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MONOTONICITY AND SHARP INEQUALITIES
RELATED TO GAMMA FUNCTION

ZHEN-HANG YANG AND JINGFENG TIAN

(Communicated by G. Nemes)

Abstract. In this paper, we investigate the monotonicity pattern of the function

. InT" (x+1)
o mwey
In(x2+a)—In(x+a)

on (0,1) for a > 1 and resolve an open problem. From which we prove that the double inequal-

ity
2 1+ g\ "N 2 1 p\ Um0+
<x+a> <r(x+1)<<x+b>

holds for x € (0,1) ifandonlyif 0<a < (1—7)/(2y—1) and b > (2% —6y)/ (18 — 12y —7?),

while the double inequality
2 va 2 p\?
<x +a> <1_(x+1)<<x + >

x+a x+b

holds for x € (0,1) if and only if @ > (1—7y)/(2y—1) and 0 < b < 6y/(%> — 127), where
Y=0.577... denotes Euler-Mascheroni’s constant. These greatly improve some existing results.

1. Introduction

For x > 0 the classical Euler’s gamma function I" and psi (digamma) function y
are defined by

F(x):/o rledr,  wix)= (1.1)
respectively. The derivatives y', v, y", ...are known as polygamma functions.

There has an extensive literature on approximates for gamma function I"(x), simi-
lar to Stirling formula, more of which are related to x is enough large. Dueto ' (x+ 1) =
xI"(x), in this paper, we are interested in those approximates for gamma function T (x)
on the interval (0,1). In [7], Ivddy present a very simple bound of rational functions
for the gamma function on (0, 1). He proved that the double inequality

2 2
x“+1 x 42
<T(x+1)< (1.2)
x+1 x+2
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holds for x € (0, 1), which improves some gamma function inequalities of Alzer [3],
Baricz [5] and Elezovi¢ et al. [6].
Zhao et al. [16, Theorem 2] proved the function

InT"(x+1)

W) = @ D) et D)

is strictly increasing on (0, 1), with the limits

lim Q(x) =7 and lirfliQ(x) =2(1-vy)),

x—0F

where y = 0.577... denotes Euler-Mascheroni’s constant. It follows that the double

inequality ;
2 1 o 2 1
(x il ) <T(x+1)< (x i ) (1.3)

x+1 x+1

holds on (0, 1) if and only if o > 2 (1 —¥) and B < y, which clearly refines the first
inequality in (1.2).
At the end of the same paper, they posted an open problem as follows.

PROBLEM 1. What is the largest number a > 1 (or the smallest number a < 6
respectively) for the function

InT"(x+1)
In(x2+a)—In(x+a)

Qu(x) = (1.4)

to be strictly increasing (or decreasing respectively) on (0,1)?

Recently, the Problem 1 was solved by Kupan and Szédsz in [8]. They proved
that Q, is strictly increasing if and only if a € (0,a10] and decreasing if and only if
a € [asg, =), where

6y

2
-6
alozr%1.1768anda50: rc 14

— 1 ~5.3217.
12y 18 — 2 —12y

As consequences, they obtained the following sharp inequalities:

2 (1=7)(1+aip) 2 7o
(x +a10) <Tx+1)< (x +a10) , x€[0,1], (1.5)
x+a x+ajo
2 Yaso 2 (1=1)(1+aso)
(x +a50) <T(x+1)< (ﬂ) , x€[0,1]. (1.6)
X+ aso X+ aso

The first aim of this paper is to characterize the monotonicity pattern of the func-
tion Q, on (0,1) and give another approach to solve Problem 1. The second aim is to
determine the best constants a,b > 0 such that the double inequalities

2 (1=7)(1+a) 2 (1=7)(1+d)
(x —|—a> Sl"(x—i—l)é(x —|—b) 7

x+a x+b
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2 Ya ) b
(x —|—a) <Ti1)< (x —|—b)
x+a x+b

hold for x € (0,1).

The paper is organized as follows. In Section 2, some lemmas as our tools are
introduced. In Section 3, the monotonicity pattern of function Q, on (0, 1) is described
for a > 1, and Problem 1 is resolved. Two best double inequalities for gamma function
are presented in Section 4. In the last section, we give some remarks.

2. Tools

To prove our results, we need some lemmas as tools. The first lemma is called
“L’Hospital Monotone Rule” (or, for short, LMR).

LEMMA 1. ([4, Theorem 2], [10]) For —eo < a <b <o, let f,g: a,b] — R be
continuous functions that are differentiable on (a,b), with f(a) =g (a) =0 or f(b) =
g(b) =0. Assume that g'(x) # 0 for each x in (a,b). If f'/g' is increasing (decreas-
ing) on (a,b), then sois [/g.

The second and third lemmas are based on the auxiliary function

Hyg = Jgi/g—f, 2.1

and called “L’Hospital Piecewise Monotone Rules”, for short, LPMR (see [13, Remark
1.

LEMMA 2. ([11, Proposition 4.4], [13, Theorem 8]) For —eo < a < b < oo, let
and g be differentiable functions on (a,b). Suppose that (i) g' (x) # 0 on (a,b); (ii)
fla™)=g(a™)=0; (iii) there is a ¢ € (a,b) such that f'/g’ is increasing (decreasing)
on (a,c) and decreasing (increasing) on (c,b). Then

(i) when sgng’ (x)sgnHy o (b™) > (<)0, f/g is increasing (decreasing) on (a,b).

