,, that is

(yi,xt) = v (x)a¥dx = §jy.

1
‘Eli| Ej;i
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If set @f'(x):= ¥ Byx* and yii(x):= X 7;0{/(x), then we have

[VI<s [VI<s

= V// 7(pv z BV}/ WJ? Z B\l/iy6l)’_

l7I<s [v|<s

So yli(x) = X Bl;@y(x). Forany x € Ej;, we have

V<s

<Mlz7§0, >El,(PJ Mlz» Z ﬁll v [,-(pjl‘i(x) = Z <Mli7 >Ehﬁ\/](pj( )

[v|<s [v|<s

which together with (2) implies that

Qii(x) = Y, (Mii,x') g, i (x), if x € Ey.

lil<s

We denote E :={xeR": 1 < |x| <2}, F:={xeR":|x| <1}, {e;:

ﬁ Jr€j(x)xYdx = §;y. Noting that if i > [,

1 ; 1 ) o
= — L Ydx — i—1\|yly, i (i1 Y
5ﬂ’ |Eli‘ /Ezi Vj] (X)X d ‘E‘ /E(2 ) Vj] (2 y)y dy,

we get e;(y) = (271)llyli(271y). This in turn leads to that for i > 1,

i i—1y—j X
wi) =@ \~f|ej(2ij), x€Ep.
By the similar way, we have

vl () =27 Veix), xeF.
By taking C:= sup {||¢;||z=(®n),|€)l[1=®n)} We have
Jilil<s
i (x)| <c@™)M, for i>1.
Now we can conclude (b). Let

oo

N =3 |Eial (Mg, x" )y, i1,
d=i

It is easy to see that

NJZ-Z :dz'l‘Eld‘<Mld7 Eld Z Ml x/dx / Ml x/dx 0.

Eiq

For any [ € Z, and measurable subset E;; we have

1 1 L
min{|Eyq| 7", |Eal 7™ } < || xEll o0) maX{|Ezd\” | Eal?” }-

983

3)

|l <
s} C P(R") satisfying ﬁ Jpej(x)xVdx = 8jy, and {&; : | j| < s} C FZ(R") satisfying

“)
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By Lemmas 2.1 and 2.2, we have for i > [

NA<Y [ MaCox|ax
d—=i” Ea
S Y IMial - Pl o el oo
d=i

< 2 Mual - Pl oo | Eral
(12;1' L ”XEMHLP(-)

QU
]

NN
e b

plan o {2d<\j|—nb+n—p%>,2d<\j|—nb+n—,,%>}

U
I

Zlan

I
M

max { ,

QU
]

By (4) we have

; o A lann—dn(e+1+-1 -5
Bl N ()ps()] S 3 2t e eD

d=i

— ~dn(a—e—1—-L 4§))
<2 Pt

d=i

_ i Hdn(—en/n—c)
=

5 2 ( O‘l/”*PT)

When i > 0 is sufficiently large

2in(70q/n7pi+)

— 0, [ — oo,

Using Abel’s transform, from (3) and (5) we get

Y00 =3, S (Mo, v (1)
i=l

i=l|j|<s

22(?% (Mg, )

[jI<si d=

{1l v 0200 = B |~ 9, )5 ()}

il—n n —nd-t —ndL
@O0 "My | i | Erg] max{ 2" 27"}

d(|jl=-ne+nd—-) 2d(|j\—n€+n51—ﬁ)} '

(&)

= 3 SN L ) 100~ | W W @)

l<si=l
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Let ;= (=N ") { 1Bl A 002006) = B )| W 061, () } amd by (5)

l i+1) 1(i+1
lalilloer = =N D) {1l = |y | Y

Xl(i+1)} ”LP(-)
1(i+1) — i —1y. A1
S IV ER 1 il + sl ™ 1 e ) o )
—i|jlAy—in| A (i+1
<271 g -
But by Lemmas 2.1 and 2.2, we have

(i+1)
Nl < X W1
=i+1

S 2 1Mial - VNl o s | o 128 o
d=i+1

D0 1Mual - Pl oo 128l s 128 o

d=it1
d b b |Bl+1| o

< Z @O 1" Myl oo |Bal
d=i+1 | dl

< 2 2d(\j|7n8)21nu2n(i+l)31
d=i+1

< 2i(|j\7n£)2in51 2lna.

Thus we obtain
||a‘l/l||Lp() 5 Zfilj‘27in2i(|j‘7n£)2in51 2lna 5 Zfinbzlnu. (6)

Also we have

”aﬂ”LI’ () S2inbylna < p=inbting _ p=ioy

By the preceding definition we get

|Ey(iv 1)l 1/ ) g1y (0)x dox = |Eli|7l/R,, (%) i (x)x/ dx.
Hence,
/naljl-(x)xjdx
= /)I(—N}:H) {|Eli|71‘/{;(x)751i(x) - |El(i+1)|7lll{;“(x)%l(m)(x)}xjdx
= (= Nl+l)<|Ell| 1/ ‘V/ X) 21 (x )xfdx |El z+1 / o )xl(,-ﬂ)(x)xjdx)
=0.

This finishes the proof. [J
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Proof of Theorem 2.1. We shall show (i). The proof of (ii) is similar and simpler.
The necessity follows from Lemma 2.4 and Theorem 13 in [33]. Thus we only need
to prove the sufficiency. Suppose f =7 _ AM; in the sense of .#/(R"), where
each M is a dyadic central ( (+),p(+);s,€);-molecule and %, (My) are uniformly

bounded, and sup; ., 2144 2 |49 < 0. We need to estimate the norm of Gy in

k=—o0

space MK (()) 1 For convenience, we denote Sup;cz2” Liq 2 |Ai|? = A. By Lemma
[—=—o0

