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Abstract. The Bernstein inequality is an exponential probability inequality for a sequence of
bounded independent random variables. In this paper, we prove a Bernstein type inequality for
unbounded negatively orthant dependent (NOD) random variables. As some applications, we
obtain the convergence rates of the law of the iterated logarithm and law of the single logarithm
for identically distributed NOD random variables. We also obtain a strong law for weighted sums
of NOD random variables.

1. Introduction

Let {X,,n > 1} be a sequence of random variables defined on a probability space
(Q,.7,P) and set S, = X; +---+ X,,,n > 1. The exponential inequality for the partial
sums Y (X; — EX;) is very useful in many probabilistic derivations. In particular,
it provides a measure of convergence rate for the strong law of large numbers. There
exist several versions available in the literature for independent random variables with
assumptions of uniform boundedness or some, quite relaxed, control on their moments.

The following exponential inequality is well known as the Bernstein inequality. Its
proof can be found in the literature, see for example Proposition 2.1 in Roussas [15].

THEOREM 1.1. Let Xi,---,X, be independent random variables such that
P(|X;| < M) =1 for 1 <i<n, where M is a positive constant. Set S, = YI | X;
and v? =Y EX?. Then, for any € >0,

2
€
P(S,—ES,>¢)<expld ———— 5, 1.1
( ) Sexp 221 E) (1.1)
82
P(|S, —ES,| > &) <2exp{ ——————— (1.2)
2(v2—|—A%)

The inequality (1.1) of Theorem 1.1 follows from the following three inequalities:
P(S,—ES, > ¢€) <exp(—te)Eexp(t(S, —ESy)) forany r >0, (1.3)
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n
Eexp(t(Sy — ES,)) < [ | Eexp(t(X; — EX;)) forany 1 > 0, (1.4)
i=1
infexp(—z¢) ﬁE exp(t(X; — EX;)) < exp —L . (1.5)
>0 i1 2 (V2 + %)

The inequality (1.3) holds by the Markov inequality, (1.4) holds by independence con-
dition, and (1.5) can be proved by expanding exp(rX;) according to Taylor’s formula.
The independence condition is not used in (1.3) and (1.5). Since the inequality (1.1)
also holds for {—X;,1 <i<n}, (1.2) holds.

In recent years, exponential inequalities, including the Bernstein inequality, for
dependent random variables were obtained by many authors.

The concept of negatively associated random variables was introduced by Alam
and Saxena [1] and carefully studied by Joag-Dev and Proschan [9]. A finite family of
random variables {X;,1 <i < n} is said to be negatively associated if for every pair of
disjoint subsets A and B of {1,2,---,n},

COV(fl (Xi7i €A>7f2(Xjaj € B)) <0

whenever f; and f, are coordinatewise increasing (or coordinatewise decreasing) and
the covariance exists. An infinite family of random variables is negatively associated if
every finite subfamily is negatively associated.

Yang [25] obtained a Bernstein type inequality for bounded negatively associated
random variables. Christofides and Hadjikyriakou [3], Jabbari et al. [7], and Roussas
[15] obtained exponential inequalities for bounded negatively associated random vari-
ables. Kim and Kim [10], Nooghabi and Azarnoosh [14], Shao [16], Sung [18], Xing
[22], Xing and Yang [23], and Xing et al. [24] obtained exponential inequalities for
unbounded negatively associated random variables.

The concept of negatively orthant dependent (NOD) random variables was intro-
duced by Lehmann [12] as follows. A finite family of random variables {Xi,...,X,} is
said to be NOD if the following two inequalities hold:

n
P(Xy <x1,-, X, <) <] P(Xi < x)
i=1

and
n

P(Xy >xp,++ . Xy > x0) < [ P(Xi > xi)
i=1
for all real numbers xp,---,x,. An infinite family of random variables is NOD if every
finite subfamily is NOD.

