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ON HILBERT’S INEQUALITIES WITH ALTERNATING SIGNS

CHANG-JIAN ZHAO AND WING-SUM CHEUNG

(Communicated by M. Krni¢)

Abstract. Some new Hilbert type inequalities with alternating signs are established. These also
generalize some existing results of Hilbert type inequalities in the literature.

1. Introduction

The well-known Hilbert’s double-series inequality can be stated as follows (see [1,
p. 253)).

THEOREM. If p>1, g=p/(p—1) and 3, _am < oo, X7 by < +oo, then
1/p 1/q

ay DI I

m=1 n=1

anby, < 1 i

m+n "~ sin(z/p)

unless the sequence {an} or {b,} is null.

Hilbert’s inequality were studied extensively and numerous variants, generaliza-
tions, and extensions appeared in the literature [2—14] and the references cited therein.
The research for reverse Hilbert inequalities were published in [15-17] et al. In particu-
lar, Pachpatte [18] established some new inequalities similar to the Hilbert’s inequality.
The main purpose of this paper is to establish some new Hilbert type inequalities with
alternating signs.

2. Main results

The following inequality involving series of nonnegative terms was established in
[18].
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THEOREM A. Let p > 1, ¢ > 1 and {ay} and {b, } be two nonnegative se-
quences of real numbers defined for m=1,... .k and n=1,...,r, where k,r are nat-
ural numbers. Let A, = Y. a5 and B, = z;'=1 b;. Then

r APBq k 2 1/2
n;l;m_'_ C(p,q,k, r)(rzl(k—m—l-l)(amA’;, ) )
x( 3 (rnt 1)(an2‘1)2)1/2, 2.1
n=1

where |
C(p7q7k7r) = qu(kr)l/z

In this paper, we first establish the following Hilbert type inequality with alternat-
ing signs.

THEOREM 2.1. Let p>1, g>1 +ﬁ_1 Oc>1and{am}and{b}be

,
OC

two positive non-increasing sequences of real numbers defined for m = 1,...,k and

n=1,...,r, where k,r are natural numbers. If

An =3 (=1)"a; and B, =Y (—1)""b,,

— ocM+[3N ~
R 1/B
(2<R n+ 1) ((b2n-1 = b2n) B 1)B> : 2.2)
n=1
where B
C(p,q.k,r,o,B) = pgk'/BR/*
and
Am = Z(azk—l —ayy), and B, = Z(bZr—l —byy),
k=1 r=1

and for any positive integer 7z (lowercase), its capital Z denotes z/2 if z is even, and
(z4+1)/2 if z is odd.

Proof. Note that any sum with alternating signs can be written in the forms

m

2 \+1 z axs—1 — as) ::Ama

s=1 s=1
and

N
(=17 = Y (b1 — o) =:

1 t=1

M=

-
I
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and we assume that a,+; =0 and b,| = 0. By using the following inequality (see

e.g. [19])
o o—1
(22m> <a22m<21k> )
m=1 m=1 k=1

where o > 1 is a constant and z,, > 0, it easily follows that

Al <p (az 1 —a)AP7", (2.3)

Mz

Il
—_

S

and

Mz

Eq

(b2t 1= b21) . (2-4)

Il
—_

t

From (2.3) and (2.4), using Hélder’s inequality and Young’s inequality ¢!/%d'/B <
g + % (for ¢, d non-negative reals), we obtain

N

AnBL < pg (2(612s—1 —azs)&’l) (2(172:—1 _bZt)B;]_l>

=1
B 1/B
((b2t71_b21)g,?—1> )

1/B
<(b211—b2r)§§1_1>ﬁ> .

(2.5)

M=

s=1 1

aM+BN [, Ve

s=1

-
I

N 1/a
< qul/ﬁNl/a (2 ((a2.\'1_a2s)A~§l)a> (

M=

1

2
1|

Dividing both sides of (2.5) by % and summing up over N from 1 to R first, and
then summing up over M from 1 to K, and using again Holder’s inequality and then
interchanging the order of summation, we obtain

NP oM+ BN \qu, (%Uk AP 1)a>l/a

M=1N=1 §=

E((E )

=1

—_

~

. y /o
< qul/ﬁRl/a ( Z ( ((al\'fl —azs)fif_l)a>>
M=1 \s=1
1/B
(& (i)
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s=1

(Rl (81)

_ K 1/a
=C(p,q,k,r,a,ﬁ)<2((azm_l axm)AL) (K — m+1)>
m=1

This completes the proof. [

) K I% /o
= C(p7Q7k7r’a7ﬁ) (Z ((a2s—1 _a2S)A€_l)a (Z 1))

M=

1

1/B
((ban—1 —bzn)ngl)ﬁ (R—n+ 1)) )

REMARK 2.1. Taking o« = 8 =2 in (2.2), we have

K R AP B K ip—1)2 "
2 2 Mnii—]n\/ < C(P;C],k,r) <2(K—m+1)((a2m—1_a2m)A%l) )

m=1

® 1/2
x| S (R=n+1)((bonr—b2)BIY) ) (2.6)
1
where
~ L 2p1)2
Cp.q.k,r) = 7pgK " "R7".