2.3 we have

IGNAII] o q~maX{ sup 2 4 Z 24O Gy ) ll?
()z L<O0,LEZ [

—1 L
sup 2_”4( Y 2ONGH Nl X 2GS 2l )}

L>0,LeZ k=—o0 k=0
Smax{l,II+1II},

where

I:= sup 27MAd 2 2tq(0) 1(GN ) eI}
L<0,LEZ k=—oc0

[ = 2 24950 (Gn f) )

k—=—oco

= sup 27" 22"4"‘ NGNS )2l
L>0,LeZ k=0
To complete the proof, it suffices to show that 1,11,III < A. To do so, we estimate
I.I1,1II step by step. In the summation of f =37 _ A;M;, we consider it into two
parts. For the smaller indices /, we shall use the boundedness of the grand maximal
operator Gy acting on M; in the variable exponent Lebesgue space, for the larger

indices [, we shall use Lemma 2.5, the decomposition of M;. Therefore, we have

I= sup 2704 2 2ka(0) IGN)xell]

L<0,LeZ k=—o0
L oo 4
< sup 27HA N kO (N 4| GyMy x|
L<0,LE7 oo I=k—1

L k—2 4q
+ sup 27HA Y pkao(0) ( Y llGNMlem-))
L<0,LEZ fk=—oco

|=—oco

L o0 1
< sup 271ha Y 2kq06(0)< 2 Al|||Mle(l)>
l

L<0,LeZ k=—o0 =k—1

L k—2 oo q
+ sup 2L Z 2kq2(0) ( 2 A’IZGNglixk”Ll’(')>
=l

L<0.LEZ koo

|=—oco
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L k—2 oo q
+ sup ziqu 2 qua(o) ( 2 MI‘HGN <2le> XkLp(‘)>
i=l

L<O0,LeZ k= —o0 |=—o0
=L+L+15
. q
Iy ;== sup 27 Liq 2 qua ( 2 MZMZHLP(')) .
L<0,LEZ k= —o0 I=k—1

= |
| k"
)

I ™M

L:= sup 27L% 2 2kqe(0)
L<0,LeZ k=—o0

q
MZ\ZHGNgl,xknLP )

k=2 k-2 4
S sup 27 LAq 2 2ka(0) (Z ZM’””GNgllxk”Ll’ )
q

L<0,LEZ k=—o0 =—oc0 |=
+ sup 27Lra 2 2kae(0) (2 2 (Al llguill ot )
L<0,LEZ [ I=—coi=
=D+ .
e L k2 = 4
K< sup 27HAa Y kO (N Gy [ Y D | xll o
L<0,LEZ [ [ ljl<si=I

L q
S sup 27k 2 2kqa(0)< Z 4] 2 2 Ha LI’('))

L<0,LeZ k= —oo |=—co lj|<si=k

L k=2 — q
+ sup 27H Y pkae(®) ( > oMl Y Z (GNaé'i)kaP(')>

L<0,LEZ k= —o0 |=—o0 ljl<s i=1

=hL+ 1.
1

=3 24O Gnf)all

k=—oo

—1 o q
< Y, 240 (Z Ilezllem)

k=—oo I=k—1

—1 k=2 q
+ Y 2kae® (Z |/11GNMszLp<->>

k=—oo

—1 o q
< Y, 240 ( > Ilezllem)
l

k=—oo =k—1

+ 21 2kqer(0)

k=—oo
=11+ 1L+ 115.

—1 k=2 q
+ Z qua (Z |A’Z‘ZHGNglle||Lp )
k=—o0 —=—o0 i=l
k=2 q
( 2 M’Z‘HGN <2Qll> XkHLp )

|=—oo
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Q-Mg

-1

—1 q
L=y, 240 ( \Aul[1Mi]] o ) :
k=—o0 1

LSS}

-1 q
12: 2 qua 2 MII|EHGNgthHLP )

2r(s
[

1 L k-2 k-2 q
< Z 2kq(0 Z ZM””GNgZJCkHLP

k=—o0 [=—o00 i=

1 — > !
n 2 9kqo(0) ( 2 2 7Ll|||glin(')>

k=—o0 [=—ocoi=k—1
= 1121 + 1122.

k—2 e 1
1B Z 2kae0) ( Y, ullGy ( > 2"5’1’) xklle(->>

k= —oo0 |=—o0 ljI<si=l

S 3, 20 (Z iy Z I m)q

[==eojI<si=k

_1 k—2 — !
+ Y 2k ( >l Y 2 (GNai-i)ka»)

Pl 5w [f2siml
=115+ 13;.
HI= sup 2% Z 249% || (Gn )l
L>0,L€Z —
. q
< sup 2“"22’“’“‘”( Y |)L,GNM,ka,(,>>
L>0,L€Z k=0 |=k—

q
+ sup 27 szkw‘”< > |)L,GNM,ka,,(.)>

L>0,LeZ

|=—co

q
S osup 27 LA"Z?]{‘I&”( Y |/11szk||m-)>
[

L>0,L€Z k=0 =k—1

k=2 o0 !
+ sup 27 LMEZ’“’O“” ( 2 MlZ”GNMlilkLP(‘))

L>0,LeZ [=—00 i=l

q
+osup 2° L?LtIZqua‘”< Z MZ‘HGN (Z,le) kaLI’ )

L>0,L€Z |=—co
=11+ 1L+ 1115.

. q
1l ;= sup 2~ WZz"q"‘”( > 7Ll|||Man(->> :
l

L>0,LeZ =k—1
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L>0,L€Z k= |=—oc0

q
L= sup 2~ ”‘122}“1"‘% ( D I?LZ\ZIIGNghkuIu )

L>0,LeZ k=0 J=—o0 j—

k=2 k-2 4
< sup 2_qu22kqam ( 2 2 Ml|||GNglszHLp )
q
+ Sup 2 L)ququ%( Z Z ‘Afl|||gll||LI’ )

L>0,LeZ |=—ooj=
=1L+ 111
iy k iy < !
;S sup 277 22 =N Gy [ Y Y | all o
L>0,L€Z = [=—oc0 lj|<si=l

q
S sup 27 LMZZ"”‘“’<Z iy 2 il ot )

L>0,LeZ |=—o0 lj|<si=k

k=2 - q

+ sup 27 LMZWO‘” > Y Z 1(Gnd) el e
L>0,LeZ |=—oco |j|<s i=l

=111+ 1115;.

