lournal of
athematical
nequalities
Volume 11, Number 4 (2017), 1099-1112 doi:10.7153/jmi-2017-11-82

THE JENSEN AND HERMITE-HADAMARD
INEQUALITY ON THE TRIANGLE

ZLATKO PAVIC

(Communicated by A. Horwitz)

Abstract. We study the functional forms of the most important inequalities concerning convex
functions on the triangle. Our intension is to construct the functional form which implies the
integral and discrete form of the Jensen inequality, the Fejér, and so the Hermite-Hadamard
inequality. To reach this goal, we combine features of positive linear functionals and convex
functions.

1. Introduction

1.1. Objectives

The first objective of the article is to promote the inequality for convex functions
on the triangle that contains the Jensen, Fejér and Hermite-Hadamard inequality. The
second objective is to refine the resulting inequality.

As is known, one proven way to achieve the first objective is to include positive
linear functionals. The significant results concerning the application of positive func-
tionals to convex analysis were obtained by Jessen (see [7] and [8]) for one variable
convex functions, and McShane (see [14]) for multivariate convex functions.

The article also has a slightly wider scope, because the methods applied to the
triangle can be transferred to higher dimensions.

1.2. Convex functions on the triangle

The basic structure which is used in the article is a real linear space S. Let us
remind the initial notions of convexity upgrading the signification of the space S.
A set C C S is said to be convex if the inclusion

oax+pyeC (1)

holds for all points x,y € C and all coefficients o, 3 € [0, 1] satisfying oo+ = 1. The
sum ox + By with the above coefficients is called convex combination.
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A function f: C — R is said to be convex if the inequality

flax+By) <af(x)+Bf(y) (2)

holds for all convex combinations ox+ By of points x,y € C.

The triangle with vertices a,b,c € R? that do not belong to the same line is used
permanently throughout the article. It will be marked by A or abc, and its interior
will be marked by A°. Each point x € A can be represented by the unique trinomial
convex combination

x = oxa+ Bib+ Ye. 3)

The coefficients can be expressed by the ratio of areas

ar(xbc) ar(xac) ar(xab)

o, = N = s = s 4

* " ar(abc) A ar(abc) t ar(abc) @

and thus by the ratio of determinants

x1x21 X1 x1 x1x21
b1bs1 ajasl ayasl
cical creal b1bs1

O = 9 Bx = - ) Yx = . (5)
ajaxl ayarl araxl
b1by1 bi1by1 bi1by1
cicl cical cicl

Let f: A — R be a convex function. The secant plane of f passes through the
respective graph points of a, b and c, and its equation is

_ar(xbc)
~ ar(abc)

ar(xac)
ar(abc)

Jabe(x) fla)+ f(b)+ f(e). (6)

Let d € A° be a point of the triangle interior. The support planes of f at d pass
through the respective graph point of d, and their equations depend on the pairs of
slope coefficients k) € [f](d—), f{(d+)] and K, € [f3(d—), f3(d+)]. For the specified
pair of coefficients x; and k», the corresponding equation is

[P (1, x2) = K1 (x1 — dy) + 12(x2 — do) + f(d1, o). (N
The support-secant plane inequality
£ (0 < () < fape®) (8)
holds for every x € A.

1.3. Positive functionals on the space of functions

Let S be a nonempty set, and let F = FF(S) be a subspace of the linear space of all
real functions on the domain S. We assume that the space [F contains the unit function
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u defined by u(s) = 1 for every s € S. Then the space F contains every real constant
K within the meaning of k¥ = ku, and F contains every composite function f(g;,g2)
of an affine function f : R?> — R and a pair of functions g1, g> € . Specifically, using
the equation f(xy,xp) = Kyx1 + Koxp + K3, we have the composition

f(g1,82) = K181 + K282 + K3u )

which belongs to the space F.

