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AN INTRINSIC SQUARE FUNCTION ON WEIGHTED
HERZ SPACES WITH VARIABLE EXPONENT

MITSUO IZUKI AND TAKAHIRO NOI

(Communicated by J. Pecari¢)

Abstract. We define new generalized Herz spaces having weight and variable exponent, that is,
weighted Herz spaces with variable exponent. We prove the boundedness of an intrinsic square
function on those spaces under proper assumptions on each exponent and weight.

1. Introduction

The boundedness of the Hardy—Littlewood maximal operator M on function spaces
is very important in real analysis because it realizes boundedness of many other oper-
ators, for example, singular integrals, fractional integrals, and commutators involving
BMO functions. Muckenhoupt [21] has established the theory on weights called the
Muckenhoupt A, theory in the study of weighted function spaces and greatly devel-
oped real analysis.

On the other hand, the theory on function spaces with variable exponent has been
rapidly developed after the work [20] where Kovacik and Rékosnik have clarified fun-
damental properties of Lebesgue spaces with variable exponent. On spaces with vari-
able exponent, the boundedness of the operator M is also a notable problem. As suf-
ficient conditions for the boundedness the log-Holder continuous conditions have been
established and well known now ([2, 3, 7, &, 15]).

Recently a generalization of the Muceknhoupt weights in terms of variable expo-
nent has been studied. Diening and Histo [9] have initially defined the new class of
weights A,y and proved the equivalence between the A () condition and the bound-
edness of M on weighted Lebesgue spaces with variable exponent. The equivalence
has been independently proved by Cruz-Uribe, Fiorenza and Neugebauer [4]. The first
author and his collaborators have studied the relation between A, and the wavelet
theory ([ 14, 16]).

An intrinsic square function is one of the remarkable operators in modern real
analysis. Many researchers have studied characterizations of general function spaces
via intrinsic functions ([12, 25, 26, 27, 28, 29, 30, 31]). In particular we focus on the
work [27] by Wang where the boundedness of some intrinsic functions including Sg
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on weighted Herz spaces has been proved under proper assumptions on every exponent
and weight. Our aim in this paper is to extend the boundedness of the intrinsic square
function Sg to the variable exponent case. We will define weighted Herz spaces with
variable exponent having variable integral exponent p(-) and weight w, and prove the
boundedness of Sg on those spaces based on fundamental facts on general Banach
function spaces.

Throughout this paper we will use the following notation.

1. The symbol C always denotes a positive constant independent of main param-
eters. We remark that the value of C may be different from one occurrence to
another.

2. Given a measurable set S C R", we denote the Lebesgue measure of S by |S|. In
addition, ys means the characteristic function of S.

3. A ball is always an open ball in R”", that is, a ball B is a set given by
B:={yeR": |x—y|<r},

using a point x € R” and a positive number 7.

2. Preliminaries

2.1. Lebesgue spaces with variable exponent

We first define Lebesgue space with variable exponent.

DEFINITION 1. Let p(-) : R" — [, o) be a measurable function. The Lebesgue
space LP()(R") with variable exponent p(-) is the set of all complex-valued measur-
able functions f defined on R” satisfying

pol)i= [ 1F(Ddx <o

It is known (cf. [15, 20]) that the Lebesgue space L’()(R") becomes a Banach
space equipped with a norm given by

. f
1A 1l 2o ey = mf{/l >0:pp (X) < 1},

The measurable function p(-) is called a variable exponent in variable exponent anal-
ysis. In order to state variable exponent spaces deeply we define some notations on
variable exponents.

DEFINITION 2.

1. Given a measurable function r(-) : R" — (0, e), we write

o= Ol 7= { (%)}
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2. The set Z(R") consists of all variable exponents p(-) : R” — [1, ) satisfying
1 <p-<py <eo.

3. A measurable function r(-) : R” — (0, o) is said to be globally log-Holder con-
tinuous if it satisfies the following two inequalities

C
lr(x) —r(y)| < m (x—y| <1/2),
Ir(x) — 7l € __ (xern

< -
log(e + [x])

for some real constant r... The set LH(R") consists of all globally log-Holder
continuous functions.