Note that negative association implies NOD, but the converse does not hold. The
exponential inequalities for NOD are less studied than those for negative association.
Sung [19] and Wang et al. [21] proved exponential inequalities for identically dis-
tributed NOD random variables with the finite Laplace transforms.
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In this paper, we prove a Bernstein type inequality for unbounded NOD random
variables. As some applications, we obtain the convergence rates of the law of the iter-
ated logarithm and law of the single logarithm for identically distributed NOD random
variables. We also obtain a strong law for weighted sums of NOD random variables.

Throughout this paper, the symbol C denotes a positive constant which is not
necessarily the same one in each appearance and /(A) denotes the indicator function of
the event A. It proves convenient to define logx = max{1,Inx}, where Inx denotes the
natural logarithm.

2. A Bernstein type inequality

We will prove a Bernstein type inequality for unbounded NOD random variables.
To do this, the following lemmas are needed. The following lemma shows that Theorem
1.1 also holds for NOD random variables.

LEMMA 2.1. Let Xy,---,X, be a sequence of NOD random variables such that
P(|X;| < M) =1 for 1 <i< n, where M is a positive constant. Set S, =Y | X; and
v: =" | EX?. Then, forany € >0, (1.1) and (1.2) hold.

Proof. Since (1.4) is well known (see, for example, Taylor et al. [20]), (1.1) also
holds for NOD random variables. If {X;,1 < i< n} is a sequence of NOD random
variables, then {—X;,1 < i< n} is still a sequence of NOD and so (1.1) also holds for
{—Xi,1 <i<n}. Thus, (1.2) also holds for NOD. [J

LEMMA 2.2. Let Xy,---,X, be a sequence of NOD random variables such that
P(|1X;| < M) =1 for 1 <i<n, where M is a positive constant. Set S, =Y} | X; and
V2 =3", EXiz. Then, for any € >0 and y > 0,

2
€ €
PSn_ESn < ZEEN) N a7 [
( > €) exp{ (2+y)v2}+exp{ DyM}
P(|Sy —ESy| > ¢€) < 2ex —L +2ex &
nT B 2 8IS 2SR T )2 PU b
where Dy:%(l—f—Z/y).
Proof. Observe that for any € >0 and y > 0,
. Me\ [y if3p? > 2Me,
2( v+ — < 2\ 2Me . 2
3 1+y 5, if 3y <2Me.

Hence the result follows from Lemma 2.1. [

The following theorem is a Bernstein type inequality for unbounded NOD random
variables.
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THEOREM 2.1. Let X1,---,X, be NOD random variables such that for some s >
2, EIXi|* <o, 1 <i<n. SetS,=3",X; and v* =3 |EX?. Then, for any € >0
and 6 > 0,

& L
P(‘Sn—ESn‘ > 8) < ZGXP{—W} +C2E|Xi|5/é‘sa
i=1

where C is a positive constant depending only on & and s.

Proof. The proof is similar to that of Theorem 3.1 in Einmahl and Li [5]. For any
y >0, set

n
B(y) =Y EIXi|'/y".
i=1
Assume first that B(y) < 1. For fixed y > 0 and all 1 <i< n, we let

Yi = XI(|X:| < pyy) +pyyl(Xi > pyy) — pyyl(Xi < —pyy),
Zi(l)=Xi—pwlpy <Xi <), Zi2)=Xi+pwI(—yy<Xi <—pyy),
Ui= (Xi —py)I(Xi > vy) + (Xi + pyy)I(Xi < —7y),

where p =min{1,1/(yDylog(1/B(y)))} and Dy = 2(1+2/7). Then {¥;,1 <i < n}
is still a sequence of NOD random variables, max<;<, |Yi| < pyy, and X7 | E Yi2 <H2.
By Lemma 2.2, noting p < 1/(yDylog(1/B(y))), we have

2
Y Y
P <2exp | ——=—— | +2exp | —
( >y> eXp( (2+7/)v2)Jr eXp( Dypw)

2
Y
<2exp| ——2—— | +2B(y). 2.1

P(~ i) +280) e

Since 0 < Zi(1) <y, [T, Zi(1)| =2, Zi(1) > 27yy implies that there exist at

least two indices i such that Z;(1) # 0. In this case, p < 1 (otherwise, Z;(1) =0 for

