lournal of
athematical
nequalities

Volume 10, Number 4 (2016), 1145-1156 doi:10.7153/jmi-10-91

NONCOMMUTATIVE ORLICZ MODULAR
INEQUALITIES RELATED TO PARALLELOGRAM LAW

ABDUGHENI ABDUREXIT

(Communicated by J. Pecari¢)

Abstract. In this paper, we generalize the related parallelogram low inequalities to noncommu-
tative Orlicz modular case. Besides, we give the k sets of operators of related noncommutative
parallelogram law inequalities.

1. Introduction

Let #(.2) be the space of all bounded linear operators on a separable complex
Hilbert space 7. Let A € #(H) be a compact operator. The Schatten p-norm

for p > 0 is defined by ||A||, = (tr]AJ? )% , where tr is the usual trace functional and
Al = (A*A)% . Usually, the Schatten p-class is denoted by %), for p > 0. Since C, is a

Hilbert space under the inner product (A, B) =tr(B*A), [14, Corollary 2.7] implies the
following parallelogram low equality for Ay, ...,A,,B1,....B, € €.

ZIIA A||2+Z||B B,H2—22HA —Bjll5— 2||ZA —B) (1.1)

i,j=1 i,j=1 i,j=1

Moslehian-Tominaga-Saito [5] proved the following generalization of the equality 1.1
for Schatten p-norms orderly and gave a problem for further research.

Let A= {A|,Az,...,An}, B={B1,Ba,....,B,}, C={C,Cs,...,C,} C €, for p >
0. Then

n n n
> llAi—Ajll5+ Y, IBi—Bjllb+ Y, Ci—Cjll
i,j=1 i,j=1 i,j=1

X Bl X B Gl + I XG4l (12)
i=1 i=1 i=1

_2

2

/1 p=2
> 9,75 X, |lAi—Bjllh+ 257 Z 1Bi —C; H”+@ A Z ICi —Ajll5
i,j=1

i,j=1 i,j=1
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and

n
-2
20772 Y A - Bjl}
i,j=1

Z 14i = Ajll; + Z 1B — B; ||”+2HZ (Ai =B} (1.3)

i,j=1 i,j=1 i=1

<2(n? —n+l 2 |Ai = Bj||b
i,j=1

for 0 < p < 2 and the reverse inequality holds for 2 < p < eo.

PROBLEM. What the form of the identity is for the general case of k sets of
operators ?

LetA={A},Az,...,An}, B={B1,By,...,By} C ) for p>0,suchthat 3}, | A;B;
= 0. Hirzallah-Kittaneh-Moslehian [6] proved the followmg Schatten p-norm inequal-
ities related to a characterization of inner product spaces.

2 (Sl 3 1815) < 3 18l )
i=1 i=1 ij=1
for 0 < p < 2 and the reverse inequality holds for 2 < p < oo.

Let @ be a growth function. Then @ is a continuous and nondecreasing function
from [0,0) onto itself and ®y(¢) = 1@’ (¢) is also a growth function. If a = sup{r :
®(r) =0}, then a < e and ®(r) =0 for all 7 € [0, a]. Hence we may assume that
®(r) > 0 for all 7 > 0 (otherwise replace @ by ®(a+-)). The quantitative indices of
growth function defined by:

1D’ (t) Cw 1D’ (t)
20 @) 1T o)

Then we have
sP2D(1) > O(st) > s1°D(r) (1.5)

for 0 < s < 1 and reverse inequalities holds for s > 1.

For more information on growth function, we refer the interested readers to [§]
and [9].

Let .# be a semi-finite von Neumann algebra equipped with a normal faithful
semi-finite trace 7. Let Lo(.#) denote the topological x-algebra of measurable op-
erators with respect to (.#,7). The topology of Ly(.#) is determined by the con-
vergence in measure. For given a growth function ® we denoted by LP®(.#) the
noncommutative Orlicz modular space equipped with a noncommutative Orlicz mod-
ular po(x) = 7(P(|x])) = fy” P( (x))dr (see [8]). The absolute value of an operator
x € Lo(A) is defined as |x| = (x*x)%

In this note, first we prove the parallelogram low equalities are cyclic by giving the
two, three and & sets cases of extended noncommutative parallelogram low equalities.
Next, we generalize the inequalities (1.2), (1.3) and (1.4) to noncommutative Orlicz
modular case.
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2. Related parallelogram low inequalities

Following results are repeatedly used in our later study. Here we list them for
convenience.