We will use linear functionals on the space of real functions. Let L = L.(FF(S)) be
the space of all linear functionals on the space F(S). A functional L € LL is said to be
positive (nonnegative) if the inequality L(g) > 0 holds for every nonnegative function
g€ . If g1,g, € F are functions such that g; (s) < ga(s) forevery s € S, then a positive
functional L satisfies the inequality

L(g1) < L(g2). (10)

A functional L € IL is said to be unital (normalized) if L(u) = 1. Such functional has
the property L(xu) = K for every real constant k.

For more details on positive linear functionals and related topics, we recommend
an interesting book of functional analysis in [1].

2. Main results

We start with two initial lemmas as a basis for our research.

The first lemma provides a basic inclusion relating to the image of a pair of func-
tions g1,g2 € IF and a positive unital functional L € L. The proof of lemma includes a
convex analytics through the application of convex combinations.

LEMMA 1. Let g1,82 € F be functions such that (g1(s),g2(s)) € A for every
point s € S.
Then each positive unital functional L € L satisfies the inclusion

(L(g1),L(g2)) € A. (11)

Proof. Taking a point s in S, we get the plane point (g (s),g2(s)) in A, and its
unique convex combination

(81(5),82(5)) = a(s)(ar,a2) + B (s)(b1,b2) + y(s)(c1,¢2)- (12)

Using equations in (5), we can determine functions ¢,  and y showing that they
belong to F. For example, we have o(s) = a1g:(s) + oag2(s) + 03. Since the func-
tional L is positive, the numbers L(c), L() and L(y) are nonnegative, and since
o(s) + B(s) + y(s) = u(s), it follows that L(et) +L(B) +L(y) = 1.

Acting with the functional L to each coordinate of equation in (12), we obtain the
convex combination

(L(g1),L(g2)) = L(e)(a1,a2) + L(B)(b1,b2) + L(Y)(c1,¢2) (13)
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ensuring that the point (L(g;),L(g2)) belongs to the triangle A. O

Using hyperplanes, McShane proved that the inclusion in (11) generally applies
to closed convex sets in R". That part of his work (see [14]) he called the geometric
formulation of Jensen’s inequality.

The second lemma provides a basic equality relating to the composition of an
affine function and a unital functional.

LEMMA 2. Let g1,82 € F be functions, and let L € L be a unital functional.
Then each affine function f:R> — R satisfies the equality

f(L(g1).L(g2)) = L(f(g1.82))- (14)

Proof. Using the affine equation f(xj,x,) = Kjx1 + Kox2 + k3, and applying the
unital property of L, we obtain

f(L(g1),L(g2)) = KiL(g1) + k2L(g2) + K3
= L(K181 + K282 + K31) (15)
= L(f(21,82))

proving the equality in formula (14). O

In further consideration, we include continuous convex functions.

THEOREM 1. Let g1,82 € F be functions such that (g,(s),g2(s)) € A for every
s €S. Let L € L be a positive unital functional, and let | = (L(g1),L(g2)).

Then each continuous convex function f: /A — R such that f(g1,g2) € F satisfies
the double inequality

F(1) <L(f(g1.82)) < £(1). (16)

Proof. The point [ belongs to the triangle /A by Lemma 1. We sketch the proof
in two steps depending on the position of /.

If [ belongs to the interior A°, we take any support plane of f at /. Acting
with the positive functional L to the support-secant inequality in formula (8) with x =
(g1(s),82(s)), we obtain

L(flsup(gl7g2)) < L(f(g17g2)) < L(fzsc(gl7g2))~

By applying Lemma 2 to affine functions flsuP and f7%¢, and writing the point
(L(g1),L(g2)) as I, the above inequality takes the form

£ < L(fg1,82)) < £(D), (17)

where the first term

KW = 1.
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If [ belongs to the boundary d/\, we rely on the continuity of f using a support
plane at a point of the interior A that is close enough to . Given & > 0, we can find
d € A" so that

f)—e<f3"0).

Combining the above inequality, and the inequality in formula (17) with the support
plane at d, we obtain

f() —e <L(f(81,82)) < FA°(D).