1 <i<n), namely, p =1/(yDylog(1/B(y))) and yDylog(1/B(y)) > 1. It follows by
the definition of NOD that

n
(Yi — EY;)
=1

1

n

> Zi(1)

i=1

>27y> < 2 P(Zil(l)#O’Ziz(l)#o)

1<i1<ir<n

<Y Py, > pn X, > p1y)

1<ii<ip<n

< Y Py > pw)P(Xi, > pyy)

1<ii<ip<n

2
n r'l_ E‘Xl|5 2
<\ Y P(xi|>py]| < (L)
(il (il ) (pyy)’

=Dy B () (log(1/B()))* <KDYPB(),  (22)
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where K; is a positive constant such that (logx)zs < K;x forall x > 1.
Similarly,

P ( 2. Zi(2)] > 2w> <KDYB(y). (23)
i=1
By the Markov inequality,
(ZU >0> Z (1Xi] > yy)
) EXI =7 B(). (2.4)
i=1

Combining (2.1)—-(2.4), we see that if B(y) < 1, then

i(Xi EY;)

Il
-

>y+4)/y>
>y> +P<
>2yy> +P<

2
< 26Xp <—(2_ijw> "‘C’)/.,S[3 (y)» (25)

where Cys =2+ 2KSD72,5 Ly,
If f(v)/(rp*~") <1, then

i X — EX i(X EY) i +EZ 2)—|—EU,-)
< lil(x,-_EY,-) +iiE|Xi1(|Xi > pyy)
< lil(x,-—EYi) +W2E|Xi“‘
< i(Xf—EK) + .
If p < 1, then
PO BO) _ peiy) (10a(1/B0)) < DBO) (Ke/ BON2 < (CraB )

rps—t T pps
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If p =1, then
Bly) _
rpi!

Thus we have that if Cy;(y) < 1, then

V) < ¢,.B0).

() /(¥'p*~") <1 and hence

i(X,-—EX ix EY)| + v,

which implies by (2.5), noting B(y) < 1 (since Cy; > 2), that

|

The above inequality is trivial if Cys(y) > 1 and therefore (2.6) holds for all y >0
and y> 0.

Finally, for any € > 0 and § > 0, we can take y > 0 and y > 0 such that y(1+
5y) =€ and (2+7)(1+57)?> =2+ 8. Note that y depends only on 8. Then

p<"

Y (Xi—EX;)| >
i=1

2

> y+5yy> < 2exp (—W) +CysB(y). (2.6)

n

> (Xi— EX;)

i=1

82 \) < \) \)
8) < 26Xp (—m) +Cy,s(l +SY) 2E|Xl‘ /8 .

i=1

Setting C = Cy(1 4 57)*, we obtain the result. [

3. Convergence rates of LIL and LSL

As some applications of Theorem 2.1, we can obtain the convergence rates of the
law of the iterated logarithm (LIL) and law of the single logarithm (LSL) for identically
distributed NOD random variables.

THEOREM 3.1. Let {X,X,,n > 1} be a sequence of identically distributed NOD
random variables. Set S, =Y} | X; for n > 1. If EX =0 and EX? < oo, then for any

£ > V2EXZ,
En’lP(|Sn\ >£\/n10g10gn> < oo, (3.1)
n=1

Proof. For 1 <i<n,n>1, let

Xpi = —/nl(X; < —v/n) + X (|X;] < v/n) 4+ Vnl(X; > /n).

Then {X,;,1 <i< n} is a sequence of NOD random variables. Set S,z = ¥*_, X,; for
1<k<nandn>1. For € > V2EX2, let € =& + &, where £ > V2EX? and & > 0.
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In view of EX =0 and EX? < oo, we obtain

ESm| XL E(Xi = Xai)|
Vnloglogn  +/nloglogn
o S EIXI(Xi] > v/n)
h v/nloglogn
2
CEXIX > V)

vl1oglogn
It follows that
S n'p <\S,,| > ex/nloglogn>
n=1

= o |

< }Zln P (\S,m\ > sx/nloglogn> —i—};n P (112?2(" X;| > \/ﬁ)

CZ nlp (|S,m—ES,m\ > 81\/n10g10gn> + 2P(|X| > \/n)
n=1

n=1

=ClL+Db.