DEFINITION A. ([9]) (i) If there is a constant K > 1 such that ®(27) < K®O(r),
then we say a growth function @ obeys A;-condition for all # > 0 and denoted by
deA,.

(ii) If there is a constant 0 < K < 1 such that ®(5) < K®(r), then we say a growth
function @ satisfies the A 1 -condition for all # > 0 and denoted by ® € A 1.

Set ®(®) (1) = ®(r*), where « is a positive real number.

LEMMA B. ([8]) Let ® be a growth function and ® € A% NAy. Set @y(t) =
10/ (1).

) If oqo, < 1, then @@ s a concave growth function.
(ii) If ape, =1, then @) s a convex growth function.

Then ®3) is a concave growth function for qo, < 2 and ®2) is a convex growth
Sunction for pe, > 2.

LEMMA C. ([4]) Let x1,x3,...,x, be positive T-measurable operators and @ is
a growth function.

(1) If @ is concave growth function, then

n 'Y po(nx) < po( Y, xi) < Y polx). 2.1)
i=1 i=1

i=1

(i1) If @ is convex growth function, then

n

n 'Y po(nxi) = po( Y, xi) = Y polx). (2.2)
=1

i=1 i=1

Let us define a constant Z; for a set of operators x = {x,x2,...,x,} as follows:

n

Dy =Y 8(x;)
i=1
where 0(x;) =1 if x; 20 and 6(x;) =0 if x; = 0. If there exists 1 <i<n with x; =0,
then the Lemma 2 is refined as follows:

n

2.1 Y po(Zxi) < po( Y, xi) < Y, par(xi) (2.3)
i=1 i=1 i=1

for concave growth functions and the reverse inequalities holds for convex growth func-
tions.
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We also put

x—y:={x—y;j: 1<i,j<n}
(x—y):= S Xi— Vi
for sets of operators x = {x1,x2,...,x,} and y = {y1,¥2,...,y»}. Then we have 0 <
Dy <n*, 0< Dy x <n*—nand 0< Z,_,) < 1.
Now we present the noncommutative version of two, three and & sets of operators
of parallelogram equalities.

THEOREM 2.1. ([11]) Let x = {xy,x2,....,x,} and y = {y1,y2,...,yn} be two sets
of tT-measurable operators. Then

2 \xl—xj\ + 2 lyi — y, 2 i — y,\ + 2 |yt_xj‘ 2.4)

i,j=1 i,j=1 i,j=1 i,j=1

Y )P S i)
| i=1

equivalently
2 2 c 2 c 2
2 i XY iy Xl = Y vl (2.5)
1<i< j<n 1<i<j<n i=1 ij=1

THEOREM 2.2. Let x={x1,%2, ... Xn}, Y ={V1,Y2,--»Vn}, and z={z1,22,...,2n}
be three sets of T-measurable operators. Then

n n n
Z \xi—xj|2+ Z \yi—yj\2+ Z |Zi—Zj|2
ij=1 ij=1 ij=1

n

'HE — i) |2+‘2 i — ) ‘2+|2 zi — i)

i=1

= Z i — i+ Z i —z* + Z i — x|

i,j=1 i,j=1 i,j=1
Proof. By the Theorem 2.1,we have

n n n
Z |xi_xj|2+ Z \yi—yj|2+ Z \Zi—Zj|2

i,j=1 i,j=1 i,j=1

+| Z(xi —yi)F+| Z(yi —z)]* +] Z(Zz
i=1 i=1 i=1
:2< > i—xilP+ Y iyt Y Zi—ij)

1<i<j<n 1<i<j<n 1<i<j<n

HI Y =) P+ Y i =) P+ Y (@
i=1 i=1 i=1
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n
= Y |l-xP+ Y \yz'—yj\2+\2(xz—