The inequality in formula (16) follows by sending € to zero. [J

Formula (16) can be expressed in the form that includes the convex combination
of the triangle vertices a, b and c. The respective form of Theorem 1 is as follows.

COROLLARY 1. Let g1,82 € F be functions such that (g1(s),g2(s)) € A\ for every
s €S. Let L €L be a positive unital functional, and let

l=(L(g1),L(g2)) = aya+ Bib + yic. (18)

Then each continuous convex function f: /A — R such that f(g1,g>) € F satisfies
the double inequality

floga+Bib+yc) <L(f(g1,82)) < ouf(a)+ Bif(b) +nf(c). (19)

Proof. As regards the last terms of formulae (16) and (19), the equality

TREW) = og fR°(a) + Buf X5 (b) + nfX°(c) = euf(a) + Buf(b) + 1 f(c)
holds because of the affinity of 3¢, and its coincidence with f at vertices. [J

We want to refine the inequality in formula (16). In addition to the secant plane
relating to /A, we will use three more secant planes. These planes will be specified by
a point d belonging to the interior A°.

LEMMA 3. Let d € A° be an interior point, and let /\| = dbc, Ny = dac and
A3 = dab be subtriangles.
Then each convex function f: /\ — R satisfies the secant planes inequality

mm{ sec ) fseC( ) fseC( )} f( )<max{ sec ) fSEC( ) fSEC( )} (20)

forevery x € /\.

Proof. The cases x € A, x € /A, and x € A3 should be considered. [

Let /\; be triangles as in the previous lemma, and let g;,g, € F be functions
such that (g;(s;),g2(s;)) € A; for some triplet of points s1,s7,s3 € S. Using these
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assumptions, we can find a triplet of positive unital functionals L;,L,,L3 € L meeting
the inclusions

(Li(g1),Li(g2)) € L. 1)

For example, each of functionals L; may be taken as the evaluation at the given point
s; defined by L;(g) = g(s;) forevery g € F.

The following refining theorem uses functionals L; that satisfy the inclusions in
formula (21).

THEOREM 2. Let d € A°, andlet /\| = dbc, Ny =dac, N3=dab. Let g1,8> €
F be functions such that (g1(s),82(s)) € A for every s € S, and let L; € L be positive
unital functionals such that I; = (Li(g1),Li(g2)) € ;. Let L=} | LL; be a convex
combination of functionals L;, and let | = (L(g1),L(g2)).

Then each continuous convex function f: /A — R such that f(g1,8>) € F satisfies
the series of inequalities

=
N
0
R
=
~
—
=
=
&g
5]
=

I
—_

(22)

Mm

AlfSEC( ) fSEC( ).

Il
-

Proof. Applying the discrete form of Jensen’s inequality (see [5]) to the convex
combination [ = 2?21 Aili, we get

3
ORDWHIO (23)

3
zlif(li) <Y AiLi(f(81,82)) = L(f(81.82))- (24)

Acting with L; to the right-hand side of the secant planes inequality in formula (20)
with x = (g1 (s),g2(s)), and using the assumption that /; belongs to A;, we find

Li(f(g1,82)) < Li(fX°(81,82)) = fX5(1).

Multiplications by A; and summation yield

3

N AiLi(f(g1,82)) < EA X () < (1) (25)

i=1

because
3

EA sec EA sec seC(l).

i=1
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Putting together the inequalities in formulae (23), (24) and (25) into a series, we pro-
duce the inequality in formula (22). O

The geometric presentation of the series of inequalities in formula (22) can be seen
in Figure 1. The inequality terms are represented by five black dots above the point /.
If the function f is strictly convex, and if the functional L is strictly positive, then all
black dots are different.
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Figure 1: Geometric presentation of the inequality in formula (22).