To proceed, we need a pointwise estimate for Gyg;;(x) on Dy. Let ¢ € @y, s € N such
that s+ 1 +nd, > nb. Denote by P the s-th order Taylor series expansion of ¢ at y/z.
If |x—y| < ¢, then from the vanishing moment condition of g;; we have

s 0 (5) ()

/ (@[5 (1410 82) )+

S /Rn g (@) |27 (1 + |y — 02])~ "+ dg,

‘gll‘*(bf

where 0 < 6 < 1. Since x € Dy for k € Z, we have |x| > 21 From |x—y| <1,
|z| <2, and i < k—2 we have

1
1]y =0z 2 e =yl + [y —02] > x| = || > Sx].
Thus,
g OIS [ eIl (b= + y— 62)) =+

S (g 2)z

< 2i(s+l) ‘x‘—(n-&-s-&-l)z—inbzlna HXB ”LI”(') )
Therefore, for i < k—2

GN(gli)(x) 5 2i(5+1)_k(s+n+l)2_inb21naHxBi”LP’(J7 x €Dy, and k € Z. (7
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We also need a pointwise estimate for GNai-i (x) on Dy. As the argument as above,
we have for i < k—2,

GNalj,‘(x) S 2i(s+l)—k(s+n+l)2—inb21naHXB’_“LP,(_), x€ Dy, and k € Z. (8)

Since al, is similar to g;;, then GNa is similar to Gyg;;. Therefore the estimation

of I, I3, and II1; are similar to that of 12, 11, and III, respectively. So we omit the
details for the estimation of I3, /I3, and I113. To complete the proof, we consider them
intotwo cases 0 < g <1 and 1 < g < eo.

Case 1: 0 < g < 1. In this case, we always use the inequality:

i=1 i=1

o \! w
(251,-) < Y alfora; >0, i€N, 9)

and the convergence of a geometric series and exchange order of summation and the
convergence of geometric power series. Using the condition (7; ) in Definition 2.3, we
have

L oo K
L= sup 7—LAg 2 za(O)kq< 2 QLI|||M1LP(,)>
l

L<0,LeZ k=—o0 =k—1

L o q
5 sup 2—L7Lq Z 2a(O)kq< Z xl|2—oql>
I 1

L<O,LeZ k=—o0 —k—

L<O0,LeZ k=—o0 I=k—1

L —1 oo
< sup ] Z 20:(0)kq< Z )Ll|q2—a(0)lq+z|llqz_amzq>
=0

L -1
< sup 27MM |, |72%(0) (k=)
L<0,LeZ kgooz—%1

+ sup 271ra 2 2e(0)kq quz—‘w
L<0,LeZ k=—c0

< sup 27MM 2 2 271ha| ) 121 (0) (k=)
L<O0,LEZ, 1

e L
+ sup 22fllq|ll‘q2(lfaw)lq27qu 2 2a(0)kq
L<0,LEZ]—( k= —oo

L —1
SA sup Y Y A (I=L)Aqne(0) (k—1)g
L<07L€Zk=—°<)l:k_1

oo L
+A sup z(lfaw)lq za(o)kqulq
LgO,LeZE(’) k:z—oo

<A

In the last inequality, we used the condition A < Ot.
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By (8), Lemma 2.1 and the assumpton s+ 1 +nd, > nb we have

L
b1 < sup 27tAa Y okee(O) 2 |7Lz\q2H Ggin) xell}

L<0,LeZ k=—c0 [=—00
L L — ) )
5 Z sup 2—L7Lq Z Ml|q Z 2kqoc(0) Z 2q(z—k)(5+1+n52)—zqnb+lqna
‘jlgsLéo.LEZ |=—o0 k=—o0 i=l

< Z sup 2—LAgp Z okqe:(0) qu )(s+1+n8)—ige(0)

~

‘j|<sL<0 LeZ k=—oo i=l

L k-2
<A Z sup Z qu )(s+1+n&—0(0))
|j|<s L<O, LEZ f=—oo =]

<A

By (a) in Lemma 2.5, we obtain that

L
In< sup 27H Y gtael0) Z l? 3 Z gl

L<0,LeZ k= —o0 |=—co lj|<si=k
L L _
5 Z sup 2—L7Lq Z M’l‘q Z 2kq0£(0) Z 2—zan21naq
mgngO,LeZ [=—oo k=—oo i=k—1

L oo
< Z sup A Z 2]“10‘(0) Z 2—iq0£(0)
mgngO,LeZ k=—oc0 i=k

oo

<A sup
‘j|2<'sL<0 Lezkgw, ;

<A

Then we estimate /1. Using the condition (7; ) in Definition 2.3, we have

1 oo a
I, = 2 2kqoc(0) (2 )Ll|||Mle(*)>
k= —o0 1=k
1 oo q
,S Z 2kqoc(0) (Z Afl|2_lal>

I=k

< i 2(0)kg (i)Ll|42—a(0)lq+i|)wqz—amlq>
2 ZM’IVIZOC ) (k— lq_|_ 2 20( quM |q2 Oeolq

k——ool k k=—o0

<3l S 20 ”+zwz—°‘m“ T 260k

[=—oo k=—oo fA—
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—1

S M,|‘1+22 ha|py |72t e

l——oo =0
SA+AY 2ol
=0

<A

In the last inequality, we used the condition A < O..
By (8), Lemma 2.1 and the assumption s+ 1 +nd, > nb,

—1 k=2 k-2 4
k —inbnl
I <Y, 240 (Z EM |2+ D)kt L)p =i Znu”%BiLP/(‘)”%]C”LP(')>

k=—oco

[=—c0 [=

5 i qua(O) i M’l|q 2 iZq(ifk)(s+1+n52)27iqnb21qna

k=—co J— j<s i=l
-1 k-2
<y 2 D> qu )(s+14n82)—iqo(0))
\j|<sl——°<> k=—c0 =l
-1 k-2
Z 2 Ml|q Z qu )(s+1+n8—0(0))
[j|<sl=—e0 k=—o0 j=
<A.