For I;, we will use Theorem 2.1. Since & > V2EX?, we can take 6 > 0 sufficiently
small such that # = €7 /((2+ 8§)EX?) > 1. By Theorem 2. 1,

2 oo n
B e?nloglogn E|X,il°
L <2 ! e e C -1
! " exp( 2+8)3 IEXZ-)+ g‘ 12{ (nloglogn)?
L (_ eloglogn EXI(X] < Vi)
" exp( m) CZ e ek

E[X|°I( IXI vn)

/N
S v S
M: 1M 1M

N
S

(nlog' n) +CZ +Cb.

3
Il
_

The last inequality holds by the fact that exp(—rloglogn) < (logn)™*, since logx =
max{1,Inx}. The convergence of the last series is equivalent to EX? < co. It is also
true that I, < oo is equivalent to EX? < oo. Hence the result is proved. [

REMARK 3.1. For a sequence of i.i.d. random variables {X,X,,n > 1} with
EX =0 and EX? < co, Davis [4] proved that (3.1) holds for all £ > v2EX2, and

S 0w 'P(|S,| > e/nloglogn) = =

n=1

for all 0 < £ < V2EX?2. Gut [6] proved the converse part, i.e., if (3.1) holds for some
€>0,then EX =0 and EX? < .
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THEOREM 3.2. Let {X,X,,n > 1} be a sequence of identically distributed NOD
random variables. Set S, =¥, X; for n > 1. If EX =0 and E[|X|*/(log|X|)]"! < o
for some r > 0, then for any € > vV 2rEX2,

S e <|Sn| > 8«/n10gn> < oo, (3.2)
n=1

Proof. For 1 <i<n,n>1, let
X, = —+/nlognl(X; < —+/nlogn) + X;I(|X;| < \/nlogn) +/nlognl(X; > \/nlogn).

Then {X,;,1 <i<n} is asequence of NOD random variables. Set S, = 2{-‘: 1 Xni for

1<k<nand n>1. For € > V2rEX2, let € = & + &, where & > V2rEX? and
& > 0. In view of EX =0 and EX? < o, we obtain

|E S| ‘2 E(Xi — Xm)‘< i1 E|Xi|I(|Xi| > v/nlogn)

Vnlogn vnlogn b vnlogn
EX21(\X\ > \/nlogn) 0
logn '

It follows that
i np (|Sn\ > 8\/nlogn>
i <|Sm,| >8\/n10gn>+in’*1iP<\X,-| > \/nlogn>
] n=1 i=1
i ~lp <|Sm, —ESpn| > slx/nlogn> + i n'P <|X| > \/nlogn>

n=1

=CJy+J,.

For Jy, we will use Theorem 2.1. Since & > Vv2rEX2, we can take § > 0 sufficiently
small such that # = €7 /((2+ 8)EX?) > r. Taking s > 2(r+ 1), we have by Theorem
2.1 that

=~
N
o)

Nk

(nlogn)s/2

1 EIXPI(|X 1
SR (x| < ViTogn
(2+5 JEX? ns/2-7 (logn)*/2

E\XPI(1X] < \/nlogn)
—t—1

C

+ Z n\/2 r logn)\/2

2 n K
1 ernlogn ) el E| Xy’
nlexp| ————m———=—— | +C
"( (2+8) 51 EX] 21 2 Galogn)

3
Il
—_

N
o)
Nk

+CJ;

3
Il
—

Mx

+CJp.

3
Il
—

The convergence of the last series is equivalent to E[|X|>/(log|X|)]"*! < . It is
also true that Jo < o is equivalent to E[|X|?/(log|X|)]"*! < . Hence the result is
proved. [
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REMARK 3.2. When r = 1, Wang et al. [21] proved that (3.2) holds for & =
3V2aeEX? under the stronger moment condition Eexp(ct|X|) < e for some o > 1.
Sung [19] improved the result of Wang et al. [21] by showing that & > 1 can be weaken
to a > 1/9. Hence Theorem 3.2 improves the results of Wang et al. [21] and Sung [19].