The globally log-Hdolder continuous conditions are famous because they ensure
the boundedness of the Hardy-Littlewood maximal operator M, defined by

Mf(x):= sup [ [f(y)|dy,
B:ball,xeB/B

on Lebesgue spaces with variable exponent. Hence we often consider those conditions
as standard assumptions in the study of function spaces with variable exponents (cf.
[2,3,7,8,15]).

2.2. Weighted Banach function spaces

We define Banach function space and state fundamental properties of it based on
the book [1] by Bennett and Sharpley. For further informations on the theory of Ba-
nach function space including the proof of Lemma 1 below we refer to the book. We
additionally show some properties of Banach function spaces in terms of boundedness
of the Hardy-Littlewood maximal operator. We will also consider the weighted case
based on the paper [18] by Karlovich and Spitkovsky.

DEFINITION 3. Let .# be the set of all complex-valued measurable functions
defined on R”, and X a linear subspace of .7 .

1. The space X is said to be a Banach function space if there exists a functional
|- |lx : «# — [0,00] satisfying the following properties: Let f, g, f; € A4 (j =
1,2,--), then

(a) f € X holds if and only if ||f]|x < .
(b) Norm property:

i. Positivity: [|f||x = 0.

ii. Strict positivity: ||f][x = 0 holds if and only if f(x) =0 for almost
every x € R".

iii. Homogeneity: ||Af]|x =|A|-||f|lx holds for all complex numbers A .
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iv. Triangle inequality: ||f+g|lx < | fllx +1lgllx-

(¢) Symmetry: [|f]lx = [[|fllx-
(d) Lattice property: If 0 < g(x) < f(x) for almost every x € R", then ||g||x <

1£1x -
(e) Fatou property: If 0 < f;(x) < fj+1(x) forall j and f;(x) — f(x) as j— oo
for almost every x € R”, then lim || fj||x = || f]|x .
Jj—oo

(f) For every measurable set F C R” such that |F| < e, ||xr|/x is finite. Ad-
ditionally there exists a constant Cr > 0 depending only on F such that for
al heX,

[ o)lax < Cr .

2. Suppose that X is a Banach function space equipped with a norm || - ||x. The
associated space X' is defined by

X'={fe :||fllx <o},

[1f1lx == sup{‘/ fx)g(x)dx| = [[gllx < 1}.
g R”

LEMMA 1. Let X be a Banach function space. Then the following hold:

where

1. The associated space X' is also a Banach function space.

2. (The Lorentz—Luxemberg theorem. ) (X')' =X holds, in particular, the norms
|- llxry and || - ||x are equivalent.

3. (The generalized Holder inequality. ) If f € X and g € X', then we have
L @sldx < £l

Kovacik and Rdkosnik [20] have proved that the generalized Lebesgue space
LPO)(R™) with variable exponent p(-) is a Banach function space and the associate
space is U’,( )(R") with norm equivalence, where p/(-) is the conjugate exponent given

by =1.
( pt ’()
If we assume some conditions for boundedness of the Hardy—Littlewood maximal
operator M on X, then the norm | - ||x has properties similar to the Muckenhoupt
weights.

LEMMA 2. Let X be a Banach function space. Suppose that the Hardy-Littlewood
maximal operator M is weakly bounded on X, that is,

2 gassayllx <CA7'£llx (1)
is true for all f € X and A > 0. Then we have

sup ‘”XBHX”XBHX’ < oo, (2)

B
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The proof of Lemma 2 is found in the first author’s paper [14, Lemmas 2.4 and
2.5] and [17, Lemmas G’ and H].

REMARK 1. If M is bounded on X, that is,

IMfllx <Cllfllx

holds for all f € X, then we can easily check that (1) holds. On the other hand, if M is
bounded on the associate space X', then Lemma 1 shows that (2) is true.