~

By (a) of Lemma 2.5,

1 oo
11225 2 2kq0£ (Z 2 M’z—znbzlna)

k=—o0 [=—o0j=

5 _21‘ quoc(O) i |Al‘q Z i 2—iqnb21qna

ke=—oo I=—co |j|<si=k—1
-3 -1 o
DAL 2kqa(0) 3 —igo(0)
li|<si=—c0  k=—oo i=k—1

0

—1
5[\2 Z 2 2(](—1 a(0

|j|<sk=—ooi=k—1
<A.

Now we turn to estimate /7/. Similar to I, we use the condition (7; ) in Definition
2.3 and obtain that

oo q
1L = sup 2~ WZZ"“‘“( Y I/lezlle-))

L>0,LeZ I1=k—1

~

< osup 27 “422"% 3 nf2 g
L>0,LeZ k=0 I=k—1
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L o
< sup 2_”“12 Z |4y |92 kD0

L>0,LEZ k=0 l=k—
I+1
L>0,LeZ I=—1 =0 I=[—1 =0
hd L
< sup 9—LAq Z |Al|q_|_ sup Z 2(Z7Lq—L7Lq)2—lAq|)Ll|qZz(k—l)amq
L>0.LeZ I=—1 L>0,LeZ]=1—1 =0

SA+A sup i 2 (I=L)Aqy(L—1)0q
L>0,LeZ]—]—1

5A—|—A sup 2 2(17L)‘1(A*a°°)
L>0,LeZ]—=]—1

SA.

~

In the last inequality, we used the condition A < Cfe.
By Lemma 1.1, (8) and the hypothesis s+ 1 +nd, > nb,

k=2 k—2 q
11121 sup 2—L7Lq szqam< z Z M |21 (s+1)— s+n+1)2—znb21naHXB’_”LP,(_) x}{y)(_))
L>0,LEZ /

——oo0j=

k—2 k-2 q
5 sup 27LA‘1 2 quaw ( 2 2 |2{l|2 k)(s+14né,) 2 mhzlna>

L>0,L€Z k=0 [ E————
k—2 k-2 -
5 sup 2- Liq 2 qua"" 2 2 |z/l|‘12 8+1+n52)q27mhq21nuq
L>0,LeZ [

= sup 2 LAq z | |1121naq22 (s+14+n6y— amqZT (s+14n8y—nb)q

L>0,LeZ |=—oo i=l
+ sup 2~ LAg Z M’ |q21naq Z 2~ k(s+1+nd—0)q Z 21 (s+14n&—nb)q
L>0,L€Z I=—1 k=142 i=l

< sup 2—L7Lq i |7Ll|1121"aqZZ_k(H'1+"62_am)’12k(s+1+n52_"b)q

~

L>0,LeZ |=—oo k=0

L-2 L
+ sup 2 LAq 2 |)Ll|‘121"“‘1 2 9 —k(s+14+n8)—0)qk(s+1+4n8—nb)q

L>0,L€Z I=—1 k=142
= sup 2~ Liq 2 | |qzl"uf1 Ezk 0o —11b)gq
L>0,LEZ |=—o0 =0

- L
+ sup 27Mra z |Ay[a2imaa 3 gklownb)g
L>0,LeZ I——1 k=I+2

< sup 7—LAq Z | |q21naq+ sup 2~ LAq Z |4 |q21naq21(oax, nb)q

~

L>0.L€Z J=—o0 L>0.L€Z l=—1
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—2

S Y M7+ sup 27HA 2 2]

l_—oo L>0,LeZ I=—1
<A.

By (a) of Lemma 2.5, we have

k=2 e
I < sup 27 ”‘122’“1% 2 3 |2 inbgnlnag
L>0,LeZ k=0 e inhe1
—LA ko 1 knb
< osup 27HAMEY) 2RA%e |2y 92tnaan ~knbq
L>0,LeZ ,g lgm
= sup 271Ma 2 A |qzlnaq22k O—nb)g
L>0,LEZ |——oo =0
- L
+ sup 2LAq 2 \ )Ll|qzlnuq 2 k(0w —nb)q
L>0,LeZ I——1 kT2

-2
5 sup 2—L7Lq Z Mll|q21naq
L>0,LeZ |=—co

L-2
+ sup 2—L7Lq Z ‘xl|q21naq21(aoo—nb)q

L>0,LeZ 1=—1

-2

S Y |ul+ sup 27MM E 4]
l_—nx) L>0,L€Z I=—1

<SA.

~

Case 2: g > 1. In this case, similar to Case 1, we always exchange order of
summation and use the convergence of a geometric series, but use Holder’s inequal-
ity instead of the inequality (9). Denote by ¢’ the conjugate exponent of g. Using the
condition (7 ) in Definition 2.3 and Holder’s inequality, we get

L 0 a
L= sup 7-LAq 2 qua(0)< 2 QLI|||M1LP(,)>
l

L<0,LeZ k=—o0 =k—1

L o q
< sup 27HM Y 2"4‘"(0’( > xl|Bf°"/">

L<0,LeZ k=—o0 I=k—1
L ~1 4
5 Sup szlq 2 2 ‘2{”20{(0)(/{71)
L<0,LEZ k=—oco \I=k—1

L oo q
+ sup 2—L7Lq 2 205(0)]«1 (Z,M'lz_aml)
(=0

L<0.LEZ i
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L —1 —1 ald
< sup 27MMd > (Z )Ll|42a(0)(k—l)q/2> (lglza(o)(k—l)q’ﬂ)

L<O0,LeZ k=—c0 \I=k—1

L o o a/q
+ sup 7—LAq Z 20(0)kq (Z |)qu2—amlq/2> (Z 2—amlq’/2>
=0 =0

L<0,LeZ f=—o0

L -l
< sup 27MMa |A,|92%(O)(k=1)a/2
L<0,LeZ k:E—ool—; 1

+ sup 271ra 20(0ka Y |3, |92~%la/?
L<0,LEZ kg'w Z

995

L1 -1 L
< sup 2‘”‘1( Z A9 Z 20(0)(k=1)g/2 Z 4|9 Z 2a(0)(k—l)q/2>

L<0,LeZ |=—o0 fk=—oco I=1—1 k=—oc0

oo L
+ sup Z2—l)Lq|)Ll‘qz(l—am/Z)lqz—qu Z 205(0)]«1
L<O,LEZ =0 k=—oo

L —1 !
< sup 2 LA 2 |47+ sup 2 LA 2 |A4]4 2 20(0)(k—1)q/2
L<O,LEZ [=—oo L<O0,LEZ I—L—1 oo

