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Abstract. In this work, a Lyapunov-type inequality is obtained for the case when working with
a fractional boundary value problem with the Hadamard derivative.

1. Introduction

In the last few decades, fractional differential equations have gained considerable
importance and attention due to their applications in many engineering and scientific
disciplines as the mathematical modeling of systems and processes in the fields of phys-
ical, mechanics, chemistry, aerodynamics electro dynamics of complex medium, etc.
The literature on such differential equations and their applications is vast; see the mono-
graphs of Kilbas, Srivastava and Trujillo [1], Miller and Ross [2], Podludny [3] and the
references given therein.

It is well known that various types of integral inequalities play a dominant role in
the study of quantitative properties of solutions of differential and integral equations.
One of them is the Lyapunov-type inequality which has been proved to be very useful
in studying the zeros of solutions of differential equations. For example, see [4] and
[5]. The famous Lyapunov theorem [6] can be stated as follows:

If a nontrivial solution to the boundary value problem{
y′′(t)+q(t)y(t) = 0, a < t < b,

y(a) = 0 = y(b),
(1.1)

exists, where q is a real and continuous function, then∫ b

a
|q(s)|ds >

4
b−a

. (1.2)

Recently, some authors began to study the Lyapunov-type inequality for fractional
boundary value problems. In [7], Ferreira investigated a Lyapunov-type inequality for
the Riemann-Liouville fractional boundary problem{

R
aDαy(t)+q(t)y(t) = 0, a < t < b,

y(a) = 0 = y(b),
(1.3)
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where R
aDα is the Riemann-Liouville derivative of order α,1 < α � 2, and q : [a,b]→

is a continuous function. It has been proved that if (1.3) has a nontrivial solution then∫ b

a
|q(s)|ds > Γ(α)

(
4

b−a

)α−1

, (1.4)

which can lead to Lyapunov’s classical inequality (1.2) when α = 2. In [8], the same
author established a Lyapunov-type inequality depended on a fractional boundary prob-
lem with Caputo fractional derivative. In both of his works, the author has given some
interesting applications to localize the real zeros of certain Mittag-Leffler functions.

In [9], Jleli and Samet considered the fractional differential equation
C
a Dαy(t)+q(t)y(t) = 0, a < t < b, 1 < α � 2, (1.5)

with the mixed boundary conditions
y(a) = 0 = y′(b) (1.6)

or
y′(a) = 0 = y(b) (1.7)

Under boundary conditions (1.6) and (1.7), two Lyapunov-type inequalities were estab-
lished as follows ∫ b

a
(b− s)α−2|q(s)|ds � Γ(α)

max{α −1,2−α}(b−a)
, (1.8)

and ∫ b

a
(b− s)α−1|q(s)|ds � Γ(α) (1.9)

respectively.
Very recently, Rong and Bai [10] considered (1.5) under boundary condition in-

volving the Caputo fractional derivative as follows:
y(a) = 0, C

a Dβ y(t) = 0, 0 < β � 1 (1.10)
and an interesting Lyapunov-type inequality was established∫ b

a
(b− s)α−β−1|q(s)|ds � (b−a)−β

max{ 1
Γ(α) − Γ(2−β )

Γ(α−β ) ,
Γ(2−β )
Γ(α−β ) ,

2−α
α−1 · Γ(2−β )

Γ(α−β )}
, (1.11)

which has also generalized Jleli and Samet’s main results in [9].
However, we have noted that all of the results mentioned above are concerned with

the Riemann-Liouville fractional derivative or the Caputo fractional derivative. To the
best of the authors’ knowledge, there is no work on the Lyapunov-type inequality on
fractional differential equations involving the Hadamard fractional derivative, which is
represented as a quite different kind of weakly singular kernel. For some recent results
on the Hadamard fractional differential equations, one can see [11–16].