Below we define weighted Banach function space and give some properties of it.
Let X be a Banach function space. The set Xjo.(R") consists of all measurable function
f such that fyg € X for any compact set E with |E| < eo. Given a function W such
that 0 < W(x) < oo for almost every x € R", W € Xjoc(R") and W~ € (X")10c(R"),
we define the weighted Banach function space

XR"W):={fed:fWeX}.
Then the following hold.

LEMMA 3.

1. The weighted Banach function space X (R",W) is a Banach function space equip-
ped the norm

1F x nwy := [/ W][x-

2. The associate space of X (R",W) is also a Banach function space and equals to
X'(R", w1,

The properties above naturally arise from those of usual Banach function spaces
and the proof is found in [18].

2.3. Muckenhoupt weights with variable exponent

A locally integrable and positive function defined on R” is called a weight. We
define fundamental classes of weights known as the Muckenhoupt classes in terms of
variable exponent.

DEFINITION 4. Suppose p(-) € Z(R"). A weight w is said tobe an A,y weight
if
Lt/e0) ~1/n()
sup —||W /P sl o0y ey WP XB v oy < 00
el |H X HLp()(]R)H X HLp()(]R)
The set A,y consists of all A, weights.

REMARK 2. Our symbol A, differs from that in the papers [4, 9]. If p() €
Z(R") equals to a constant p € (1, ), then the definition above is equivalent to the
well known Muckenhoupt A, weights ([21]).
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We shall give the definitions of the Muckenhoupt classes A, with p =1, co,

DEFINITION 5.

1. A weight w is said to be a Muckenhoupt A; weight if Mw(x) < Cw(x) holds for
almost every x € R"”. The set A; consists of all Muckenhoupt A; weights. For
every w € Ay, the finite value

1
wlg, =S x)dx- ||w - }
oy 1= sop { o [ wla)a o

is said to be a Muckenhoupt A; constant.

2. A weight belonging to the set

U 4

1<p<oo

is said to be a Muckenhoupt A.. weight.

REMARK 3.

1. We note that if w € A;, then

8] / A1 1nf w( )
holds for all balls B

2. It is known that the monotone property A, C A, C A« holds for every constants
1< p<g<en.

We will use a classical result on the Muckenhoupt weights. Below we write
w(S) := /w(x)dx
s
for a measurable set S and a weight w.

LEMMA 4. (Chapter 7 in [10]) If w € Ay, then there exist positive constants 6 < 1
and C depending only on n and [w]a, such that for all balls B and all measurable sets

ECB,
14
<
(B) |B|
Diening and Hésto [9] have pointed out that Definition 4 does not directly imply

the monotone property of the Muckenhoupt class A (). In order to obtain the property
they have generalized the Muckenhoupt class as follows:

=
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DEFINITION 6. (Diening and Histo [9]) Suppose p(-) € Z(R"). A weight w is
said to be an A ) weight if

sup |B| PE||wxsl| ;1 mn w—le oy < oo
B:ball| I et | HLP()/:()(JR) ;

where pp is the harmonic average of p(-) over B, namely,

e (i)

The set Ap(,) consists of all Ap(,) weights.

Based on the definition A p(-) Diening and Histo [9, Lemma 3.1] have proved the
next monotone property.

THEOREM 1. Suppose p(-), q(-) € 2(R")NLH(R") and p(-) < q(-). Then we
have
Al CAp, CANP(.) CANq(.) CAqJr C Aw.

Before we state the relation between the generalized Muckenhoupt condition and
boundedness of the Hardy—Littlewood maximal operator, we define explicitly weighted
Lebesgue spaces with variable exponent.

DEFINITION 7. Let p(-) € Z(R") and w be a weight. The weighted Lebesgue
space with variable exponent L") (w) is defined by

LPO(w) == LPO (R w/P0))y,
Namely the space LP(") (w) is a Banach function space equipped with the norm
1m0y 2= 1PN o gy -

THEOREM 2. Suppose p(-) € Z(R")NLH(R"). Then the following three condi-
tions are equivalent:

(A) weAy,.
(B) weA,..