REMARK 3.3. For a sequence of i.i.d. random variables {X,X,,n > 1} with
EX =0 and E[|X|?/(log|X|)]"*! < o, Lai [11] proved that (3.2) holds for any & >
V2rEX?, and Chen et al. [2] pointed out that

Y o lp <\Sn| > Sx/nlogn> —w if 0<e< V2rEX2.
n=1

Lai [11] also proved that if (3.2) holds for some & > 0, then E[|X|*/(log|X|)]" ™! <
and £X =0.

4. A strong law for weighted sums

Many useful linear statistics, including the least squares estimators, nonparametric
regression function estimators and jackknife estimators, are of the form of the weighted
sums. In this section, we establish a strong law for weighted sums of NOD random
variables by using Theorem 2.1.

THEOREM 4.1. Let 0 < a < 1/2, g(x) be a positive increasing and regularly
varying function at infinity with index o, i.e., for all AL > 0,

tim EAY) _ je

e g(x)
and let h(x) be the inverse function of g(x). Let {X,X,,n > 1} be a sequence of
identically distributed NOD random variables with EX =0 and Eh(|X|) < e=. Suppose
that {an;i,1 <i<n,n> 1} is an array of non-negative constants such that

| <Kg! :
1‘2?£‘n‘anl| <Kg '(n) (4.1)
for some constant K > 0 and
limsuplogn ¥ ay; = p (4.2)
Nn—oo i=1

for some constant 0 < p < co. Then

limsup\EaniX,-\ <4/2pEX? as. (4.3)
il

n—

Proof. Let y> 0 be given. For 1 <i<n,n>1,let

Xi(1) = —n21(@niX; < —n~2) + apXil (|aniX;] <n %) +n 2 (auX; > n2),
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X,i(2) = (aniXi+n"2)I(—y/N < apiX; < —n~%),
Xui(3) = (aniXi —n~)I(n™* < anX; < Y/N),
Xm'(4) = (am-X,- + niA)I(am'X,‘ < —)//N) + (am-X,- — niA)I(am'X,‘ > ’)//N),

where A > 0 and integer N will be specified below. Then {X,;(j),1 <i<n}, j=1,4,
are all sequences of NOD random variables. Let

n

T.(j) = Y. Xu(j), j=1,---,4.
i=1

Since y > 0 is arbitrary, to prove (4.3), it is enough to show that

limsup|T;,(1) —ET,(1)| < /2pEX? as., 4.4

msup| (1)~ ET,(1)] < /29 @4

ET,(1) — 0, (4.5)

limsup|7T,,(2)| < ya.s., (4.6)

limsup|T,,(3)| < ya.s., 4.7)
n—soo

T,(4) — O as. (4.8)

We will use Theorem 2.1. For any € > 1/2pEX?2, we can take § > 0 sufficiently
small such that €2/((2+ 8)EX?) > p. Let 8 > 1 be sufficiently close to 1 such that
e2/(8'(2+8)EX?) > p. By (4.2), lognY" %, < €2/(8'(2+ 8)EX?) for all n large
enough. Then, we have by Theorem 2.1 that for any s > 2,

oo

D P(ITu(1) —ET,(1)] > ¢)

n=1

82 © n )
<22 exp{_ (2+8) Xt EXui(1)? } O 2 2 ERr

n=1li=1

00 2 00
€
<2 exp{— }+C nl—sd
ngl (24 8)EX2Y] ay; ngl

< c i exp{—S/logn} +C i I’lliSA < C i nfal +C i nlf.\'A.
n=1 n—1 | =

If we take s > max{2,2/A}, then the last series converges. Hence, (4.4) holds by the
Borel-Cantelli lemma.
Taking r € (2,1/0), we getby EX =0, (4.1) and (4.2) that

n n
ET,(1)| < Y ElawXill(JanXs| > n~2) <n"" D4 ElauX;|"I(|anXi] > n~*)
=1 i=1
n n
< E|X|rn(r—1)A 2 ‘am_‘r < Kr—2E|X|rn(r—1)A(g(n>)—(r—2) Za%i
i=1 i=1

< Cn(r—l)A(g(n))—(r—2)'
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We take A > 0 such that 0 < A < a(r—2)/(r—1). Then the function x"~ D4 (g(x))~ (=2
corresponding to n("~V2(g(n))~("~2) is regularly varying at infinity with index (r —
1)A — a(r—2) < 0. Since the index is negative, we have that n("~2(g(n))=(=2) — 0
(see, for example, Lemma 2.3 in Zhou [26]). Hence (4.5) holds.