In this paper we will consider a Lyapunov-type inequality for the Hadamard frac-
tional boundary value problem{

H
1 Dαy(t)−q(t)y(t) = 0, 1 < t < e,

y(1) = 0 = y(e),
(1.12)

where H
1 Dα is the fractional derivative in the sense of the Hadamard of order 1< α � 2,

t ∈ I = [1,e]. The interest of this article does not lie only on the fact that the problem
is quite different to the existing results, but also is a useful supplement to this type of
inequality.
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2. Main results

In this section, we begin to cite some definitions and establish some useful lemmas
in the discussion of our proof as follows:

DEFINITION 2.1. ([1]) The Hadamard fractional integral of order α ∈ R+ of
function f (t) , for all t � 1, is defined by:

HD−α
1,t f (t) =

1
Γ(α)

∫ t

1

(
ln

t
s

)α−1
f (s)

ds
s

where Γ(·) is the Euler Gamma function.

DEFINITION 2.2. ([1]) The Hadamard derivative of order α ∈ [n−1,n) , n ∈ Z+
of a function f (t) is given by

HDα
1,t f (t) =

1
Γ(n−α)

(
t
d
dt

)n ∫ t

1

(
ln

t
s

)n−α−1
f (s)

ds
s

.

LEMMA 2.3. If y ∈ C[1,e] is a solution of the boundary value problem (1.12),
then y satisfies the integral equation

y(t) =
∫ e

1
G(t,s)q(s)y(s)ds,

where

G(t,s) =

⎧⎨
⎩

G1(t,s) = G2(t,s)+ 1
Γ(α)

(
ln t

s

)α−1 1
s , 1 � s � t � e

G2(t,s) = − (lnt)α−1

Γ(α)

(
ln e

s

)α−1 1
s , 1 � t � s � e.

(2.1)

Proof. By the result in [1], the solution of the Hadamard differential equation in
(1.12) can be written as

y(t) = c1(ln t)α−1 + c2(ln t)α−2 +
1

Γ(α)

∫ t

1

(
ln

t
s

)α−1
q(s)y(s)

ds
s

. (2.2)

Using the given boundary conditions, we get c2 = 0, and

c1 = − 1
Γ(α)

∫ e

1

(
ln

e
s

)α−1
q(s)y(s)

ds
s

.

Substituting the values of c1 and c2 in (2.2), we obtain

y(t) =
1

Γ(α)

∫ t

1

(
ln

t
s

)α−1
q(s)y(s)

ds
s
− 1

Γ(α)

∫ e

1
(ln t)α−1

(
ln

e
s

)α−1
q(s)y(s)

ds
s

=
1

Γ(α)

∫ t

1

[(
ln

t
s

)α−1
− (lnt)α−1

(
ln

e
s

)α−1
]
q(s)y(s)

ds
s

− 1
Γ(α)

∫ e

t
(ln t)α−1

(
ln

e
s

)α−1
q(s)y(s)

ds
s

,

which concludes the proof. �
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LEMMA 2.4. Let function G be defined as in Lemma 2.3, then we have

|G| � λ α−1

Γ(α)
(1−λ )α−1 exp(−λ ) (2.3)

where λ = 2α−1−
√

(2α−2)2+1
2 .

Proof. Let D1 : 1 � s � t � e and D2 : 1 � t � s � e and Gi(t,s), i = 1,2 be
defined as in (2.1).

For function G2 , it is obvious to see that G2 � 0 and G2(1,s) = 0 which is the
maximum value of G2 . So we will consider function G2 ’s minimum value and G1 ’s
maximum and minimum values respectively.

For t � s , we observe that

G2 � − (lns)α−1

Γ(α)

(
ln

e
s

)α−1 1
s

= − 1
Γ(α)

(lns− ln2 s)α−1

s
. (2.4)

It follows that we only need to get the maximum value of the function

f (s) =
(lns− ln2 s)α−1

s
.

By computation, we have

f ′(s) =
(ln s− ln2 s)α−2

s2 [ln2 s− (2α −1) lns+ α −1]

which implies that f ′(s) = 0 ⇔ ln2 s− (2α −1) lns+ α −1 = 0.

⇔ lns =
2α −1±√

(2α −2)2 +1
2

.