(C) The Hardy-Littlewood maximal operator is bounded on the weighted variable
Lebesgue space LPU) (w).

Cruz-Uribe, Fiorenza and Neugebauer [4] have proved (A) < (C). On the other
hand, Diening and Histo [9] have proved (B) < (C). By Theorem 2 we can identify
A, and 1.41,(,) , provided that p(-) € Z(R")NLH(R"). Moreover Theorem 1 gives us
the following monotone property.
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COROLLARY 1. Suppose p(-),q(-) € Z(R")NLH(R") and p(-) < ¢q(-). Then
we have
Al CAp, CAP(') CAq(.) CAqJr C Aw.

REMARK 4. Based on Diening and Histo [9, Proposition 3.1], we can construct
weights belonging to A, as follows: Let p(-) € Z(R")NLH(R") and wi, wy € A;.

Then we have that ww} ) € Ap(y-

3. Main result

3.1. Definition of the intrinsic function and Herz spaces

We first define the intrinsic square function Sg f(x).

DEFINITION 8. Given a point x € R", we define a set
T(x) :={(n1) eRE 1 |x—y| <1},

where R = R” x (0,%0). Let 0 < B < 1 be a constant. The set ©p consists of all
functions ¢ defined on R" such that

L. suppp C {|x[ < 1},
2. Jrn@(x)dx=0,
3. |o(x)— ()| < |x—x/|B for x, ¥ € R".
Forevery (y,7) € R’ ™! we write ¢, (y) =¢ "¢ (). Then we define a maximal function

for f € Ll (R"),

loc

Agf(yt) = sup |[f+@(y)| (1) eRE).
PECR

Using above, we define the intrinsic square function with order f3 by

dydi\ '/
Spfi= ([ [ Apro? )

In order to define weighted Herz spaces with variable exponent, we use a local
weighted Lebesgue spaces with variable exponent.

DEFINITION 9. Let Q C R” be a measurable set, p(-) : Q — [1,0) a measur-
able function and w a positive and locally integrable function defined on Q. The set
Lf:)(c')(Q,wl/ p(')) consists of all functions f satisfying the following condition: for all
measurable subsets £ C Q there exists a constant A > 0 such that

/ f(x)
E

A

P)
w(x)dx < oo.
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We additionally use the following notation.

1. For every integer k, we write By := {|x| < 2}, Dy := By \ By_1 and yi == xp, -
2. For every non-negative integer m, we write Cy, :== D,, if m > 1 and Cy := By.

Now we are ready to define the Herz spaces.

DEFINITION 10. Let ¢ € R, 0 < g < oo, p(-) € Z(R") and w be a weight.

1. The homogeneous weighted Herz space K;‘(‘g (w) with variable exponent is de-
fined by

KO (w) = {f € L) (R"\ {0}, w!/70) ; I Wk < ==

where

1/q
I/l = (22“kqka||q ) .

k=—oo

2. The non-homogeneous weighted Herz space K;‘(’fi (w) with variable exponent is
defined by

Ky (w w) = {f € L (R, w!/70)) ; 1Nz < ==

where

- 1/q
o om q
Hf||KI‘j(*_‘§(W) = (Z 2 q”fme”LP(')(W)> '

m=0

3.2. Key lemmas

Lemmas 5 and 6 below have been proved by the first author [13, Proposition 2.4]
in the case X = LP() (R™). His proof of Lemma 6 is due to Diening’s work [8]. Recently
a self-contained proof based on the Rubio de Francia algorithm [22, 23, 24] has given
by Cruz-Uribe, Herndndez and Martell [5, Proof of Lemma 3.3]. Based on [13, 5] we
will give the complete proofs of those lemmas.