The proofs of (4.6) and (4.7) are similar, and so we only prove (4.7). To prove
(4.7), by the Borel-Cantelli lemma, it is enough to show that

=3

2 P(LGB) >7) <

n=1
Since X;i(3) = (anXi —n 2)I(n2 < ayX; < y/N), |T,(3)| = | 2 X,i(3)| > v implies
that there must exist at least N indices i such that X,;(3) # 0. Hence we have by

Bonferroni’s inequality (see, for example, Lemma 4.1.2 in Stout [17]), the definition of
NOD, and Markov’s inequality that

P(|T,(3)] > y) < P(there exist at least N indices i such that X,,;(3) # 0)
<Y PXwi(3) A0, Xuiy(3) #£0)
1<i1<~'<iN<n
< P <am'1X,‘1 > l’l_A, co iy Xiy > I’l_A>

1<i1<~'<iN<n

< Y HP(am]X >n A) < (ip<|am-x,->nA)>N

I1<ip<-<iy<n j= i=1

N
< (n’AZ EX) <™ (g(m)) N2,

i=1

where r € (2,1/c). Then

=3

S P(T3)| > 1) <C 3 w™Vgn)] ),
n=1

n=1

We now choose A sufficiently small and N sufficiently large such that Na(r —2) —
rA] > 1. Then the function x*¥[g(x)]~M"~2) corresponding to the summands of the
last series is regularly varying at infinity with index —N[ot(r —2) —rA] < —1. Since
the index is less than —1, the last series converges (see, for example, Lemma 2.4 in
Zhou [26]), and hence the first series also converges.

Finally, we show that (4.8) holds. By EA(|X]) < eo,

=

2, P(IX|> (v/NK)g(k)) < e,

k=1

which implies that the series Y | |X;|[(|X;| > (y/NK)g(i)) convergesa.s. by the Borel-
Cantelli lemma. Note that, by (4.1),

Xt (4)] < laniXil1(|aniXi] > v/N) < Kg™" (n)|Xi[1(|X:| > (v/NK)g(n)).
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Hence

T.()| < Kg~'(n) S IXI(X] > (7/NK)g(n)

i=1

<Ky '(n) ilx-u (1% > (7/NK)g(i))

<Kg! iX|I\X|> (y/NK)g(i)) — 0 as.

as n — oo, i.e., (4.8) holds. [

REMARK 4.1. The non-negative condition on the weights {ay;, 1 <i<n,n>1}
ensures that {a,;X;,1 <i < n} is a sequence of NOD random variables. If the non-
negative condition is deleted, we can apply Theorem 4.1 to the weights {am, <i<
n,n> 1} and {a,;,1 <i<n,n> 1}, respectively, and hence (4.3) can be replaced by

11msup|2amX\ 2\/2pEX? as.

n—oo

Although the upper bound has increased by a factor of 2, it remains the same when
p=0.

REMARK 4.2. When g(x) =x% and p =0, Lietal. [13] proved Theorem 4.1 for
i.i.d. random variables under the stronger condition ¥, a2, = O(n~%), § > 0, than
(4.2). Jing and Liang [8] extended the result of Li et al. [13] to negatively associated
random variables under condition (4.2) instead of Y , a,%i = O(n’a). Recently, Chen
et al. [2] proved Theorem 4.1 for i.i.d. random variables without the non-negative
condition on the weights. Hence, Theorem 4.1 extends and improves the corresponding
results of Chen et al. [2], Li et al. [13], and Jing and Liang [§].
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