> L
+A sup 7(A—0es/2)lg 20(0)kg—LAq
L<0,LGZE() kg’oo

-1 !
SA+ sup Y 271Aa), a20—-D)ra > 20(0)(k=1)a/2 4 A
L<O,L€Z = —1 k=—o00

J
<A+A sup 2 7(I=L)Aq 2 2(0)(k=1)q/2
L<O,LeZ]—]—1 k= —oc0

<A

In the last three inequality, we used the condition 24 < ..

Then by (a) of Lemma 2.5, Holder’s inequality, (8) and the assumption s+ 1 +

nd, > oy, we obtain that

L k=2 k=2 q
Ly < sup 2-LAq Z 2kqe(0) Z Z Ml|2 k) (s+1+n8) y—inboylna

L<0,LE7 J— [=—co i=

L i 9
5 sup 27L7Lq 2 qua (2 2 M'l‘z k)(s+1+néy) 2 mhzlna>

L<O0,LEZ k=—oc0

j=—oc0]=—00

L i
- _4; q
< sup 2 Liq Z kg (0) z Z Ml|1127 k)(s+14n8y)n—3inby 3Ina
L<O0,LEZ koo o | e

k—2 i , , , a/q
% Z Z 2%(i—k)(s+1+n52)2—%inb2%lna

/

j=—o00]——oo0
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L L
§ sup 2 Mil|q2—L7Lq Z quoc 2 2% — s+1+n82)2—%ux(0)
L<O0,LEZ | = —oo k= —o0 j=—o0

=2 / a/q
% ( Z 2"2(ik)(.\'+l+n82)2q2ia(0)>

q/q
< sup 2 2 2§ (i=k) (s+1+n8—0(0 <2 2"7 - s+1+n62a(0))>

LgO,LGZ k=—ocol=—c0

!

[=—o0

<A

By by (a) of Lemma 2.5 and Holder’s inequality again, we have

L +oo0 —_
Dy S sup 2—LAq z 2kqoi(0) < 2 2 |A ‘2 mbzlna>

L<0,LEZ k—=—oo 2 ]=—oo

L —
< sup 9—Lq 2 9kgo:(0) 2 |Al‘q2 mhzglnu

»MJF

L<0,LEZ k= —oc0 i=k—21=
teo k=2 4 a/q
— % inb~ % lna
x Yy 27725
i=k—21=—oc0

L L Foo Foo , q/q
< sup 9-LAq 2 4|7 Z okqoi(0) 2 2—%:‘0:(0)( Z 2—%:‘0:(0))

L<O0.LEZ |=—c k=—o0 i=k—2

[ Foo , a/q
S’Ak; Z 2(k—i)%0‘(0)< D 2(k—i)q70‘(0)>

k=2 i=k—2

<A.

Next we turn to estimate //. Using the condition (7; ) in Definition 2.3, we have

—1 o q
=7y 20 (ZMZMZHLP(-))
1=k

k=—oo

—1 s q
5 2 quoc(O) <2Mlzloq>

k=—co =k

—1 —1 q
S (ZWZO‘(O)U{ ) Z 200 (Zlﬂz_a&)

k=—oo \i—k Ja— =0

—1 /-1 1 q/q

Z <Z|Alq2a ) (k— lq/2> (Zza )(k—1)q '/2)

kf—oc =k 1=k

~1 o - a/d
+ 2 205(0)]«1 (2 |Alq2—amlq/2> (Z 2—amlq’/2>
=0 =0

k—=—oo
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—1

Z Ml|q Z 205 ) (k— lq/2+ZMI |q2 Oeslq)/2
kffoo k=—oc0

—1

2 Ml|q_|_221 aw/2lq2 g 2 M’l|q

T = —oo
<A+A Z p(A—ow/2)lq
=0
<A.

In the last inequality, we used the condition 24 < Ok..
By (a) of Lemma 2.5 and the hypothesis that s+ 1 +n8, > oy, we get

—1 k=2 k-2 4
11215 2 quoc 2 EVMZ )(s+14ndy) 2 mbzlnu

k=—o0 [=—00 j=

_ i q
5 21‘ 2kq0£ (Z 2 Mfl|2 k)(s+1+nd) 2—mb21na>

k=—o0 [=—o0]=—o0

5 2 2kq0£ 2 Z Ml|q22 S+1+n52)2—%inb2%lna

k=—oo j=—oc0[—=—o0

qa/q
(Z Z 2% - s+l+n82) 2zrzl72 lna)

!

[=—o0]=—0c0
-3 —1

k—2
N 2 A7 2 2 2%’(i*k)(.v+1+n527a(0))

[=—oco k=—o0i=—o0

a/q
(2 2‘17 - s+1+n520£(0))>

[=—o0

<A

!

By (a) of Lemma 2.5, we obtain

oo k=2 _ q
1122< 2 2kqoc Z Z |Al‘2—znb21na
i=k—1l=—c0

!