However, since
2α −1+

√
(2α −2)2 +1
2

>
2−1+

√
(2−2)2 +1
2

= 1 and

0 � 2α −1−
√

(2α −2)2 +1
2

<
2α −1−

√
(2α −2)2

2
=

1
2
,

we have only one solution

lns =
2α −1−

√
(2α −2)2 +1
2

of the equation f ′(s) = 0 on D2 .
By (2.4) and discussion above, we can conclude that the minimum value of the

function G2 reaches on

t = s = exp
2α −1−√

(2α −2)2 +1
2

. (2.5)

For the function G1 =
1

Γ(α)s
[(ln t− lns)α−1 − (lnt(1− lns))α−1] , it is easy to see

that G1 � 0, which follows that the maximum value of G1 is G1(e,e) = 0. To obtain
the minimum value of G1 , for fixed s , we set

g(t) = (ln t− lns)α−1− (lnt(1− lns))α−1.
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By computation,

g′(t) =
α −1

t
[(ln t− lns)α−2− (lnt− lnt lns)α−2(1− lns)]. (2.6)

Observing that ln t− lns � lnt − lnt lns and α −2 � 0, it follows that

(ln t− lns)α−2 � (ln t− lnt lns)α−2 � (ln t − lnt lns)α−2(1− lns). (2.7)

By (2.6) and (2.7), we get
g′(t) � 0

for t � s , which follows that when t = s we can get the minimum value of g(t) . So,

the function G1(t,s) =
1

Γ(α)s
g(t) reaches the minimum value

− 1
Γ(α)

(lns− ln2 s)α−1

s
(2.8)

when t = s. By (2.4) and (2.8), we can conclude that

minG1(t,s) = minG2(t,s) = G1(eλ ,eλ ) = −λ α−1

Γ(α)
(1−λ )α−1 exp(−λ ),

where λ is defined as in Lemma 2.4. �

THEOREM 2.1. If the following Hadarmard fractional value problem (HFBVP){
H
1 Dαy(t)−q(t)y(t) = 0, 1 < t < e,

y(1) = 0 = y(e),
(2.9)

has a nontrivial solution, where q is a real and continuous function, then∫ e

1
|q(s)|ds > Γ(α)λ 1−α(1−λ )1−α expλ (2.10)

where λ = 2α−1−
√

(2α−2)2+1
2 .

Proof. Let B =C[1,e] be the Banach space endowed with norm ‖y‖= sup
t∈[1,e]

|y(t)|.
By Lemma 2.3, the solution of the HFBVP can be written as

y(t) =
∫ e

1
G(t,s)q(s)y(s)ds.

Hence,

‖ y ‖� max
∫ e

1
|G(t,s)||q(s)|ds‖y‖, i.e., 1 � max

∫ e

1
|G(t,s)||q(s)|ds.

An application of Lemma 2.4 to the last inequality leads to

1 <
λ α−1

Γ(α)
(1−λ )α−1 exp(−λ )

∫ e

1
|q(s)|ds,

from which the inequality (2.10) follows. �

REMARK 2.1. As stated in [8], the best strategy known so far to deduce the Lya-
punov inequality with the fractional differential setting seems to be converting the
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boundary value problem (1.12) into an equivalent integral equation and then find the
maximum value of its Green’s function. Along with this strategy, we have obtained a
Lyapunov inequality with the Hadamard derivative in the special interval [1,e] . How-
ever, when we consider the same problems on a general interval [a,b] (1 � a < b) , we
will face some insurmountable obstacles to find the maximum value of the correspond-
ing Green’s function. So we state the following as an open problem for readers:

How to get the Lyapunov inequality for the following the Hadarmard fractional
value problem (HFBVP){

H
a Dαy(t)−q(t)y(t) = 0, 1 � a < t < b, 1 < α � 2,

y(a) = 0 = y(b),

where the Hadamard derivative H
a Dα of a function f (t) is defined by

H
a Dα f (t) =

1
Γ(2−α)

(
t
d
dt

)2 ∫ t

a

(
ln

t
s

)1−α
f (s)

ds
s

.
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