(ii) when sgng’ (x)sgnHy o (b™) < (>)0, there is a unique number xo € (a,b) such
that f/g is increasing (decreasing) on (a,xo) and decreasing (increasing) on (xq,b).

LEMMA 3. ([11, Proposition 4.4], [13, Theorem 9]) For —eo < a < b < oo, let
and g be differentiable functions on (a,b) with gg' # 0 on (a,b). Suppose that (i)
g (x)#0 on (a,b); (ii) f(b~) =g(b~) =0, (iii) there is a c € (a,b) such that f'/g’
is increasing (decreasing) on (a,c) and decreasing (increasing) on (c,b). Then

(i) when sgng’ (x)sgnHy o (a™) < (=)0, f/g is decreasing (increasing) on (a,b);

(ii) when sgng’ (x)sgnHy o (a™) > (<)0, there is a unique number xo € (a,b) such
that f/g is increasing (decreasing) on (a,xo) and decreasing (increasing) on (xo,b).

The following lemma offers a simple criterion to determine the sign of a class of
special polynomial on given interval contained in (0,e) without using Descartes’” Rule
of Signs, which is very crucial to prove our results.
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LEMMA 4. ([14, Lemma 7]) For n € N and m € NU{0} with n > m, let P, (¢)
be an n degrees polynomial defined by

P(t)= Y ait' =Y at, (2.2)
i=0

i=m+1

where ay,an >0, a; >0 for 0 <i<n—1 with i #m. Then there is a unique number
tm+1 € (0,00) fo satisfy P, (t) =0 such that P, (t) <0 fort € (0,t,,41) and P,(t) >0
Jort € (ty41,°0).

Consequently, for given to >0, if P, (to) > 0 then P, (t) > 0 for t € (tp,o°) and if
P, (t9) <O then P, (1) <0 fort € (0,19).

LEMMA 5. ([1, p. 260.]) Let x >0 and n € N. Then

—1)"n!
Y (1) =y (x) = % 2.3)

LEMMA 6. ([12, Lemma 3]) For n € N, the double inequality

(n—1)! n! (n—1)0 n!

XN + 2xn+1 X" xn+1

< (1" y (x) <

holds on (0,e0). In particular, for x > 0, we have

1 1
v (x) > T + 732 (2.4)
, 12
v (x) > 23 (2.5)
2 3
v @) > S+ (2.6)
3. The monotonicity pattern of x — Q, (x)
- WCEED) A
- nl (x N X
Qq (x) = In(x2+a) —In(x+a) £ () (3.1
Then f; (0) = f2(0) = fi (1) = f2(1) = 0 and
) i) ) i)
)ICLI%QQ(X)_)ICT})fz(x) =7a, ;E}}Qa(x)_)lcll}}fz(x) _(l Y)(a—’_l)
Differentiation yields
N Vo ¥’ +2ax—a
filx) =y (x+1) and fz(x)—m~ (3.2)

Since

p2(x,a) ==x*+2ax—a= [x—l—a—i— a(a—l—l)] [x— (\/M—aﬂ ,  (3.3)
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itis seen that f} (x) <0 for x € (0,x,) and f} (x) > 0 for x € (x4, 1), where

xa=x(a)=+ala+1)—ac (\/E—l,l/Z) fora € [1,e),

which follows from
dx, 1 2a+1
— =——=—-1>0
da 2 .\/a(a+1)

and therefore,
\/E— 1 :x(l) < Xq <x(<x>) =

—_ N =

We now discuss the monotonicity of f;/f> on (0,x,
dition a > 1. We have that for x # x,,

A0 _ Prabra

f(x) x*+2ax—a i+,
fl/(x) /_ p4(x7a)
( )_(

fx) X2+ 2ax —a)’*

(x2 +a) (x+a)
(x2+2ax—a)

yv(x+1)+

where
pa(x,a) = (x4 +4ax® —2a(2 — a)x* — 4a*x — a® (2a + 1)).

v (x+1),

(3.4)

and (x4,1) under the con-

(3.5)

Since the polynomial py(x,a) satisfies the conditions for coefficients in Lemma 4
whether the coefficient of x” is positive or non-positive, and p4(1,a) = —(2a —1)(a+
1)2 <0, it is easily seen that p4 (x,a) < 0 for all x € (0,1). Then (f/f})" can be

written as

(fi(x))’:( Pal6a) i) (e xa,

() X%+ 2ax—a)

where (2+2 _)(2+)(+)
e (0.d) v (x+1).