In order to adapt Theorem 2 for applications, we need to emphasize the points
a, b, ¢ and d in formula (22). In the representation of the point /, we have already
used the convex combination of vertices of the triangle /\. We can similarly represent
the points /; by the convex combinations of vertices of the triangles A;. Due to the
affinity of the secant planes /3¢, the representations of /; may be employed to obtain
the convex combination I

3
DS (1) = auf(a) + Bf(b) +vf(c) +8f(d).
i=1

COROLLARY 2. Let d € A\°, and let /\1 = dbc, /\y = dac, 3 = dab. Let
81,82 € F be functions such that (g1(s),g2(s)) € A\ forevery s € S, and let L; € 1L be
positive unital functionals such that I; = (L;i(g1),Li(g2)) € /\;. Let L= 2,-3:1 AL be a
convex combination of L;, and let | = (L(g1),L(g2)) = ogya+ Bib + yic.
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Then each continuous convex function f: /A — R such that f(g1,g2) € F satisfies
the series of inequalities

3
floga+Bib+yc) < Y Aif(li) <L(f(g1.82))
i=1

< af(a)+ B (b) +7f(c)+ 8£(d) (20
< ogf(a)+Bif(b)+nf(c)
where ( ) ( )
. ar(dch ar(dbls
2 (D) 3 ar(By) 27
~ ar(dcly) ar(dals)
P=n ar(Aq) A ar(A\3) 8
_, ar(dbly) ar(daly)
=h ar(Ap) & ar(A\;) 29)
51, ar(bcly) 2 ar(acly) Py ar(ablz) 30)

ar(Ap) : ar(A) ? ar(A3)
Proof. By including the convex combinations
[ = ﬁlb—l— Yic+ o1d

b = ma+ e+ &d
I3 = oza+ B3b+ 03d

it follows that

3
D ALR) = (Mo + A3os) f(a) + (A1 i+ AaPs) £ (b)
i=1

+An + ) f(e)+ (A6 + 120 +243683) f(d).

The above representation shows the required coefficients. Using formula (4), we can
determine the coefficient

ar(dcly) Py ar(dblz)

= A =
o=houp+izm =71 () TP ana)

and similarly the coefficients B, yand §. [

Generalizations of important inequalities for convex functions on the triangle with-
out using functionals were discussed in [11]. Certain functional inequalities for func-
tions that are not necessarily convex were considered in [10].
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3. Applications

We utilize Theorem 1 to derive the generalizations of important integral and dis-
crete inequalities for convex functions on the triangle.

COROLLARY 3. Let g1,82: A — R be integrable functions such that (g;(x),g2(x))
€ A forevery x € A\, and let h: /N — R be a positive integrable function. Let

- (nglhdx7ngzhdx)' a1
Jahdx © [Ahdx
Then each convex function f : /N — R satisfies the double inequality
; (J‘Aglhdx fﬁgzhdx> _ Jn S (81, 82)hdx
Jahdx " [y hdx | S hdx 32

ar(lbc) ar(lac) ar(lab)
<@+ S )+ S o)

Proof. Let F be the space of all integrable functions over the domain S = A.
The composition f(g1,g2) is integrable over A because it is bounded, and continuous
almost everywhere in /A (the Lebesgue theorem on the Riemann integral, see [9]).

We define the integrating linear functional L for every function g € ' by the

formula
A ghdx
N

The functional L is positive and unital. Using this functional in formula (16), we obtain
formula (32) if the function f is continuous.

Let us verify that the inequality in formula (32) applies to a convex function which
is not continuous on the boundary d/\. We use convex combinations associated with
points x € A\,

L(g) = L(g:h)

(81(x),82(x)) = et(x)a+ B(x)b+ y(x)c. (33)

Multiplying the above equation by h(x), integrating each coordinate over A\, and di-
viding by [ hdx, we obtain the convex combination with integral coefficients,

- anhdxa fAﬁhdx fAYhdxc
~ [ahdx S hdx Sahdx

(34)

If I belongs to the interior A?, then the continuous extension f of f/A? to A
may be utilized in formula (32). The first two terms are the same as we use f, and the
last terms satisfy the inequality

oy f(a)+ Buf (b) +nf(c) < ouf(a)+ Bif(b) +nf(c).