- too k=2 _ Hoo k-2 Jo q/q
5 2 2kqoc(0) Z 2 |/ll\q2‘i‘"b27’"“ Z 2 9~ Finby % lna
i=k

k=—oo imk—2l=—c0 —2 =0
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Finally, we estimate ///. Using the condition (i1 ) in Definition 2.3, we have

L = 4
1L = sup 27ty pkaoe (Z,WMIHLP(-))

L>0,LEZ k=0

q
5 sup 2—L7Lq22kqaoo (ZM’ ‘2 loq)

L>0,L€Z =k

L>0,LeZ k=0 1=k

o a/d
< sup 2 L)ququaoo (ZM ‘qz lamq/2> (ZZ_lamq,/2>
I=k
L [ e o a/d
= sup 2‘”“12 (lz;cmlq(k—l)amqﬂ) (Z o (k=1)0q /2)

L>0,LeZ k=0 1=k

L oo
< sup 2—L?Lq22|)mq2(k—l)amq/2

L>0,LeZ k=01=Fk
= sup 2—L7Lq [Zz/ |q22k lamq/2+2|ll‘qzzk locooq/2‘|
L>0,LeZ 1=0 k=0 —0

< sup 27 LMEMIVH— sup 22”“1 LAq)p—Irq 2 | Ai |‘122k Dotaq/2
L>0,L€Z 1=0 L>0,LeZ]—], PR, =0
SA+A sup i 2 (I=L)Aqy (L—1)0q/2
L>0,LeZ]=],
<A+A sup i 2 (1-L)g(A—0ee/2)
L>0,LeZ]—],

<A

In the last inequality, we used the condition 24 < O...
By (a) of Lemma 2.5, (8) and the hypothesis that s+ 1 +n&, > oy,

k=2 k=2 a
by < s S(:JE) Zz quE kG0t < 2 2 A ‘21 (s+1)— s+n+1)2ilnb21naHxBi”l}”(‘) kap(,)>
>0,Le I

=—o0 j=]

; q
5 sup 2—L7qu 2kqoax, < Z Z M |2z (s+1)— s+n+1)2—inb21naHXBi”LP,(‘) kaL,,(.))

L>0,LeZ

j— —o00 | —=—oo0

i q
5 sup 27qu 2 2’“10“” ( 2 2 M{ |2 k)(s+1+né,) 2 mhzlna>

L>0,LeZ k=0

j=—oc0]=—00

i
5 sup 2 LAg Z quocm Z Z Ml|q27 S+1+n52)2—%inb2%lna
L>0,LeZ j=—oo]=—o0

k=2 i / , , q/q
% Z Z 2%(i—k)(s+l+n52)2—%inb2%lna

/
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L>0,LeZ k=0 = o

[=—0c0

k=2 0
< sup 27 LMZz"qo‘m > (Z |2, [923 (=) (s+1+n82) )~ Finb

_|_2 M{”‘Izz 8+1+n52)271aw>
=1

k=2 , alq
X lz (22( k)(s+14n8,) ,th+22( K)(s+14n8y) _,awﬂ

j=—o0

L k=2
SA sup Y oM%Y (2%(i*k)(s+1+”52)2*%"”b—|—2%(i*k)(s+l+n52)27%iaw>
L>0,L€Z k—0 = oo

k_2 ! ! / , q/q
% z <2q2(ik)(s+l+n52)2%inh+2%(i )(s+l+n52) law>

j=—o0

L [ k2
<A sup 2 Y 2 3k(0e—nb) 9§ (i—k)(s+14n8—nb) | 2 2 4 (i=K)(s-+1+n8y— o)
L>0.LEZ =0

[=—o0 [=—o0

/

[=—o0 [=—oc0

k=2 q/q
% ( 2 2%k(aw7nb)2q7(1 k)(s+14nd—nb) _|_ 2 2"7 - (8+1+n52aw)>

L>0,LeZ k=0

j=—oo e

L k—2
SA sup 2 ( 2 23 (i=k)(s+14n&—nb) 4 2 24 (i— s+1+n52aw)>

2 q/d’
( Y 2”7 —k)(s+14ndy—nb) | N 2"2(ik)(s+l+n52aw)>

I=—0° [=—o0

<A

By (a) of Lemma 2.5,

foo k=2 _ q
Iy, < sup 27 quZZMO&( Z Z Mlz—znbzlna)

L>0,LeZ k k2 oo

!

L>0,L€Z k=0 2 = —oco L

+oo k=2 .. . Yoo q/q
< sup 27 LAq Z kg Z z Ml‘qz—fznszlna Z Z - znbzzlna
&9 Tinbn Ry gir g
< sup 27 L?qu kg z Z Ml|112—7mb271na+ Z Z Ml|q2—7mb271na

L>0,LEZ k=0 ke oo Mol Y]

k-2 q/q
Z —% q Ina
L

oo foo o Foo , alq
SA sup szqam< Z 7mb+ Z 2~ tia ) ( Z nb Z 2—%i0€m>
—k= 2

!

( Z Z 2~ znbzqzlna Jgj

—2l=—o0 i 21

!

L>0,LeZk—( 2 i=k—2 i=k— i=k—
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L oo oo

<A su Z —i Z%k%oz—%inb T (k—i)ﬂocoo

N p + Y, 2% e
L>0,LEZ k=0 \i=k—2 i=k—2

- oo q/q
=+ gy J . " =+ . ~d
X E 27 0&»2—71" _|_ § 2( —Z)TOCN
e —re

i 2 i 2

L q = N q g N4 ala
51\ sup Z zjk(%o—nb)_F Z Z(k—l)jam ka(am—nb)_i_ 2 2(](—[)70(00
L>0,L€Z k=0 ; ;

<A O

3. An application

By using atomic and molecular decompositions, we have the following result.
THEOREM 3.1. Let 0 < g <o, p(-) € B(R"). Let
Tf(x) =p-. /Rn K(x—y)f(y)dy

be a bounded operator on LPY) with the kernel K satisfies

ly[®
|K(x—y) —K(x)| < C\x\"+5’ x| > [y],

where C is a positive constant and 0 < 8 < 1, and T*(1) = 0. If a(-) € L*(R") N
PYERY) N PLE(R") such that max{ndy,nd} < &(0), 0. < min{nd; + 8,n8 + 5},
where 61,6, as in Lemma 2.1, 0 < A < %min{a(O),aM}, then the operator T is a

bounded operator on HMKa(")’q and HMKa(,')’q.
p(), p().A

The idea of the proof of Theorem 3.1 comes from Theorem 6.2.3 in [16] for Herz
Type Hardy spaces. To complete the proof of Theorem 3.1 we need the following
definition and lemmas firstly.