L) =yx+1)+

This implies that for x € (0, 1) with x # x,,

() o

A simple computation gives

n?—12 6 >0ifa€ (ay,),
f3 (0): ! a— 5 4 . ( 10 )
6(2a+1) n2—12y) | <0ifae (1,ai),
Fo(1) = 18 — % — 12y 0 n’—6y >0 ifac (as,),
T T 6(2a—1) 18—m2_12y) | <0ifae (1,as),
where )
6y -6y
= —— _~1.177 and asp = ———— ~5.322.
M= oy MEAO= T 12y

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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Also, it was listed in [1, p. 259] that there is a x; € (0.4616321,0.4616322) such that
y(x+1)<0forxe (—1,x) and y(x+1) >0 for x € (x1,e0). So by (3.4) there is a
unique
X
= 2.777,2.778 3.12
1= 150 € ( ; ) (3.12)

such that
<0ifae (1,a21),

> 0ifa € (az,0°). (3.13)

h@0=ww+0{

Differentiation again yields

(¥*+2ax—a) (x¥* +a) (x+a)
f3() (x+l)+< p4(x,a)

(¥*+2ax—a) (¥*+a) (x+a) ,
p4(x,a) vy

(x,
:2(x2—|—2ax a)p6 x,a) v (1)
pa(x.a)’
x?+2ax—a) (¥’ +a) (x+a
+( +2 p4)()(c a;_ ) + )W//(X+l)7

) Y (x+1)

where

e (x,a) = x° 4+ 6ax’ +3a(2a —3)x* +2a* (a— 9)x* — 3a* (6a + 1)x* — 6a*x — a’.

(3.14)
Similarly, whether a € [1,3/2] or a € (3/2,9) or a € [9,), the polynomial pg (x,a)
always satisfies the conditions for coefficients in Lemma 4 and pe(l,a) = —(6a —

(a+1)3 <0, so we get that pg(x,a) < 0 for all x € (0,1). From the expression
of f3(x) we have that for x # x,,

i&%ﬁ()2%@®W@+U+W+®@+MMWMWW+U:ﬂ@%
(3.15)
and then,

sgnfs (x) = sgn (x — x,) sgnfy (x) (3.16)

Now we deal with the monotonicity of fx on (0,1) for a > 1.

LEMMA 7. For a € [1,), the function fy defined by (3.15) is strictly decreasing
n (0,1).

Proof. (i) Differentiating for f; (x) leads to

filx) =l (x,a) ' (x+ 1)+ L (x,a)y" (x+ 1)+ (x,a) y" (x+1),
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where

d
I (x,a) = 2% =12 [xs +5ax* +2a(2a—3)x° + a* (a — 9)x* — a® (6a+ 1)x—a4] ,

I (x,a) =2pe (x,a) + % [(x2 +a) (x+a)ps(x,a)] =3 (3x2 +2ax+a) ps (x,a),

I3 (x,a) = (x2 +a) (x+a)ps(x,a).

Clearly, whether a € [1,3/2] or a € (3/2,9) or a € [9,e0), the polynomial /; (x,a)
satisfies the conditions for coefficients in Lemma 4 and

I (1,a) = —12(a+1)? (a2—|—3a— 1) <o0,

s0 1 (x,a) <0 forall x € (0,1). While I (x,a), 3 (x,a) <0 is due to p4(x,a) <0 for
x € (0,1). Using the inequalities (2.4), (2.5) and (2.6) we have

. 1 1 1 2
f4(x) <[ (x,a) (m—f' W) —lz(x7a) ((x+1)2 + (x—|— 1)3>
oy (v,a) ( 2 n 3 ) . P8 (x,c)lz,

x+17  (x+1D? (x+1
where
8 4
ps(x,a) =Y bk +bsx” — Y bk,
k=6 k=0
here

by =5, by=(28a+11), be=(184%+22a+21),

bs = 4a® — 364> — 2la+ 18, by = a (32a*+136a+99),
by = a(96a”+199a+ 108), by = a* (134a+ 147),
b = a* (4a® +20a” +47a+18), by =a (10a*>+5a—9).

It is evident that all by > 0 for 0 < k < 8 except bs. However, whether b5 > 0 or
bs < 0, all coefficients of the polynomial pg(x,a) meet the conditions in Lemma 4,
and

ps(l,a) = —(a+1)* (14a> — 3a* +288a— 55) < 0.

By Lemma 4 we get that pg(x,a) <0 for x € (0,1). Therefore, f;(x) <0 for x €
0,1). O

LEMMA 8. For a € [1,00), let the function fy be defined on (0,1) by (3.15).
(i) We have f4(0) >0 forall a € [1,e0).
(ii) We have fi(1) <0 for a € [1,as) and fi(x,) > 0 for a € (ag,), where

_ 3m-3¢(3)-15+V31/3n4—26m2—-1072£ (3)+27(£ (3))*+6£ (3)+75

a8 2CG)-1)

~ 8.953,
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here §(s) =Y n S (s>1).
(iii) There is a unique ay, € (2.817,2.818) such that fi(x,) <0 for a € [1,a2)
and fy(xz) > 0 for a € (az,), where x, = \/a(a+1)—a € [vV2—1,1/2).
Proof. (i) It is easily derived that for a > 1,
1
£4(0) = 2a*(2a+ 1)L (3) — §n2a3

1
> 2" 2a+1) - s7°a = %(12& +6a—1%) >0,

here we have used the known inequality £ (3) > 1.
(i1)) We have

2

fa(1) = =2 <€—1> (6a—1)(a+1)*+2(£(B)=1)2a—1)(a+1)*
= %(a+l)3 [12(£(3)—1)a* —6a(n* - {(3)—5) + (x> — 64 (3))] .