1<i<j<n 1<i<j<n

+ Z b’i—y]’|2+ Z —ZJ\2+\Z i — i)
1<i<j<n 1<i<j<n

+ Z \xi—xj|2+ Z ‘Zi_Zj‘z‘F‘Z(Zi_xi”z
1<i<j<n 1<i<j<n i=1

= > li—yilP+ X bi—zP+ X f—xP O

i,j=1 i,j=1 i,j=1

COROLLARY 2.3. Let x; = {xn,xlg,...,xln}, Xy = {XQl,XQQ,...,XQn}, R
{Xk1,Xk25 -y Xk } De k sets of T-measurable operators. Then

n

n n
2 \xli—xlj|2—|— 2 ‘Xzi—x2j|2+-~-+ 2 ‘xki_xkj|2
i,j=1 i,j=1 i,j=1

n n n
+| 2()61,‘ —XQ,')|2—|— | 2(x2i —X3i)‘2 +.. 4] E(in —X15)|2

i=1 i=1 i=1

n n n
= 2 ‘xli—xz]’|2+ 2 ‘X2,'—)C3J'|2+...+ Z |xk,-—x1j|2.
=1 =1 =1

Next we prove the generalization of (1.3) and (1.2) for noncommutative Orlicz
modular. In what follows, we always assume any two sets are not completely equivalent
to each other. Otherwise we denote them by one set.

THEOREM 2.4. Let a growth function ® € A% NAy and x = {x1,X2,...;.%n }, y =
{yl7y27~”7yn} - l/pq)(.%) Then

n 1
20 po(22 ,(xi—yj))
ij=1

< Y polxi—xj)+ Y, polyi—yi)+2pa( Y (xi
ij=1 ij=1 i=1

(i )

i
1 X y—y
! 2 + Dx-y)

for qo, <2 and the reverse inequalities holds for pe, > 2.

Proof. We only prove the case gg, < 2. The another case can be proved by similar
argument The first inequality can be obtained from [11, Theorem 4.1] by putting ¢; =

o= Df,v and using concavity of ®(3) . Now we prove the second inequality.
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.ilﬂb(xi —Xxj)+ _ilpé(yi —yj)+ ZpQ(i(xi —))

l n

= 3 c@ B -y P)+ X o @G-y )+ 2e(@ (| F - P)

i=1
= (@D (ni—xPN+ Y w @ (lyi—y >H4@®<im—m%0
1<i<j<n 1<i<j<n i=1
+ (@ (lyi—y |»+12 r<%<&—a|»+d®%ui@rmm%>
<i<j<n <i<j<n i=

by the first inequality of (2.3) and equality (2.5), we obtain

Dx—x+ Dy—y

y S =yl
< + D) 1@ (5
7 () 2ty 4 9,y
_@V*y‘k-@xfx 1 szzl |yi_xj|2
+(’7+@(y—x))r(q)(7)(@,-7':4‘97 )
2 = Dy

D—x+ Dy " oy
gz(%_kg(x_y)) qu)( (xi — ) ) 0

P Dy—x+Dy—y

When ®(t) =1t for p > 0, by the definition of Drx—y, Dx—x and P(,_,) we obtain
noncommutative version of (1.3).

Besides, by the inequality of (1.1), we have
2 n n n
20772 Y po(xi—y)) < X, polxi—xj)+ X palyi— ;) +2pa( Y (xi
i,j=1 i,j=1 i,j=1 i=1

<2(n? —n+1 qu;
i,j=1

for g, < 2 and following inequalities holds for pg, > 2.