This is a new Hilbert type inequality with alternating signs which is different from
inequality (2.1) in Theorem A.

REMARK 2.2. By using Cauchy inequality on the right side of (2.6) twice, we
obtain the following interesting Hilbert inequality with alternating signs:

m=1 m=1

v < Apgq d 1 d 1/2 1 v
m-—n ~ m+ ~
X X ey SCpakn) [ X ()" an- Y (K—m+ 1) A7

r R 1/2
X (2(—1)"“%-E(R—n—i-l)l/zﬁz1) ,
n=1 n=1

where

i 1
C(p,q,k,r) = quK1/2R1/2~

The following inequality involving series of nonnegative terms was also estab-
lished in [18].
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THEOREM B. Let {an}, {by}, Am, By be defined as in Theorem A. Let {p,}
and {qn} be positive sequences for m=1,....k and n=1,...,r, where k,r are nat-
ural numbers. Define P, = Y| ps and Q, =Y q;. Let ¢ and y be real-valued,
nonnegative, convex, submultiplicative functions defined on Ry = [0,+oc0). Then
k r k 2

¢(Am)‘//(Bn) am
- k— 1 m
XX g (k=m+1) {pno {

1/2

m

1/2

X (21 (r—n+1) (qnl[/<z—:>)2> , 2.7
M(k,r) = % (él (@)vlﬂ (nz;l <%)2>1/2.

Next, we establish another Hilbert type inequality with alternating signs.

where

THEOREM 2.2. Let {an}, {b,}, Am, Bn, @, B, M, N, K, R be defined as in
Theorem 2.1. Let {pm} and {qn} be positive non-increasing sequences form=1,...,k
and n=1,...,r, where k,r are natural numbers. Define

ﬁm = 2(_1)S+lps and Qn = 2(_1)l+lqt~

s=1 t=1

Let ¢ and y be real-valued, nonnegative, convex, sub-multiplicative functions defined
on Ry =[0,+0c0). Then

i i B¢ (An)y(By)

i1 oM+ BN
M(k,r, o, B) ( i (K—m+1) ((sz L= DPam)0 (M)>a> v
m=1 P2m—1— P2m
1/B
X (é(ze_w 1) <(‘I2n—1 —%:)W(H))ﬁ) ; (2.8)
where
1/B

N
ikrap)=( X ("’(_ ’“)>
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Proof. By the hypotheses, Jensen’s inequality and Holder’s inequality, we obtain

D m s+1
¢(Am)—¢<P nZi (“U" s, )

Zi (=1 s
b M azs—1 — Aoy
_ q) Pm Zs=1 (p2.\' 1— st)pzs | — Das
¥ (Pas—1 — pas)
p ays—1 — Ay
< $&n) > (p2s—1— p2s)d <#> (2.9)
Py P2s—1 = P2s
Similarly
7\ N
by_1—0b
w(B,) 4V (#) (2.10)
q2t—1 —qu
By (2.9) and (2.10) and using Holder’s inequality and Young’s inequality, we obtain
= O(Pp) & <a25—1—02s>
Apm)Y(By) < = -1— —
¢ (Am) W (By) ( P, Szzi(p% 1= P25)0 Das 1 — Pas

~ B
% (V’(_Qn) 2 (Go1 — g2 ¥ <b2t—l b2t>>

q2r—1 — 492

/o
OCM-FﬁN (Z)( m) oz ( o <a2.\'l_a2s>>a
s af P, (Z’l (P21 =)0 P2s—1— D2s

_ 1/B
W(Qn) y ( . <b2t1_b21>)ﬁ 211
Qn (ZI (‘Dt*l Q2I)W q2t—-1 —4q2 . ( . )

Dividing both sides of (2.11) by O‘MJ%ﬁN

and then taking sum over N from 1 to R
first and then sum over M from 1 to K, and using again Holder’s inequality and then
interchanging the order of summation, we obtain

K

m=in=1 &

X O‘ﬂq)(gm)ll/( 7n)
K o
< ( (st 1= st <a25 e )) )
M=1 1 P2s—1 — P2s
xi 7 i(élz 1= qx) W<b2t—l—bzt>)ﬁ v
N=1 t=1 o ! q2t—1 — 42

1/a

M=+
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1

& (o)) a1 —an V)
< ME<P—> (%2(” "”"’(ﬁ)))
(B8] (B e o))
— Mkr,0,B) (2 (2= pae (2= 1_%)) )

by \\ A
X (i ((6]2r1 —6]2r)ll/<b2t Lob 2t i l)

=1 q2t—1 —fIZt

B K A)ym—1 — A2m *
=M(k7r,a7ﬁ)<Z(K m+1><(”2'“ 1_p2m¢<p2 o )) )
m=1 " "

1/a

R B\ /P
b2n71 _b2n>>
X R—n+1 n—1—q2n Zen—l  Tan
(,Z’l( )<(q2 L )W<‘I2n—1 —{q2n
The proof is complete. [
REMARK 2.3. Taking o« = 8 =2 in (2.8), we have
i i 9(An)y(Bn)
m—in=1  M+N
K a a 2\ 12
Vi(kor Kem+1 o M))
(k1) (};1( e

R b b 2\ /2
x R—n+1 el — Gon M)) , 2.12
<r121( " )<(q2 ! 7 )W<q2nl —{q2n ( )

where
1/2 1/2

K — 2 R — 2
EE <¢<Pm>> $ (w(_czn))

=1\ Pm N1\ O,

This is a new Hilbert type inequality with alternating signs which is different from
inequality (2.7) in Theorem B.