It is easily known that the quadratic polynomial in the square brackets has two roots,
that are ag ~ 8.953 and

38(3)=3m2+15+v3/ 32672~ 1072 (3)+27(£(3))>+6 (3)+75 0.122
120(3)—12 ~U.122,

which imply the second assertion.
(iii) Direct computation yields

pe (Xa,a) = —12d° (a+1)? (\/ﬁ \/—>

(62 +a) (xa +a) pa (xa,a) = —8a>\/a(a+1) (a+1)* (\/a—I— \/_>
Then we have
fa(xa) = —24a% (a+1)* <\/a—|— \/_> "(xa+1)
—8a’\/a(a+1)(a+1)* (\/a—|— \/_> (x4 1),

which shows that

f4 (xa)
8a3 (a+1)* (Va+1 \/_)

Due to the relation x, = y/a(a+ 1) — a, we obtain

=3y (xg+1)—ala+ 1)y" (x,+1).

2

a=—"% and Ja(a+1) 1 2 Ya (1~ Xa) (3.17)
o

1—2x,
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Then we have

Ja (xu)

— 3y (et 1) — Valat Dy (xa+ 1) (3.18)
8a3(a+1)° (\/a—|—1—\/c_1)2

A _xu(l_xu) fi(xa)

= W et )= T Ty et D=

where x, € [v2—1,1/2) and
@) =32 -1y +)+r(@—1)y"(t+1).
We now show that f5 is strictly increasing on (0,c). Differentiation leads us to
fey=6y' (t+ 1) +42—10)y" (t+ 1)+t —1)y" (t+1).
Utilizing the recurrence formulas (2.3) we get

2 (264 33 61> 461 42
B+ 1) 750 = 8y () + 2y () ZEEELROCLORD)
B (+1)

7 6 4 3
f6 (l + l) _f6 (Z) _ 2W///( ) 22t +9¢ +4715 J;if(%:i;)r3(7t§§£2<)ﬁ>3961 +2l6t+48 f7 (Z)7

8 (1217 + 1231* + 49813 + 99812 + 994 + 395) _
(t+ 1) e+2)7° (¢ +3)°

fr+1)—=f()=—
for all # > 0. Then we have
f7(t)>f7(t+1)>...>3§130f7(t+n)=0,
which implies that
f6(t)<f6(t+1)<...<’}iirgcf6(t+n)=0.
This in turn indicates that
f5’(t)>f§(t+1)>...>}}iirgof§(t+n)=0

forall r > 0, that s, f5 is strictly increasing on (0,c0).

Consequently, for ¢ € (0,00), there is a unique 7y € (0.462104,0.462105) such
that f5(z) <0 for t € (0,7p) and f5(t) > 0 for ¢ € (19,0).

Thus by the relation (3.18) it is clearly seen that f4 (x,) < 0 for x, € <\/§ - l,t())

and f (x,) < 0 for x, € (to,1/2), where 1y € (0.462104,0.462105) implies by (3.17)

that

x2

1—2x,
This completes the proof. [l

a= € (2.817,2.818).
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Based on the monotonicity of f1 and the signs of f4(0), f4(1) and f4(x,), to-
gether with the relation (3.16), namely, sgnf; (x) = sgn (x —x,)sgnfs (x), we can list
the monotonic pattern of f3 on (0,1) for a € [1,e0) as follows:

Table 1: monotonicity of f3

a f1(0) | (0yxa) | fa(xa) | (xa1) | fa(1)
(1,a2) | + NS | — 3\ -
ay + f3\ 0 f3\ —
(an,ag) | + £\ + N -
ag + f3\ + H 0
(ag,>) | + £\ + 5/ +

Making use of the monotonicity of f3 given in Table 1 and f3(0), f3(1) and
f3(x4) presented in (3.9), (3.10) and (3.13), respectively, we have the following

Table 2: the signs of f3

0]a f3(0) [ sgnfs(x) on (0,xs) | f3(xa)|sgnfs(x) on (xg,1)|f3(1)
1| (Lap] |<0 |\ |fi— - £\ f3— —

2| (a10,a21] | + NS |t <0 |5\ fi— -

3| (aa1,a22) | + LN ()| + 3\ f+—- |-

4| axn + f3\ f3+ + S\ Ht— |-

5| (axn,as0) | + 3\ f3+ + HLN A= | =

6 | [as0,as) |+ £\ fit + N\ |t >0
7| lag,=) |+ £\ f3+ + 5/ ft+— [+

REMARK 1. From Table 2, when a € (az1,a22) we see that f3 is decreasing then
increasing on (0,x,) and f3(0), f3(x,) > 0. This contains two cases of sign of f3,
one of which is “+” on (0,x,), another one is “+ — +”. We guess that f3 (x) > 0 on
(0.x4).

Now we are in a position to state and prove the monotonicity pattern of Q,, .
THEOREM 1. Let ajg=1.177, ax; =2.777, ax; =~ 2.817, asg~ 5.322 be defined
in (3.11), (3.12) and Lemma 8, respectively. For a € [1,), let Q, be defined on (0,1)

by (1.4).
(i) The function Q, is strictly increasing on (0,1) if and only if a € [1,ay¢], and

therefore, we have
2 (1-7)(a+1) 2 Ya
(x +“> <T(x+1)< (x +“> (3.19)

xX+a xX+a

holds for all x € (0,1) with the best constants (1 —7)(a+ 1) and ya.
(ii) When a € (ayo,a21)U[ax,aso), there is a unique xo; € (0,1) such that Qg is
decreasing on (0,x01) and increasing on (xo1,1), and therefore, the double inequality