202 i Po(xi—yj) = i Po(xi —x;) + Y, po(vi—y))+2pa( Y (xi — i)

n
)y
ij=1 ij=1 ij=1 i=1
n
X

> 2(n2—n+1);
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THEOREM 2.5. Let a growth function ® € A% NAy and x = {x1,X3,....,xn }, y =
1,2, 09m b 2=421,225y2n} CLPO(A). Then

xyzp‘b xy(xl yl +9 qu) +92 qu) zle ))
i,j=1 i,j=1 i,j=1

i po(xi—x;)+ Y, po(yi—y;) + i pa(zi—zj)

ij=1 ij=1 ij=1

P33 + po( S —2)) +po(3 (@ —x)

1 i=1

-gxfx"'-9 —) 2 (xi _y)

< (72 - +_@<x—y>> > pq>< — :
\/ 7+ Day)

Dy—y+ Do i (vi—zj)

+< yyz i Z+9<y—z>>.z pq>< Py 1 7: :
i,j=1 \/#—i_‘@()’ Z)

(Dt Do qu) (zi — ;)

2 42

A

(

for qo, <2 and the reverse inequalities holds for pe, > 2.

Proof. We only prove the case go, < 2. The other case can be proved in similar
way. Now we prove the first inequality.

n

Y polxi—x;)+ i po(yi—y;)+ i‘, po(zi—zj)

i,j=1 i,j=1 i,j=1

T pol(3 (v —30) + pa

i=1 i

:2( Y polxi—x)+ Y polyi—yi)+ D Prb(Zi—Zj)>

1<i<j<n 1<i<j<n 1<i<j<n

n n n

+pa( Y, (xi — i) + pao( D, (vi— z)) + pa( Y (zi — xi))

i=1 i=1 i=1

(5 1 l
=2( Y @B+ Y w@ oy Y @ (- z,|2>>)
1<i<j<n 1<l<j<n 1<l<j<n
n
H

Pl |z )4 1@ (3 (- 2)) + 2@ D B )|

i=1 i=1

M=
M=

i = z1)) +pa( 2, (zi = xi))

1 i=1

—

by the second inequality of (2.1),

| n
>t@2( Y -xlP Y iy Y-
i=1

I1<i<j<n I<i<j<n
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+1@2( Y -yt Y | —z1\2+|2 i—2i)

I<i<j<n I1<i<j<n

+1@( Y ja-zP+ Y |w —x,\2+|2 % —x)|

1<i<j<n 1<i<j<n
o) o) 1y, <
(z) Z xi—y;[?) () Z yi—ziP)+e(@ (Y z—x;) (by(2.5))
i,j=1 i,j=1 i,j=1

by the first inequality of (2.3)

1

1! 1
> 2. Y 1@ (D i—yP)+ 2 Y (@2 (D lyi— )

i,j=1
n n 1
= J;Iy 2 pq)(-@xzfy(xl yj))+-@yilz 2 pq)(-@y z(yl—zj))
i,j=1 i,j=1
+-@z lx z pq)(-@zzfx(zl xj))
i,j=1

Next, we prove the second inequality.

n

Y Polxi—x))+ i po(yi—yj)+ i po(zi —zj)

ij=1 ij=1 ij=1
+pa( X (% — i) + pa( X, (vi — 2)) + pa (D (zi — xi))
i=1 i=1 i=1
=2 Y % (Jxi—x;]%)) +2 Y ot d)(%) (lyi—y;*) +2 DI % (lzi—z;%))
1<1<J<n 1<i<j<n 1<1<J<n
o) u 4% od)
RU(pNE + (@2 (|1 Y vi—z)) (2) IE zi — i)
i=1 i=1
4 o) 1=
= Y @ (n—xP)+ Y 1@ (|yi—yi) + (@2 (Y (xi—yi) )
1<i<j<n 1<i<j<n i=1
1 4 1 /!
+ Y @D (yi—yiP)+ 3 < 0(2)(|z — z*) + 2@ (| X (vi—z) )
1<i<j<n 1<i<j< i=1
1 ) 1 1!
+ Y (@ (|7 —z) 2 ) (|x; = x;%) + (@) (| Y (2 — x:)|*)
I<i<j<n <i<j i=1

by the first inequality of (2.3) and equality (2.5), we obtain

9x7x+-@7 22'11 |xi_yj‘2
== —+ _@(x,y)

S
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-@vfy'i'-@zfz ) ( 1 ?':1 |yl‘_Zj‘2
e R A [ 2 )
< 2 0-2) 9.\’*)"2"9_1’2 + 9( _;

n. P —X; 2
n <@z__z+ Dy _'_@(Z_X))T(q)(%)( : 21,]:1 ‘Z Xj| ))
)

D+ D
2 -2 + ‘@(Z_X

D+ Dy, S i —y,)
< (fyv +@<x_y)> > pq>< —— j
ij=1 \/ 7 T %
Dt D n (vi—2zj)
+ <%+9@Z>> 2 pq>< Dy—y+Pe—z J
A==
(Lt g Y po o s
) (==x) | 4 I +z
Renl \/ =t D)

1153

When ®(¢) = tP for p > 0, the first inequality is noncommutative form of (1.2).