If [ belongs to the relative interior 1° of the side I = conv{a, b}, then y(x) =0 for
almost every x € /A by equation (34), and so (g1(x),g2(x)) €I for almost every x € AA
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by equation (33). Any continuous convex extension f of f/I° to A may be utilized in
formula (32). The first two terms are the same as we use f, and the last terms satisfy
the inequality

~ o~

0y f(a)+ Bif (b) < ouf(a)+ Bif ().

If [ is equal to the vertex a, then o/(x) — 1 = B(x) = y(x) =0 and (g1(x),g2(x)) =
a for almost every x € A. Consequently, f(g1(x),g2(x)) = f(a) for almost every
x € A, and the inequality f(a) < f(a) < f(a) represents formula (32).

Respecting all considerations, we may conclude that the inequality in formula (32)
applies to any convex function f. [

To demonstrate the generality of the inequality in formula (32), we will say a
few words about barycenters. Let u be a positive measure on the plane R>. The
u -barycenter of the measurable set S C R? such that u(S) > 0 is defined by

Jsxidp [sxadu
( us) " u(s) ) 53

and the p-barycenter of the nonnegative U -integrable function 4 : § — R such that
Jghdu >0 can be defined by

fsxlhdu fSXthu
( Jshdp " Jshau )’ (30

The inequality in formula (32) contains the extended integral form of Jensen’s in-
equality (see [6]), the Fejér inequality (see [2]), and consequently the Hermite-Hadamard
inequality (see [4] and [3]). Let us demonstrate the simplifications of this inequality re-
lating to the unit function, projections and symmetric functions.

Using the unit function /(x;,x;) = 1, in which case

. (fggldx’fggzdx) 37
ar(A) 7 ar(D)

we get the extended integral form of Jensen’s inequality for convex functions on the
triangle,

Ingudx [ g2dx Jnf(81,82)dx
f( ar(A) 7 ar(D) >< ar(A)

ar(lac) ar(lab)
ar(N) f(@) ar(A) () ar(A) fle)-

(38)

Now we use the projections g1 (x1,x;) = x; and g»(x;,x2) = x, and a positive
integrable function A (x;,x;) whose barycenter falls into (a+b+c¢)/3. Thus

- (folhdx fothx> _a+b+c
B 3

Sahdx ' [ihdx ) (39)
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indicating that oy = f; =y = 1 /3, and we have the extension of the Fejér inequality to
convex functions on the triangle,

a+b+c\ _ Infhdx _ fla)+ f(b)+ f(c)
f( 3 )nghdxg 3

. (40)

Putting the unit function A(x;,x;) = 1 in Fejér’s inequality in formula (40), we
obtain the Hermite-Hadamard inequality for convex functions on the triangle,

at+b+c\ _ Ianfdx _ fla)+ f(b)+ f(c)
f( 3 >< ar(A) s 3

. 41)

In a context of the measure theory, the aspect of the Fejér inequality determines
the p -barycenter of the function % on the triangle A. If

Inhdp " [y hdu

respecting the measure p, then

):aa+ﬁb+yc (42)

hd
flaa+Bb+70) < %—d: < acf(@) + B (B) + 7F(0). )

Equally, the aspect of the Hermite-Hadamard inequality determines the p -barycenter

of the triangle A.

At the end of the section, let us present the discrete version of Corollary 1. In
the next corollary, we will use functions u = g; and v = g,. The evaluations at points
x; € A will be marked by u(x;) = u;, v(x;) = v; and h(x;) = h;.