2 « 2 B
(x +a) <T+1)< (’“ +a) (3.20)

x+a x+a
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holds for all x € (0,1), where

IIIF(X(M + 1)
In (x§, +a) —In(xo; +a)

o = max (ya,(1-7)(a+1)) and p=

are the best constants, here xq; is the sole solution of the equation

d InT'(x+1) B
dxIn(x*+a)—In(x+a)

on (0,1). In particular, we have

2 (1=7)(az0+1) 2 Yaz
Mt 1) > (m) _ (m) (3.21)
X+ ano X+ ap
Sfor x € (0,1), where
1—y
= —"' ~2.738. 3.22
0= 57 (3.22)

(iii) The function Q, is strictly decreasing on (0,1) if and only if a € [asg, ),
and consequently, the double inequality

2\ 2, N (-7t
<x +“) <T(x+1)< (x +a> (3.23)

xX+a xX+a

holds for all x € (0,1) with the best constants ya and (1 —v)(a+1).

Proof. (i) The necessary condition for the function Q, = f1/f> to be strictly in-
creasing on (0, 1) follows from the following limit relation

2
. , e — 12y 6y
= — — > .
Jm 0, (%) 12 (" - 12)/) >0

When a € [1,aj0], by Line 1 in Table 2 with the sign relation (3.8), that is, sgn (f]/f3)’
= —sgnfs, we have (f]/f;)" >0 for x € (0,x,) and x € (x4, 1). Note that f (0%) =
£ (07) =0, it follows from Lemma | that f;/f is strictly increasing on (0,x,). Sim-
ilarly, since fi(17) = f>(17) =0, by Lemma 1 it follows that fi/f> is also strictly
increasing on (x,,1).

In view of the continuity of f1/f> on (0,1), it is obtained that f/f, is strictly
increasing on (0, 1), which proves the sufficiency.

Therefore, we obtain

— lim filx) Al im fi(x)
_x1—>0+ H (x) < H (x) <xl—>1* H (x)

which is equivalent to the double inutility (3.19).
(ii) When a € (ajo,a21] U a2z, aso) , we distinguish two cases:

Ya ={1=-7)(a+1), (3.24)
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Case 1: a € (ajp,az]. By Line 2 in Table 2 and sgn(f]/f3)’ = —sgnfs, we see
that there is a xqo, € (0,x,) such that (f]/f3) is decreasing on (0,xo,) and increasing
n (Xp0q,Xq), and increasing on (x,4,1).
On the other hand, we have that

f1(x)

Hy, 5, (x) = £ )f2( x) = fi(x)
= %w(x+l)lnxz+;—lnr(x+l)
_ (¥*+a) (x+a) W(x—l—l)ln@—lnl"(x-i-l)
(x —x4) <x—|—a+ a(a—l—l)) x+a
— [sgn (x —xg) sgny (x, + 1)] oo as x — x4 (3.25)

which in conjunction with the facts that y (x,+ 1) <0 by (3.13) and f; (x) < 0 for
x € (0,x,) lead to sgnf; (x)sgnHy, s, (x;) > 0. Note that f; (0) = f> (0) =0, by part
(ii) of Lemma 2 it follows that there is a unique number x;,, € (0,x,) such that fi/f>
is decreasing on (0,x{,) and increasing on (x{,,Xa).

Also, the increasing property of (f]/f3) on (xg,1) and fi(17) = f2(17) =0
imply, by Lemma 1, that f|/f> is increasing on (x4, 1).

Using the continuity of f1/f> at x = x,, we easily see that f;/f> is decreasing on
(0,x01) and increasing on (xg1, 1), where xo; = x(,, € (0,x,). Therefore, we obtain

fibo) _ Al L AW) oo
£ (xo1) = f2(x) <x13(1)1+ f2(x) =y foree (001,
fi (xo1) - fi(x) < lim fi(x) (1—7y)(a+1) forx € (x1,1),

that is,

- Fr o) < ) < max(ya, (1 —7y)(a+1)) =aforxe (0,1), (3.26)
which proves (3.20).

Letting ya= (1 —y)(a+1) yields a=ax=(1—17)/ (2y—1)~2.738 € (aj9,a21],
and the inequality (3.21) follows.

Case2: a € [ax,aso). By Line 5 in Table 2 and sgn (f]/f5) = —sgnfs, it follows
that (f]/f5)" <0 for x € (0,x,) and there is a x,11 € (x4, 1) such that (f]/f3)" <0 for
X € (Xa,xa11) and (f]/f3)" >0 for x € (xu11,1).

Analogously, applying Lemma 1 to f;/f> on (0,x,) gives that f;/f> is decreasing
on the interval (0,x,).

On the interval (x4, 1), wenote that f1 (17) = f2(17) =0 and (f]/f3) is decreas-
ing on (x4,%,11) and increasing on (xulh 1). And, from (3.13), (3.2) and (3.25), we see
that y(x,+1) >0, f;(x) >0, Hy, , (x)) = —co, and then sgnf} (x )sganhf2 (x)) <
0. By part (ii) of Lemma 3 it is derived that there is a unique number x/,; € (x4, 1) such
that f/f» is decreasing on (x,4,x/,,) and increasing on (x/,1).
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Thus we get that f;/f> is decreasing on (0,x0;) and increasing on (xo;, 1), where
X01 =X, € (x4, 1), and the double inequality (3.20) follows similarly.

