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ESTIMATES FOR THE FIRST EIGENVALUE FOR
p-LAPLACIAN WITH MIXED BOUNDARY CONDITIONS

Kui WANG

(Communicated by M. Plum)

Abstract. In this article, we consider eigenvalue problems on domains with an interior hole.
Precisely, we show a Cheng-type inequality on manifolds, and certain Faber-Krahn inequalities
on space forms. Besides, we obtain upper and lower bounds of the eigenvalue through the classic
Dirchlet eigenvalue, implying convergence of the eigenvalue as the hole tends to 0.

1. Introduction and main results

Let Dy and D, be bounded smooth domains in a complete Riemannian manifold
(M",g) satisfying Dy C Dy, and Q = D, \ D;. Denote by dD; and dD; the inner
boundary and the outer boundary of Q respectively. For each 1 < p < +eo, one define
(see for example [9])

DEFINITION 1. (Inner Neumann and outer Dirichlet boundary)

Jo [Vul? dx

)L(P)(Q):lnf{ fQ|u|p dx .

e WhP(Q)\ 0 with ul;p, :0}; (1.1)

DEFINITION 2. (Inner Dirichlet and outer Neumann boundary)

Jo|VulP dx
Jo lul? dx
It has been shown in [8, 10, 13] that there exists a unique minimizer u (up to a

multiple) solving (1.1), and 4,y > 0. Moreover u does not change sign in Q, satisfying
elliptic equation

,u(p)(Q):inf{ e WhP(Q)\ 0 with u|yp, :0}. (1.2)

— div(|Vu|P~2Vu) :l(p)\u|p72u (1.3)
in the weak sense, which means for any ¢ € C*(Q) with ¢ =0 on dD,,

/\Vu\p 2(Vo,Vu) d /|u|p 2u ¢ dx,

see for example Section 6.5 in [8]. Besides, we see from [1, 18] that u(x) € CH*(Q)
for some o € (0,1) and u(x) satisfies u(x) =0 on dD, and u =0 on dD;, where
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v denotes the unit normal vector field. Throughout the paper, we call u the normalized
eigenfunction if it is positive in Q with [q, [u|? dx = 1.

Similarly, one can show i, is simple and positive, and the corresponding nor-
malized minimizer v(x) € C"*(Q), satisfying

— div(|Vv|P2V) zu(p)\v\p_zv (1.4

in the weak sense with Dirichlet condition on dD; and Neumann condition on dD; .

When D; is empty, there are several classic estimates on eigenvalues of Dirichlet
and Neumann Laplace operators. In 1923 and 1924, G. Faber and E. Krahn proved that
the round balls minimize the smallest eigenvalue of Dirichlet Laplace operator among
all the domains with the same volume in R" . More precisely,

THEOREM 1.1. (Faber-Krahn inequality, see for example [5]) Let Q be a smooth,
bounded domain in R". Then
A(Q) > A(QF),

where QF is a round ball in R" with the same volume as that of Q, and A () is the
smallest eigenvalue of Dirichlet Laplace operator. The equality holds if only if Q is a
round ball.

Faber-Krahn inequality was extended to the smallest eigenvalues of Dirichlet p-
Laplacian by H. Takeuchi in [17] and A.-M. Matei in [14]. For the eigenvalues /l(p)
and U, characterized in Definition 1 and 2, we proved the following estimates.

THEOREM 1.2. Let Dy C D, in R" and p > 1. Then
Ap)(D2\Dy) = Ay (D3 \ DY), (1.5)

and
1) (D2 \ Dy) = () (D5 \ DY), (1.6)

where D} and D} are the round balls in R" centered at the origin with volume equal
to that of Dy and Dj respectively. The equality holds if only if Dy \ Dy is isometric to
D3\ Dj.

In fact, Theorem 1.2 is also true in space forms M} by similar proofs. For man-
ifolds with positive Ricci curvature, Berard and Meyer [3] obtained a Faber-Krahn in-
equality for the first nonzero Dirichlet eigenvalue for the Laplacian on bounded do-
mains, and later generalized to the p-Laplacian by Matei [14]. Here we get the fol-
lowing Faber-Krahn inequality on positive manifolds similarly as in [14], extending the
resultin [14].

THEOREM 1.3. Let (M",g) be a Riemannian manifold. Assume that the Ricci

curvature of (M",g) is boundedfrom below by (n—1). Denote by S" the n-dimensional
|

unit round sphere in R"'. Let B = % Then for each p > 1,

Aip)(D2\ Dy) = Ay (D2 \ Dy), (1.7)
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and o
(p)(D2\D1) =ty (D2 \ D1), (1.8)

where Dy and D, are geodesic balls in S" with volume equal to B|Di| and B|D:|
respectively.