LEMMA 5. Let X be a Banach function space. Suppose that the Hardy-Littlewood
maximal operator M is weakly bounded on X. Then we have that for all balls B C R"
and all measurable sets E C B,

|E| <cC I xEllx

3
Bl S slx ©)
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Proof. Take a ball B, a measurable set £ C B and a number 0 < A < |E|/|B|
arbitrarily. Then we see that M(yg)(x) > A for almost every x € B. Hence we have
lsllx < X eze)=atllx <CA 1 xelx.
Therefore we get inequality (3) because 0 < A < |E|/|B]| is arbitrary. [
LEMMA 6. Let X be a Banach function space. Suppose that M is bounded on

the associate space X'. Then there exists a constant 0 < & < 1 such that for all balls
B C R" and all measurable sets E C B,

)
Il xellx <cC <£> . )
Il x5llx |B|
Proof. Let A := ||M||y_x and define a function
< ng(x) ’
Rg(x) == (g €X), (5)
IZE) (2A)k
where
8l (k=0),
Mtg:={ Mg (k=1),

MM*g) (k>2).
For every g € X, the function Rg satisfies the following properties:
1. |g(x)| < Rg(x) for almost every x € R".
2. ||Rg|lx’ < 2|/gl|x’» namely the operator R is bounded on X’.

3. M(Rg)(x) < 2ARg(x), thatis, Rg is a Muckenhoupt A; weight such that [Rg], <
2A.

Thus by applying Lemma 4 to Rg, we can take positive constants C and & < 1 so that
for all balls B and all measurable sets £ C B,

)
RE) e (1)
Rg(B) B
Now we fix g € X’ with ||g||ys < | arbitrarily. By virtue of generalized Holder’s in-
equality we have
/ |2E(x)g(x)]dx <

>o
=
N

o
E
<c(';') Rg(B)
o
E
<c(';') zallxIRelx
S
E
<c('7') 1xzsllx.
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Therefore by the duality we get

14
E
cge X, gy < 1} <C<u) 128l

el < s f| [ etwistoyas
g R7 ‘B‘

This completes the proof of the lemma. [

Wilson [30] has proved the following boundedness of the square function on
weighted Lebesgue spaces.

THEOREM 3. Let 0 < B <1, 1 < p <o and w € Ap. Then the square function
Sg is bounded on the weighted Lebesgue space L (w).

The next extrapolation theorem on weighted Lebesgue spaces has recently proved
by Cruz-Uribe and Wang [6, Theorem 2.6].

THEOREM 4. Suppose that there exists a constant 1 < pg < e such that for ev-
ery wo € Ay, the inequality || f|1ro (wy) < CllgllLrowg) holds for all f € LP°(wo) and
all measurable functions g. Let p(-) € Z(R") and w be a weight. If the Hardy—

/ JR S
Littlewood maximal operator M is bounded on LP)(w) and on LP')(w™ P071), then
we have the inequality Hf||U,(.)(W) < CHgHLp(,)(W) holds for all f € LP")(w) and all
measurable functions g.

REMARK 5. For general variable exponent p(-) € £(R"), it is not proved that
the assumption w € A () implies the equivalence of the following two conditions

(a) M is bounded on L") (w).

/ __ 1
(b) M is bounded on LP'()(w™ #0-T),

If we additionally suppose that p(-) € LH(R"), then (a) is immediately true. We note
that p(-) € LH(R")N Z(R") implies p'(-) € LH(R") N Z2(R"). Thus (b) is also true.

Combing the two theorems above, we have the following boundedness of the in-
trinsic square function on weighted Lebesgue spaces with variable exponent.

COROLLARY 2. Let 0 < B < I, p(-) € LH(R")N P (R") and w € Ap(.). Then
the intrinsic square function Sg is bounded on LPO) (w).

In order to prove the main theorem we will additionally use the following Hardy
type inequality.

LEMMA 7. Let {g}7
denote

be a positive sequence, 0 < g < o and 6 > 0. We

—oo

Gj = Z 2_‘k_j|5gk
k=—o0
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for each j € 7. Then the inequality

- 1/q - - q\ 1/4 - 1/q
(£ (& (3" (59
s e ke [

The proof of Lemma 7 is found in [11, Lemma A.2.1]. We remark that Kempka
and Vybiral [19, Lemma 8] have proved the Hardy type inequality for general function
spaces case.

holds.