(iii) The necessary condition for the function Q, to be strictly decreasing on (0, 1)
can be deduced by the inequality

18 — 2 — 12y n’—6y
lim Q) (x) = — - <
Jim 04 (%) 12 (a (18— 12y)> 0

which implies a > asg.

If a € [asop,*), then it follows from Lines 6 and 7 in Table 2 that (f{/f}) is
decreasing on (0,x,) and (x4,1). Applying Lemma [ to the ratio f;/f, on the two
intervals and noting that fj/f, is continuous at x = x,, we conclude that f;/f, is
decreasing on (0, 1), and the sufficiency follows. And, the double inequality (3.24) is
reversed, that is, inequality (3.23) holds true for x € (0,1).

This completes the proof. [l

4. Sharp approximations for gamma function

For latter use, the following lemma is needed.

LEMMA 9. For a € (0,00) and x € (0,1), the functions

A(x,a) = <x2+“)a+l and B(x,a) = <x2+“)a

xX+a xX+a

are increasing and decreasing with respect to a on (0,0), respectively, and we have

lim A (x,a) = lim B(x,a) = e 179,

a—oo a—oo

Proof. Logarithm differentiation yields

dInA ¥ +a 1 1
=1In +(a+1) 5
da x+a x*+a x+a
9%1nA 2x2 1 2
oA optletlrtla
da (x2+a)” (x+a)

which shows that @ — dA/da is decreasing on (0,0). Hence, it is derived that

JdInA S lim JdInA _o
da a—e da

namely, A is increasing in a on (0,e0).
Similarly, we have

dInB ¥ +a ( 1 1 )
=In +a ,

da x+a 2+a x+a



14 Z.-H. YANG AND J. TIAN

821nB—x2(1—x) 22 +ax+a -0
(@+a)] (x+a)’ "

It follows that
JdInB . JdlnB
< lim =

da a—e  da

0,

which proves the monotonicity of B with respect to a on (0,0).
Straightforward computation leads to the desired limits. [

THEOREM 2. For a,b € (0,00), the double inequality

2\ (=)t 2 L\ (=7 b+1)
(’;:_“5) <T(x+1)< (i::) (4.1)

holds for all x € (0,1) if and only if
2

- _6
0<a<ayp= 2)/—7;%2.738andb>a50:18nTYyn2m5.322.

Proof. (i) The necessity for the first inequality in (4.1) can be obtained from the
limit relation

InT (x+1) = (1—7) (a+1)In £ ( l_y)>0.

li X+a = _—(2v—1 _
x—1>I(I)1+ X @y=1{a 2y—1

If a < az, then the inequality (3.21) and the increasing property of a — A (x,a)' " by
Lemma 9 reveal the sufficiency.
(ii) If the second inequality in (4.1) holds for all x € (0, 1), then we have

lim
x—l= (I—-x)

2
InF (s 1) = (1) (b4 Din 228 2 &
PO (18- 12y 7) (b gt ) <O

Solving the inequality for b yields b > aso = (n*> — 67) / (18 — 12y— 7?), which proves
the necessity.

The sufficiency follows from part (iii) of Theorem 1.

The proof ends. [J

Taking a =0, 1, (1—9%) /y~ 1155, y/(1—y)~ 1365, 2, (y+2)/(1—7) ~
2548 and b=as; =2(1—7)/(2y— 1)~ 5.475, 6,0 in Theorem 2 and using Lemma
9 we have the following corollary.

COROLLARY 1. For x € (0,1), we have

e (2 1)”‘” () WP 2y
x+1 x+1/y x+y/(1—7)
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242\ 2 y+2)/(1-p)\
<(5) <o) <o 42

(x2 +2(1-9)/y- 1))“”/ ey (x2 +6>7(”> D)
x+2(1=y)/Q2y-1) x+6 '

For ease of use, sometimes we prefer certain simpler bounds for the gamma func-
tion, such as (x*+a) / (x+a).

THEOREM 3. For a € (0,00), the inequality

x> +a
x+a

Fx+1)> 4.3)
holds for all x € (0,1) ifand only if 0 < a < ay; =7/ (1 —y)~ 1.365.

Proof. The necessity follows from the limit relation

24
i InT"(x+1) —InZ7 1y
x—1- 1—x

>
a+1

Since for x € (0,1),
ixz—i—a _x(1-x)

rre Y.,
daxta (x+a)

to prove the sufficiency, it suffices to prove the inequality (4.4) holds when a = ayy,
which follows from (4.3).
This completes the proof. [

REMARK 2. Due to

x2+u
. InT(x+1) —In* N l_%
x—0F X a

a possible best constant such that the reverse inequality (4.3) holdsis a = 1/y~ 1.732.
However, this guess is not valid.

THEOREM 4. For a,b € (0,o0), the double inequality

2+a\"™ x> +b &
r 1 4.4
<x+a) <Tlt ><<x+b> @4

holds for all x € (0,1) if and only if

1— 6
a}azoz—y%2.738and0<b<a10: 14

— = 1.177.
2y—1 2 —12y
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Proof. (i) The necessary condition for the first inequality in (4.4) follows from the
limit relation

lim

1n1"(x+l)—yaln’%_2y—l -7y >0
x—1 l—x o (1+1 -

4Ty

If @ > asg, then the inequality (3.21) and the decreasing property of a+— B (x,a)” given
in Lemma 9 imply the sufficiency.
(i1) Solving the inequality

2
. InT(x+1)—ypIn*= 72— 12y ,o 67\ _
x—0 x2 12b n2—12y)

for b gives b < ajg = 6y/ (7> — 12y), which yields the necessity.