DEFINITION 3.1. For s € Z;, let 2(R") be the space of infinitely differentiable
complex-valued functions with compact supported in R”".

Z5(R") = {fe@(R"):/f(x)xﬁdx:o, for all || <s}

and

@s(Rn) = {f € @S(Rn)v 0 §1f supp f}
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LEMMA 3.1. Let 0< g <o, p(-) € B(R"), a(-) € L=(R")N 2 E(RY) N PE(R")
such that max{nd;,nd} < a(0), 0. < o, where 01,0, as in Lemma 2.1. 0 < A <
Imin{e(0), .} Let s be a non-negative integer such that s > [max{c(0), 0t} —
min{né;,nd,}|. Suppose that f € Z;(R") and supp f € By,—1 for some ko € N.

(i) There exist a sequence of numbers { Ay }rez and a sequence of cental (oc(-),p(+)) -
atoms {ay}rez C Z5s(R") with supp ai € Biy2\By—1 such that

f@x) = Y har(x)

keZ

forall x e R"\{0} and in the sense of ' (R"), and

L 1/‘1
—LAq q
sup2 Al <, potra-

Furthermore, if supp f € By,—1\Bk,+1 for some ki € Z, then Ay = 0 for all k > ko
and k < ky;

(ii) There exist a sequences of numbers {kk}:ozo and a sequence of cental
(ee(+), p(-))-atoms of restrict type {ar}rez, C Zs(R") with supp ay € By such that

ko
) =Y M (x)
=0

forall x e R", and

L 1/q
<sup D W) S —

LeNy k=0 (-),A

Proof. We only prove the conclusion (i), the proof of conclusion (ii) is analogous
and omitted. Let ¢ € .(R") such that

1 1
0<o(x) <1, xeRY, o(x) =1, x| < —|—1—' o(x) =0, if |x|>1——

0’ 10°

N —

Let
X _
o(x) = 0(x) = 9(3) and P(x) = p(27"x).
Then supp ¢ C {3 < [x] <2}. supp @ C DyUDy;; and ¥, ®(x) =1 forany x €
R™\{0}. Let Ry = {3 < x| <2}, Re=DyUDys for k> 1. Let {yg : p <5} € .7 (R")
be a dual basis of {xP : || < s} with respect to the weight |Ry| !¢, namely

1 .
|Ro| Jre 2P () p(x)dr = Spy:

which implies that

g 1 o ko
) k( +|/ﬂ)m RnxﬁWY(z kx)(p(z kx)dx:6,3y.
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Forall x e R", k€ Z and |B] < s, set

Wi p(x) = kB R |1V/3(2 Fx) @y (x).

Then y; g (x) € S (R"), supp wi g C Ry,
W=y < C27HHED (10)
and
- l{/kﬁ (x)xydx = Sﬁy. (11)
For each fixed f € Z,(R") and k € Z, set fi(x) = f(x)®P;(x) and
= 3w [ AlonIay.
IBl<s

It is easy to see that f; — P, € Z5(R") and supp (fx — Px) C Ry for k € Z. Decompose
f as

) =Y [filx) )]+ Y Pi(x) (12)
keZ keZ
k
= T - R+ 3 S g~ g [ 3 A0 (13)
keZ keZ|B|<s R 2o

where the equality holds for x € R"\{0}.
Notice that | f(x)| < Gy(f)(x) forany x € R". Then by (10), the Holder inequality
and Lemma 2.2 we have

1Pl S % 27 s [, G @), (0
IBI<s
S 27 sl oo 1 Lo |GN (F) e Nl o
5 ||GN(f)XRkHLI’(')'
This implies that
fee = Pll Lo ey S 1R GN ()| o) oy -

Let A = \Bk+1\O‘k/”HXRkGN(f)HL,,(.)(Rn) and a; = A, '(fy — P). Then for any & € Z,
Cay, is a central of (o(+), p(-))-atom supported in By 1\By_1. Moreover’

L 1/q
(supzmq D M") SIS 5000 (14)

LEZ k=—oo ()7L

To estimate the second summation, for |B| < s, let P be the function satisfies
that

0
= > o27y)yP, y#£0

|=—oo
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and ¢P(0) =0 if |B] >0, £P(0) =1 if |B| = 0. Then there exists a constant C > 0
such that C¢P € o7y (R") for all |B| < s. Moreover, it is easy to see that

/ T finPdy— 2HBDIEE 4 £ (0) < C2XH B g ()GN(F)(x). (1)

|=—oco
By the definition of y; g and (11) we have that y; g — W1 g € Z5(R") and

k(n+|B1)

|Wk,ﬁ - Wk+1,ﬁ| <C2 XRiURy 4 (16)

Let te = ClBri2| /|| 2w, G ()] 1) ey and

be=(5") S g wiip) [ 3 AOMay
BI<s ==

Then by (15) and (16), we have by € Z;(R") supported in Bryo\Be—1 and [[be|p0) gn)

< C|Biya|*0)/" ) which implies that Chy € Z,(R") is a central (o(-), p(-))-atom sup-
ported in By \By_; for all k € Z. Again by (15),

1/q
(supz tha Z Iuk|q> <CHf||HMK( a (17)

LEZ k= —co A

Since for [k —1| > 2, suppa;N suppa; = 0 and supp by N supp b; = 0, it follows

that
flx)= %(lkak(x) + b (x))
ke

for all x € R"\{0} and in .&/(R"), which together with (14), (17) and the facts that
{Cay,Cb;} ez, are central (o(-),p(-))-atoms gives the central atomic decomposition

of f.
For f € Z4(R") with supp f C By,—_1\Bx,+1, observing that when k > ko or k <

kl, fk=0 and
A

and so a; = 0 and b, =0, we have

f) =3 (Aar(x) + ebi(x))

[k|<ko

S A= [ sonPay=o,

|=—oo

for all x € R". This concludes the proof of the conclusion (i). [J

LEMMA 3.2. Let 0 < g < oo, p(-) € B(R"), a(-) € L*(R") N P E(RY) N
@iﬁ’g(R”) such that max{nd;,nd} < a(0), 0t < oo, where 8,8, as in Lemma 2.1.
0< A< tmin{a(0), 0t }. Let s be anon-negative integer such that s > [max{c(0), 0t}
—min{né;,nd,}|. Then