3.3. Statement of the main result

THEOREM 5. Let 0< B <1, p(-() eLHR)NZ(R"), 0<g<eo, 1/p_<r<
1, weA,,., and —nd < a<n(l—r), where 0 < 8 < 1 is a constant satisfying
Hka HLP(‘)(W) g Czsn(k_l)
128,11 00 o)
Jorall k, 1 € Z with k < 1. Then the intrinsic square function Sg is bounded on I'(I?(’_)(w)

and on K;((’_%(w).

Proof. We prove the boundedness on the homogeneous space K;‘(’; (w). The proof
similar to below is valid for the non-homogeneous space K;f(‘g(w) We decompose
fe K;(’ﬁ(w) as f'= fxp, \B.» t S XBi_, + [ Xrr\B,,, - Thus we obtain

oo

1/q
Hsﬂf”Kg(‘g(w) < C{ ( Z 2akq||S/3(fXBk+l\Bk2)XkZp(z)(w)>

k——oco

- 1/q
+< 2 20€k11||Sﬁ(fXBk2)XkZp(,)(w)>

k=—oo

i 1/q
+< 3 2“"q||S;3(fmn\Bk+l>%kZv(-)(w)) }
fe=—o0

= C(h+5L+T1).

Foreach i =1, 2, 3 we start the estimate 7;.
We first consider 7. Using the boundedness of Sg on LF(')(W) we get

- 1/q
T < < 2 zakqSﬁ(f%Bk+l\BkZ)HZI’(')(W)>

k=—oo

- 1/q
< C <k2 zaqufXB]H,l \Bk72 Zp()(w)>

—=—o0
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Next we estimate 7. By the definition of the operator Sg we have

q 1/q
LP(‘)(W))
q\ 1/a

Now we take k € Z, | <k—2, x € Dy and (y,7) € I'(x). For every ¢ € €5 we have

<cr / 1£(2)] dz
{z€Dy:[y—z|<t}

Using a point z € D; with |y —z| <t we obtain

k-2
Sp( Y fa)xx

|=—oo0

k=—oo

T = ( i 2%k

—=—00

=) k-2
- ( 5 2< S Issnd
[—

|(Fxn) * @ (v) I—'/ o (»)f(z)dz

1 1 1 1
t==(t+1)> = —z) > zfx—z] = = (]x| -

S0) > 3=yl + b=z > 32l > 50— |2)

1 1 1

> 2 =2) > 322 > 2 2 ") = B

Hence we get

N 1/2
dyd
|Sp (o) (x (// (;gpﬁl (fx)* o) t,ﬂf) )

oo 1 2 dyds 1/2
(e Sy )
(% {y:lx—yl<ty \" J{zeD;: [y—z|<1} If(2)ldz il
dr \'/?
</ e Z)( W ( brhi<ny )

:C</D, f(z)|dz) (/;;%)1/2
—c( [ 17az) -

Applying the generalized Holder inequality and Lemma 2, we have

<l || pwt/P0) H ~1/p(")
[Sp(F ) < Cl™ w700 L 2| o g
—n 1/p() A1/
S R 120 (") HW B || 1) ()
e ] O P et
—n 1 . _
< Claf 7| /ot Ua poEn” |Blwx3,um
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We note that x € Dy implies |x| > 2571 thatis |x|™" < C|Bi|~!. Thus we get

Ss0] < Bl

-1
‘B ‘ )||XBIHL/7()

Combing (6) and (7), we obtain
1/q
- k=2 ‘B‘ ”XkHLP !
T2 < C 206/{(1 1 L) f l
(kzw (,Zw Bl Tl 2
1/q
> B, ‘ HkaHLP !
o 3oy 2 Tl .
(k:z—oc (1_2_;, ‘Bk‘ ||X HLI’ L)

For every k, [ € Z such that k > [+ 2, we see that B; C By. We also note that rp(-)
LH(R")N 2 (R"). Thus by virtue of Lemma 5 with X = L'?()(w) we have

xselleroey _ (lxsllzmo ) <C<@)r:(:2(kl)m.
128, L) ) 1811 700 (o) B

Hence we have

o k—2 g\ 1/4
T <c< Y 20"‘q< Y 2"("”(’“”szIILm-)(w)) ) : ®)
k=—oo J——

We shall continue the estimate remarking the range of ¢ carefully.