REMARK 2.4. By using Cauchy inequality on the right side of (2.12) twice, we
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obtain the following interesting Hilbert inequality with alternating signs:

R _ _ . iy 1/2
Zg“ﬂﬁ W) M<k,r><2<— m“pmm(—"”“ 2’")<1< m+1>1/2>

IN=1 m=1 m=1 P2m—1—P2m
r b b 1/2
% _ n+1 < 2n—1— 2n> R—n+1 1/2 ’
<nzl( br §1¢ q2n—1 — P2n ( )
where
£ (o)) (& (w@n))
g 1 " X
=1\ Pm N=1\ Oh

The following inequality involving series of nonnegative terms was also estab-
lished in [18].

THEOREM C. Let {am}, {bn}, {pm}, {qn}, Pn, On be defined as in Theorem
B. Define Ay = p- 3 psas and B, = 5= 3 qiby form=1,....k and n=1,...,r,
where k,r are natural numbers. Let ¢ and y be real-valued, nonnegative, convex
functions defined on Ry = [0,+e0). Then

) 1/2
(k=m-+1)(png(an)) )

M~

PnOn®(Am)y(Bn) _ 1
33 et < S

1

, 1/2
x <2(r—n+1)(qnl//(bn)>2> : (2.13)

n=1
Finally, we establish the following new Hilbert type inequality with alternating
signs.
THEOREM 2.3. Let {an}, {bu}, {pm}, {an}, Pm, On, @, B, M, N, K, R be
as defined in Theorem 2.2. Define

n

-5 2 1) psas and B, = 1 — Y (~1)*g

nt=1

for m=1,...;k and n=1,...,r, where k,r are natural numbers. Let ¢ and y be
real-valued, nonnegative, convex functions defined on R, = [0,+c0). Then

EEO‘ﬁPan( )Y (E)

M=1N=1 aM+ BN
K u B u o\ /e
6(1717]{7}",067B) (Z(K—m—f—l) ((pZml_pZm)d)(pzml 2m—1 = Pom 2m)) )
m=1 P2m—1—P2m

/B

R _ p
x (Z(R—n—l— 1) ((q2n1 —qzn)w<qz"lb2"l qz"b2">) ) : (2.14)
n=1

q2n—1—Yq2n
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where C(1,1,k,r, o, B) is defined by taking p = q =1 in Theorem 2.1.

Proof. By the hypotheses, Jensen’s inequality, and Holder’s inequality, it is easy
to observe that

¢(An) = ¢ Li(—l)sﬂpa =0 Lf(l?l 1G2—1 — P25Q2g)
m p sus p S— S— S S

m s=1 m s=1
< L %(pZ L= P2 )(Z) <p2sla2.\'l _p2sa2s)
h ﬁm s=1 . ’ P2s—1 — P2s

1 M Pas—1a P2sa o\ e
< __Ml/ﬁ < L ( 25—1U2s—1 — P2s 25)) )
Pm (s:EI (p25 ! p25>¢ P2s—1— P2s

Similarly

1/B
_ 1 N qx—1b2s—1 — quax P
B < 5N ( o (t : )) '
v(B,) 5. (;l (q20-1 —q21) ¥ P

Proceeding now much as in the proof of Theorems 2.1 and 2.2 and with suitable modi-
fications, it is not hard to arrive at the desired inequality (2.14). The details are omitted
here. [J

REMARK 2.5. Taking oo = 8 =2 in (2.14), we obtain

£ & Pu0,0(An) (B,)
3 5 e

1/2
1 : P2m—1@2m—1 — P2ma2 2
Z(KR 1/2 K—m—|—1 < ] — " < m m m m))
2( ) (IZ,I( )\ (P2am—1—P2m)@ PE——
R o\ 1/2
@on—1b2n—1 — qanb2y ))
X R—n—+1 n—1—q2n . 2.15
(nzl( ) <(q2 e )l//( q2n—1 —Yq2n ( )

REMARK 2.6. By using Cauchy inequality on the right side of (2.15) twice, we
obtain the following interesting Hilbert inequality with alternating signs:

M=1N=1 M+N
12
< LR[S 1 e 3 (K- m 1) (pz'“az’“ _pz’”az’”>
2 m=1 m=1 P2m—1— P2m

q2n—19P2n

4 k b b 172
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