COROLLARY 2.6. Leta growth function ® € Ay NA; and x| = {x11,x12, ...
2

X2 ={X21, X225 s Xon s vy Xk = {Xk1, X025 ooy Xpen } C LPO(A). Then

1

n 1
Xl—xz 2 P(b xl xz('xll xzj))—i_@);l—xg, Z pq)(@szfjg (.le‘_)(f}j))

i,j=1 Lj=1
I X 5
Fot Dol Y pol D2, (xki—x15))
ij=1
n n z
< 2 pq)(xu—xlj)—F 2 pfb(x2i_x2j)+"'+ 2 P(I)(in—xkj)
ij=1 i.j=1 ij=1

n n n
+P<1>(Z(X1i—x21 + po 2 X2i = X3i)) + - + Po 2 Xti — X17))

gx —Xx +-@x —Xx (xli_x2')
< ( : 12 S xl—xz) Zp‘P( T — .

+ <@x2x2 + 9)63 *X3 ) z P ( (x2i —x3j)
X —X
2 2 i,j=1 \/@X2*X2+9*3*X3 +9
2 (x2—x3)

+ ...

-@x —X +9x —x (in—XL')
+<‘k k2 — xk)q)Zp(D(\/@)% N .

+9,
) 1 Xk Xl Xl
" 2 + @(Xk*ﬂ)

for qo, <2 and the reverse inequalities holds for pe, > 2.

7x1n};
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Besides, by the inequalities of (1.1), we get

n n u
npq>—2< Y, polxii—x2) + Y, polxai—x3j)+ ...+ pQ(xki_xU))
ij=1 hj=1 S

n

n n
< Y polxii—x1j)+ Y, polxai—x2) + ..+ D, palxki — X))
=1 =1 =1

+Pd>(i(xli_x2i)) “I‘Pd)(i(x% —X3i)) + .. “FP(I)(i(xki —Xx1))

i=1 i=1 i=1

<(n —n—|—1 <ZP<1>X11 X2 —|—qu>le X3j) + .. —l—Zp(p(xk,-—xlj))

i,j=1 i,j=1 i,j=1
for g, < 2 and the reverse analogous inequalities holds for pg, > 2.
COROLLARY 2.7. Leta growth function ® € Ay NA; and xy = {x11,X12, .-, X1},
2

X2 = {X21, X223 X2 )5 eor Xk = {Xk1, X025 -y Xpn } CLPO (). If X X1 = 2 Xoi =
=20 Xk, then

Y, polxii—xij)+ D, polxoi—x2j)+ .. Y, Paolei —xxj)

i,j=1 i,j=1 ij=1
l 1 n %
xl_XZ Z p(]) xl xz(xll x2/))+@x2_x3 z pq>(@x27x3 (x2i_x3j))
b= i.j=1
l
1
+- +@xk—x1 2 pao(Z. xk—xl (Xxi — xl]))
i,j=1

for qo, <2 and the reverse inequality holds for pe, > 2.

THEOREM 2.8. Let a growth function ® € A% NAy and x = {x1,X2,...,xXn}, ¥y =
D1y2s sy} CLP(A) . If 37—y %7y =0, then

Z po(xity;) > (@ +@) <2p¢ \/ (D + Dy)x; +qu> \/n(Ze+ D) ,))
i,j=1 =
for qo, <2 and the reverse inequality holds for pe, > 2.