COROLLARY 4. Let u,v: /A — R be functions such that (u(x),v(x)) € A for
every x € A\, and let h: /N — R be a positive function. Let xy,...,x, € /\ be points,

and let ST S b
= (St S T 44
( iihi T X hi @
Then each convex function f : /N — R satisfies the double inequality
7 (2?’11 uihi’ 2%1 Vihi> < 1 ]:(uiaVi)hi
im1 hi i1 hi Yighi

ar(lac) ar(lab)
ar(A) f(@) ar(A) (b)+ ar(A) f()-

(45)

Proof. Having F as the space of all real functions on the domain S = A, and
taking the summarizing linear functional defined by

i1 8ihi
L(g) = L(g:h) = Z=L80

46
i1 hi o)
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for every g € IF, we can follow the proof of Corollary 3. [J

Note that the right-hand side of equation (46) is the convex combination of points
gi with coefficients A; = h;/ X7 hi.

Jensen type inequalities, and generalizations of the Hermite-Hadamard inequal-
ity for convex functions of several variables were considered in [12]. The Hermite-
Hadamard-Fejér type inequalities were considered in [13].

4. Refinements

We exploit Corollary 2 to obtain the series of inequalities which refines the double
inequality in formula (32).

COROLLARY 5. Let d € A\°, and let /\1 = dbc, /\y = dac, 3 = dab. Let
81,82 : A — R be integrable functions such that (g1(x),g2(x)) € A; for every x € A\,
and let h: A\ — R be a positive integrable function.

Then each convex function f : /\ — R satisfies the series of inequalities

Jrgihdx [ gohdx ZfA hdx Ja,81hdx [5 gohdx
fAhdx ’ fAhdx fAhdx fAihdx ’ fAihdx

o In f(g1,82)hdx
S Jahdx (47)

of(a)+Bf(b)+7f(c)+6f(d)

where coefficients o, B, ¥ and 6 are as in Corollary 2 with respect to

([ Jr81hdx [ g2hdx k_fa,-hdx - Ingihdx [ g2hdx
"\ o hdx T [p hdx N YN -\ Jahdx ' [y hdx

Proof. As in Corollary 3, let [F be the space of all integrable functions over the
triangle S = A\. We take the integrating linear functionals L; defined by the formulae

S, ghdx

Li(g) = Li(g:h) = T hdx

for every g € F. The functionals L; are positive and unital. The point

In,81hdx [ gohdx .
Jahdx 7 [ hdx )

(Lilg1):Li(g2)) — ( 48)
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falls into the triangle A; by Lemma 1. Applying the functional convex combination
L=Y3 AL, we get

hd hd
(Lie1).Llg2)) = (f?j; . f?j,i )= (49)
nd Ja flg1.82)hd
L(f(gl,gz)) = M (50)

A hdx

Inserting the integrals of formulae (48), (49) and (50) into formula (26), we obtain
the series of inequalities in formula (47). O

We will just apply the series of inequalities in formula (47) to obtain the simplest
refinement of the Hermite-Hadamard inequality in formula (41). Formula (47) with
g1(x1,x2) = x1, g2(x1,X%2) = x2, h(x1,x2) =1 and

~(Jamidx [pxdx\ a+b+c
B ( ar(A) 7 ar(A) ) 3

gives the inequality including a plurality of convex combinations,

a+b+c 1 a+4b+4c 1 b+4a+4c 1 c+4a+4b
- <_ - _ - _ -
(=557 <3 (55 (P55 )+ (557)

< Ja fdx

ar(A) 51)
<3r@+ 5100+ 510+ 37 ()
@010

We will briefly explain the above inequality. The triangles A\; have the same area
equal to ar(A)/3, and therefore

B Jn,dx 1

~ fadx 3

Ai

The point

l Ja,x1dx [p x2dx
Poar(A) T oar(A)
is the barycenter of the triangle /\;, which consequently yields the representations

_btct+d a+4b+4c
3 9 ’
_atc+td btda+ic

= =
2 3 9 y

I
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_at+b+d c+da+4b

3 9

and [ = d. All three subtriangles of A; have the same area equal to ar(4;)/3. By
applying formulae (27)-(30), it follows that

I3

2 1
a—ﬂ_y_g, 6_5.

The series of inequalities in formula (51) is also obtained in [1 1, Theorem 3.1] by
using the triangle barycenter and its convex combinations.
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