Now let us suppose that 0 < ¢ < 1. For general non-negative sequence {a; },ca.
it is well known that the inequality

q
(2 ax) <Y a4yt )
AEA AEA

holds. Applying (9) to (8), we have

- 1/q
- <c( S a0a 5 qutrnan e )
k=—o0

[=—c0

- 1/q
_ C( 2 2alq||fxl||q 2 2qk I)(a—n(1— r)))
|=—o0

k 1+2

1/q
( > 2% falll ) =Cl|fllg=4 )
|=—o0 P()

where we have used the condition that o < n(1 —r)

)
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We next consider the case 1 < g < . Because we have supposed that o0 < n(1 —

r), we can take a constant 1 <s < o so that o < %(1 —r). Using the usual Holder
inequality, for every k € Z we get

T (k-1 !
2 2n(r7 )= )Hf%lHLp(*)(w)
[ —

q
(Z 21 —k)-2(1— r2—al 2(1 k)- Y, (1— r2alexl”LP )

|=——oo

k=2 94 1o
< 3 2((I=k)-§(1=r)—al)q 3 1=k (1= r)20ld|| £y, ”q

|=——oco

a a/q
_ ( Y 2(1(%(1—r>—a>—k.%<1—r>>q'> ( Y, 20Uty g4 )

|=——oco

=C-2” ’“M( DA ’Z“ZquXzIIL,, )

|=——oco

Applying this estimate to (8) we get

- 1/q
T2<C< D 2“"4.2—’“"4( Y 2R mngdda) py 1750 ))
k=—oo

|=—oco

|=—o0 k [+2

- 1/q
nq ,
=c< 3 2l 3 2000 )

1/q
=c< > 271l ) = Cllf g
I=—co v

Finally we estimate 73. We note that

. - aq\ 1/aq
T; < ( Z 2akq< Z Sﬁ(fll)%k“u(-)(m) ) :

k=—eo 1=k+2

Forevery k€ Z, x € Dy, I > k+2, (y,t) € I'(x) and z € D; with |y —z| <t, we see
that

1 1 1 1
=5 +0) > S =yl+y—z)) > Sl =z = 5|z = x) > 5(2171 -26 217

1
2



814 M. IZUKI AND T. NoI

Thus we have

2
dyd
spmi={ [ (Supf)a) <>> T

1/2

(PE%,B

2 gyar '
ce(/f, 0 )
( () eppity-en 1) e

B 2 1/2
—3n—1
¢ </2]3 /{y: \x*y|<z}t </D/ |f(Z)|dZ> dydt)
o0 12
-¢ </D f(Z)dz) </213t2"1dt)

B [ 1f@)ldz.

Dy
By virtue of the generalized Holder inequality and Lemma 2, we have
1S5 (F20) @) < CIBL LA PO 20 ot ey 0P 1l s e
<CIAwH PO 20 ) oy - 1B w70,
< CNF el oty - i

|| Lp Rn)

(w)’
Hence we obtain

- (e Il N
z<C 2 2 2 fol“LI’(')(w)i

k=—oco I=k+2 ||%Bz||LP(-> (W)
1/q
> & el \ !
< C( Y 2“'“’( 2 Il Hi)
k=—oo I=k+2 XBi I LpC) (w)

o g\ 1/q
c(zzakq<z 2l 257 >)) |
oo 1=k+2

Applying Lemma 7 to (10), we get

~ = aq\ 1/q
T <C< 3 ( Y 2(“5”)1k'Z“lf%zlle(->(W>> )

k=—oc0 \I=k+2

1/q
2 2alq||fx ”q = CHfHI'(a‘q(W)
|=—o0 r()

Consequently we have finished all estimates and proved the theorem. [l

(10)
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