Proof. By the second inequality of (2.2), we obtain

n n
Z po(xity;) = Z P(D% |x,:|:yj ZP b Z \xl:I:yj
i,j=1 i,j=1 i,j=1

=01y (3 (il + P iy £v7) = py zn\xmznm

ij=1
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by the first inequality of (2.3)

—1 n
> (2e02) (g 002+ B+ Fpyy (T )P))

i=1

- (@ﬁ%)_l(ip@ @+ ) +qu> (%t 2,) l>>

By the same argument we can get the reverse inequality for pe, >2. [
If ®(r) =1P for p > 0, then we get the extended form of (1.4).

COROLLARY 2.9. Leta growth function ® € Ay NA; and x1 = {x11,X12, .-, X1},
2
= {X21,X22, s Xon by wes X = XK1, X025 s Xpn } C LPO(A). If

n
*
2 Xyixmj =0
Ni,Mi=1

where 1 < N,M < k, then

Z pq>(x1,-:|:x2,-:|:...:|:xki)
1i,2i,....ki=1

—1 n
> <@x1+%2+~--+%> (qu) \/n" YD, + Doy + ...+ D, )x10)

+2p¢ (V1D + D+ o+ Do) +

+2p¢ (P (D + Do+ —i—@xk)xk,))

for qo, < 2 and the reverse inequality holds for pe, > 2.

Acknowledgements. This project is supported by the Natural Science Founda-
tion of Xinjiang University (Starting research Fund for the Xinjiang University doc-
toral graduates, Grant No. BS150201) and partially supported by NSFC (grant No.
11071204).

REFERENCES

[1] W. B. ARVESON, Analyticity in operator algebras, Amer. J. Math. 89 (1967), 578-642.

[2] G. PISIER, Q. XU, Noncommutative L -spaces, Handbook of the geometry of Banach spaces 2
(2003), 1459-1517.

[3] T. ANDO, X. ZHAN, Norm inequalities related to operator monotone functions, Math. Ann. 315
(1999), 771-780.

[4] T. FACK, H. KOSAKI, Generalized s-numbers of T-measure operators, Pacific J. Math. 123 (1986),
269-300.



1156 A. ABDUREXIT

[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]

[14]

M. S. MOSLEHIAN, M. TOMINAGA, K. SAITO, Schatten p-norm inequalities related to an extended
operator Parallelogram low, Linear Algebra Appl. 435 (2011), 823-829.

O. HIRZALLAH, F. KITTANEH, M. S. MOSLEHIAN, Schatten p-norm inequalities related to a char-
acterization of inner product spaces, Math. Inequal. Appl. 13 (2) (2010), 235-241.

J. MUSIELAK, Orlicz spaces and modular spaces, in: Lecture Notes in Math. Vol. 1034, Springer-
Verlag, 1983.

A. ABDUREXIT, T. N. BEKJAN, Noncommutative Orlicz modular spaces associated with growth
functions, Banach J. Math. Anal. 9 (4) (2015), 115-125.

A. ABDUREXIT, T. N. BEKJAN, Noncommutative Orlicz-Hardy spaces associated with growth func-
tions, J. Math. Anal. Appl. 420 (1) (2014), 824-834.

G. SADEGHI, Non-commutative Orlicz spaces associated to a modular on T-measurable operators,
J. Math. Anal. Appl. 395 (2012), 705-715.

M. S. MOSLEHIAN, G. SADEGH]I, Inequalities for trace on T-measurable operators, Commun. Appl.
Math. Comput. 28 (4) (2014), 379-389.

R. CHENG, C. B. HARRIS, Duality of the weak parallelogram laws on Banach spaces, J. Math. Anal.
Appl. 404 (1) (2013), 64-70.

T. N. BEKJAN, D. DAUITBEK, Submajorization inequalities of T-measurable operators for concave
and convex functions, Positivity 19 (2015), 341-345.

M. S. MOSLEHIAN, An operator extension of the parallelogram law and related norm inequalities,
Math. Inequal. Appl. 14 (2) (2011), 717-725.

(Received September 15, 2015) Abdugheni Abdurexit

College of Mathematics and Systems Sciences
Xinjiang University

Urumgqi 830046, China

e-mail: abdugheni .a@gmail.com

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