The sufficiency follows from part (i) of Theorem | and the decreasing property of
a B(x,a)” on (0,).

Thus we finish the proof. [l

Taking a = 0,2 /Yy~ 3.465,3 and b= 1,1/ (2y) ~ 0.866 in Theorem 4 and using
Lemma 9 give the following corollary.

COROLLARY 2. For x € (0,1), we have

2 2 2 3y 2 14 2
() x*+2/y xX*+3 r { x*+1 2yxr+1
¢ < <x+2/y “\333) <TeHU<(F7) <\ aper

(4.5)

COROLLARY 3. Fora>ay = (1—7)/(2y—1)~2.738, we have

T(xt1)>2% (m_a)”

for x € (0,1). Moreover, the lower bound is decreasing with respect to a, and

lim 2% (\/a(a—k 1) —a)yu = V4

a—oo
In particular, we have that for x € (0,1),

y(I—y)—(1-7y)

~0.880 > ¢ 1% ~ 0.866.
2y—1

y(1-y)/(2y-1)
Fx+1)> (2 )

Proof. As shown previously, for f> (x) =In (x*+a) —In(x+a) we have f} (x) <
0 for x € (0,x,) and f} (x) > 0 for x € (x4, 1), where x, = \/a(a+ 1) —a. Hence, we

get that
2 2
“ta xgta :2( TaJrl)—a).

=
xX+a Xqt+a
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It follows from Theorem 2 that for a > ayg,

x2—|—a

Cx+1)> <x+a )W > v (\/m—ayu =h(a).

Logarithm differentiation leads us to

(lnh(a))’:y1n2+yln( a(a+1)—> %’V —Va

\/— b
(nh(a))" = 4a(a+1))/\/az—+a <2(a+1)\/a +a—a(2a+3)>>0,

where the inequality holds due to
2+ 1)\/czz—+a}2 —[a(2a+3)? =aBa+4)>0.
Therefore, it is derived that
(Inh(a)) < lim (Inh(a))’ =0,

a—oo

which proves the corollary. [J

REMARK 3. The above corollary gives a constant lower bound for gamma func-
tion I'(x+1) on (0,1).

5. Comparisons and remarks

Lastly, we compare our results with some known inequalities.

PROPOSITION 1. For x € (0,1), the inequalities

2l <x2+a)(1)’)/(u+l)
<
x+1 x+a

x2+b)(17)/(h+1) _ )C2+2

I(x+1
<Tle+ %i<x+b X+2

hold if and only if a € |ap;,ax)] and b € [aso,as1], where ap; = (1 —7) /v~ 0.732,
aso =~ 5.322 is givenin (3.11) and as) =2 (1 —7y)/(2y—1) ~ 5.475.

Proof. By Theorem 2, it is enough to prove the first and last inequalities hold for
€ (0,1) if and only if a > ap; and b < as; , respectively. Denote by

X+a 2+1
—1In ,
xX+a x+1
X +b nx2+2
x+b x+2°

gix):=(—-=vy)(a+1)n

g2(x) 1 =(1=y)(b+1)In
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(i) If the first inequality holds for x € (0,1), then we have

im 80 _ar=(0=1
x—01 X a

which implies that a > (1 —y) /vy = ao; -
Since a — A (x,a)' ™" is increasing on (0,eo), to prove sufficiency, it suffices to
prove g; (x) > 0 for x € (0,1) when a = ay; . Differentiation yields

(2y—Dx q1 (x)
v (241 (x+1) (2 +ae) (x+ap)’

g1(x) =—

where
q (x) = yx4—|—2x3 —(2y- l)x2 —(1=9).

Since the polynomial g; (x) satisfies the conditions for coefficients in Lemma 4 and
q1(1)=2>0,sothereisa xp € (0,1) such that g; (x) <0 for x € (0,x¢) and g; (x) >0
for x € (xo,1). This reveals that g; is increasing on (0,x() and decreasing on (xo, 1),
which leads to g; (x) > min(g; (0),g; (1)) =0.
(ii) If the last inequality holds for x € (0, 1), then we have
2 () _ @y=1b-2(1—7)

. 8
1 = <0,
x—lf(r)‘lJr X 2b

which reveals that b <2 (1 — ) /(2y— 1) = as; . Similarly, it suffices to prove g, (x) <
0 for x € (0,1) when b = as; . Differentiation yields

(2-3y)x 92 (x)
(2y—1)* (2 +2)(x+2) (&2 +as1) (x+as1)’

g (x) =
where
g (x)=(2y— l)x4 —|—47/x3 —1—2(4—57/))62 —4(1—vy).

Due to the polynomial ¢; (x) satisfies the conditions for coefficients in Lemma 4 and
q2(1)=3>0,sothereisa xo € (0, 1) such that g, (x) <0 for x € (0,x) and ¢ (x) >0
for x € (xo,1). This reveals that g, is decreasing on (0,x0) and increasing on (xo, 1),
which leads to g (x) < max(g2(0),g2(1)) =0.