() Z5(R") is dense in HMK (())f
),

(ii) Z5(R") is dense in HMK (() ;
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Proof. Let f € HMK (()) ' Theorem 13 in [33] shows that there exist a sequence

of numbers {A;}rez and a sequences of central (c(-), p(-)) atoms {a;}rez such that
f =5 _.. M&ay in the sense of .’/ (R") and

L l/q
—LAq q
sup2 || <CIfI, pat)a-
<L€Z kzz_"oo b HMEK

For T € N, let
fr="Y May.

|k|<T

It is easy to see that fr € HMK (()) 3 and

LeNy k=T

L 1/q
Hf—fTHHMKa((-;f < (Sup DY M") —0.
p(),
Take y € 2(R") with integral 1. Since

fr e PO®R)NHMEY), supp fr € By,
it follows that y; * fr € 9, where y; (- ) = t""y(;). Moreover, note that for any ¢ €

(0,277) and k with |k| < T, |la <1 and
HMRO)

|Biwa |4 [y e — | (9 a— a)

is a central (o(-), p(-))-atom supported in By 1. This in turn implies that

2 kk(w*ak — ak)

i # fr = frll yygo0a =
|k|<T

p().A

co(),
HMK;X(‘);
1/q
<{ sup 27FA S A By [TEF DAy a— a7 }

ILI<T+1 |k|<T

— 0, as t — 0.

For any fr € 25(R"), by Lemma 3.1 (i), we know that fr has an atom decompo-
sition

fr= Z Arxar i
keZ
almost everywhere and in the sense of ./(R"), where ary € Z(R") supported in
Bi2\Bi1 and sup;ez 2 TR A1 < CHfTHIq-IMK - Let

0
fro= Z Arxar k.

lk|<J
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Then fr; € %5(R") and

lim || fry = frll ,, catra =0
J—so00 HMKI?(_)rf

Therefore Z5(R") is dense in HMK (())

Using Theorem 13 in [33] and Lemma 3.1 (ii) and the same argument above we
can prove (ii). U

LEMMA 3.3. Let 0< g <eo, p(-) € B(R"), a(-) € L=(R")NZE(R") N % (R
such that max{nd;,nd} < a(0), 0. < o, where 01,0, as in Lemma 2.1. 0 < A <
Imin{a(0), 0.} Let s be a non-negative integer such that s > [max{c(0), 0t} —
min{nd;,nd}]. Suppose € > max{s/n,0t(0)/n+ 061 —1,0/n+8 —1}. Let T be a
linear operator on Z(R").

(i) If there is a constant C > 0O such that for any central (a(-),p(-)) atom b,
CTb is a central (o-),p(:),s,€)-molecule. Then T can be boundedly extended to

a(-).q
HMK()

(ii) If there is a constant C > 0 such that for any central (a(-),p(-)) atom b of
restrict type, CTb is a central (a.(-),p(+),s,€)-molecule of restrict type. Then T can

be boundedly extended to HMK;("))’;L’
Proof. We only prove (i). The proof of (ii) is similar to (i). Let f € Z,(R")N
HMK (())7/l supported in By, _1\B_g,+1. It follows from (i) of Lemma 3.1 that there

exists a sequence of numbers {4} x<x, and a sequence of central (a(-),¢(-)) atoms
{a} <k, such that f =Y Aray in the sense of .//(R") and

L 1/q
(supzm‘f > |7qu> ,SHfHHMKﬁ((_‘));-

L<ky f=—oo

‘We then have that
Tf= 2 MeTay

|k|<ko
and

r/q
IT A1, e )qN{SUPZ tha 2 Wq} S AN gt

( )ik L<ko k=—oo p()A

Since the density of Z;(R") in HMK;((.')?;{, T can be extended to be a bounded operator

% OC('),({
on HMKp(').]L' |

Proof of Theorem 3.1. We only prove the result for homogeneous case, the non-

homogeneous can be handled by the similar way. Let f € HMKI?((.'))_;I, by Theorem
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13 in [33] then f = ¥; __ Mai inthe sense of .#/(R™), where each gy is a central
(a(+), p(+))-atom with support contained in By and

(DA LeZ k=—oo

L 1/q
~i —LA q
Hf||HMK§<;>.q ~ infsup2 ( Y ) :

By Lema 3.1 to 3.3, we only need to show that Ty is a central (o(-),p(+);0,€)-
molecule for any central (c(-),p(-))-atom with support contained in By in Z(R").
The moment condition is guaranteed by 7*(1) = 0. So we only need to verify the size
condition for molecules. To do this,let t =1— 0, — oy /n+¢€, b=1— 06 +¢€.
b n 1—t/b
Bp(Tar) = | Tag 72 |- P*(Tap)|| " < oo,

1—t/b
r()

H| : |nb(Tak)HLp(-)(|,|<2k) f, VﬂbHTakHLI,(_) 5 =0y

First we estimate ||| - |"*(Tay)|| . In fact, we have

On the other hand, for any x with |x| > 2k, the vanishing moment of @; and the regu-
larity of K, we have

w\ak()’ﬂd)’

1
< 8| | —(n+8) /
Nkn |)C| ‘B(O,k)| B04) ‘ak(y)|dy

SKTO 0 gy (x)
< M ay(x)

and
I1- 1" (Tag) | S 1" a SK | agll oy S K%
D) LrC) (|- |>2k) = k| LrC) (|| >20) ~ Akl () S :
Thus, we get
b n 1—1/b
Ry (Tar) = || Tag |0 |- ™ (Tan) )]
b o (nb—og)(1—
< Nl ke
< gt /b+(nb—ay) (1t /b)
=1.
Therefore, the proof of Theorem 3.1 is concluded. [
Acknowledgement. The authors express their thanks to the referee for his sugges-

tions for the proof of Theorem 3.1 and corrections which made the manuscript more
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