This completes the proof. [

REMARK 4. From Corollaries | and 2 and Proposition 1, it is easily seen that our
Theorems 1 and 2 are refinements of Ivddy’s and Zhao et al.’s results.

Alzer [2, Theorem 2] proved that
OO P (x) < X200y (5.1)
with the best constants

1 (2
6=1—y~0.423and ¥ = AU ~ 0.534, (5.2)
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and that if x € (1,e0), then (5.1) holds with the best possible constants

1 (n?

PROPOSITION 2. For x € (0,1), the inequalities

2 (1=y)(a+1) 2 (1=y)(b+1)
K= < (x +a> <Tx+1)< (x +b) < Oy
x+a x+b

hold if and only if a € [2,ax0] and b = asy, where ax) =~ 2.738 and asy =~ 5.322 are as
in Theorem 2, ¥ is given in (5.2).

Proof. By Theorem 2, it suffices to prove the first inequality and the last one hold
ifand only if ¢ > 2 and b < asg. For x € (0,1), let us define
¥ +a
x+a

.X2
g0 = (1-7) b+ Hn*

(i) We first prove that the first inequality holds for x € (0,1) if and only if a > 2. The
necessity follows from the limit relation

g3(x) =(a+1)n —xInx,

— (O (x—=1)4+1—7)Inx.

. g3(x) la-2
th{l*(l 225 12 '
— _x) a-+

Since a — A(x,a) is increasing on (0,e) by Lemma 9, to prove the sufficiency, it is
enough to prove g3 (x) > 0 for x € (0,1) when a = 2. Differentiation yields

, B 3(x2+4x—2)

0= mryary ™l
/) _ 1—x .
g3( )_x(x2+2)2(x+2)2q3()7

where
g3 (x) = x° + 8x* + 40x + 56x> + 28x — 16.

Since g3 (1) =117 > 0, by Lemma 4 it is deduced that there is a xo € (0,1) such
that g3 (x) < 0 for x € (0,xp) and g3 (x) > 0 for x € (xp, 1), which implies that g is
decreasing on (0,xp) and increasing on (xp,1). It follows that g5 (x) < g5 (1) =0 for
x € (xo, 1), which together with lim,_+ g5 (x) = = yields that there is a x; € (0,xp)
such that g5(x) > 0 for x € (0,x;) and g5(x) <O for x € (x,1). Therefore, we
conclude that g3 (x) > min (g3 (07),g3(17)) = 0, which proves the sufficiency.

(ii) We now prove that the last inequality holds for x € (0, 1) if and only if b < asg.
The necessity can be obtained by solving the inequality

. 8a(x) 3b(1—7y)
1 =—0+———2<
xirfl—(1_x)2 * 2(b+1)
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for b, which gives b < 289/(3 —29 —3y) =aso.
Next we prove g4 (x) <0 for x € (0,1) when b=asp or ¥ =3b(1 —7v)/(2b+2).
Differentiation yields

_|_

gy (x) b+ 1) (x*+2bx—b

N y+9-1 9 o
11—y (2 +Db)(x+b

— — Inx
x(l=y) 11—y 1—y

— i) (x* +2bx— D) Lb=2 1 3% 3%
B (2+b)(x+b) 2(+1)x 2(b+1) 2(b+1)
gi(x) B b 1—x

l_y B 2(b+1)x2(x2+b)2(x+b)2q4(x)7

where
qa(x) = 30+ 8(b+ 1)x° + (116> + 320+ 12)x* + 4b (b* + 6b+ 5) x°
+b (20> + 15b+4)x* — 4% (b* — 1)x— b’ (b—2).

Clearly, for b = asyp > 5, the polynomial ¢4 (x) satisfies the conditions for coeffi-
cients in Lemma 4 and g4 (1) = — (5 —23) (b+1)? < 0, hence we have g4 (x) < 0 for
x € (0,1). This implies that gJ (x) < 0, which in turn indicates that g} (x) > g4 (1) =0
for x € (0,1), that is, g4 is strictly increasing on (0,1). Then we obtain g4 (x) <

ga(1)=0forx e (0,1).
The proposition is proved. [

Recently, Laforgia and Natalini [9, Theorem 2.1] presented a new lower bound for
gamma function, which states that for 0 <x < 1,

C(x+1) =701,
Now we prove

PROPOSITION 3. The inequalities

S (1-D0-1)

x2+a>(1—Y)(a+l)

F'x+1)> <x+a

hold for x € (0,1) if and only if a € [1/2,ax|, where axy = 2.738 is as in Theorem 2.

Proof. By Theorem 2, it suffices to prove the second inequality holds for x € (0,1)
ifand only if a > 1/2. For x € (0,1), let g5 be defined by

2
g5 () = (a+ =2

; —(x—1).

The necessity follows from

. ogs(x) 12a—1
thP— (1 2 :E 1 2
— _x) a+
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Similarly, to prove sufficiency, it is enough to prove gs(x) < 0 for x € (0,1) when
a = 1/2. Differentiation leads to

A1) (x4 1)
T (x4 1) (22 +1) <0,

/

85

=

which yields gs(x) >gs(1)=0. O

REMARK 5. Clearly, our Theorem 2 is stronger than Alzer’s and Laforgia and

Natalini’s results.
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