On Rimannian manifolds, S.-Y. Cheng in 1975 proved the following comparison
on the first nonzero eigenvaule of the Dirichlet Laplace operator.

THEOREM 1.4. (Cheng inequality [6]) Let M be an n-dimensional complete Rie-
mannian manifold.
(1) If the Ricci curvature is bounded from below by (n— 1)k, then for each xo € M,

A(Bry(x0)) < A (Vi x)-
(2) If the sectional curvature is bounded from above by K, then for each xo € M,
A(Bry(x0)) = A (Vi x)-

Moreover if the equality holds, then By (x0) is isometric to Vio.x. Here and there-
after; By,(xo) denotes the geodesic ball of radius ry with center xy, Vi, i« denotes the
geodesic ball of radius ry on a space form M} with constant sectional curvature K.
A(Q) stands for the first nonzero eigenvalue of Dirichlet Laplace operator on Q.

This result was extended to the smallest eigenvalues of Dirichlet p-Laplacian by
H. Takeuchi in [17]. Motivated by the above results, we consider the case as the hole
D, is non-empty, and prove the following comparisons.

THEOREM 1.5. Assume B,,(0) is an injective ball in M", and 0 < ry < r;.
(1) If the Ricci curvature of (M, g) is bounded from below by (n— 1)k, then

2,(17) (Br2 (0) \Brl (0)) < A’(p)(vrzﬂf\ Vr17K)7 (1.9)

and
Hp) (Bry (0)\ By, (0)) = tp) (Viye \ Vi ) (1.10)
(2) If the sectional curvature of (M,g) is bounded from above by K, then

Ap)(Bry(0)\ B, (0)) = A(p) (Vi e \ Viy 1), (1.11)

and
H(p)(Bry (0)\ By, (0)) < M(p) (Viye \ Vi i) (1.12)
Moreover if the equality holds, then B,,(0)\ B,,(0) is isometric to Vy, i \ Vy, x-
In 1984, S. Y. Cheng, P. Li and S. T. Yau proved a eigenvalue estimates for the

Laplace operator on minimal submanifolds, see [7]. Here we prove a similar result for
the eigenvalue [1(;) we mentioned above. We obtained the following theorem.
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THEOREM 1.6. Let M" be a minimally immersed submanifold of R"™!, [ > 1.
Then for each xo € M and 0 < ry < ra,

H2)(Dry (x0) \ Dry (x0)) = t2)(Viy0\ Vi 0)s (1.13)

where D,(x) := B" (xo)\M, and B'*'(xy) denotes the (n+ 1)-dimensional round
ball with center xy and radius r in R and V..o stands for the ball of radius r,
centered at the origin in R". Moreover if the equality holds, then D, (xo) \ Dy, (xo) is
isometric to Vy, 0\ Vy 0.

Recall that the Dirichlet eigenvalue of p-Laplacian is defined as

Jp, [Vul? dx

. 1, : _
7t<p),o(Dz)—mf{ ol dx uew p(Dg)\OWlthuaDz—O}. (1.14)

Finally, we also study the relationships between the Dirichlet eigenvalue 4, o(D2)
and A(,)(D2\ D1). We obtain certain estimates on A, (D2 \ D1) via Ay o(D2), im-
plying the convergence result as the hole goes to vanishing.

THEOREM 1.7. (1) As the volume of Dy goes to vanishing, we have the following
sharp estimate
z,(p)(Dz\Dl) < l(p%()(Dz)—FClVOl(Dl). (1.15)

(2) Assume that D is star-shaped. Then as the diameter of Dy goes to zero,
l(p)p(Dz) < A(p)(Dg\D1)+C2Area(8D1). (1.16)
Where Cy and C, are constants independent of D .

REMARK 1.8. We can see from (1.15) and (1.16) that as D; goes to vanishing,
A(p)(D2\ Dy) converges to the Dirichlet eigenvalue of A,)o(D2). Thus by taking a
limit, we see easily that Theorem 1.2, 1.3, 1.5 and 1.6 all generalize the classic eigen-
value comparisons: Faber-Krahn, Cheng-type inequalities. For fi,), it can be checked
similarly that p(,)(D2\ D1) tends to zero as Dy goes to vanishing, which is the zero
eigenvalue of Neumann Laplace operator.

2. Eigenfunctions on space forms

2.1. Notations

One purpose of this paper is to give certain comparisons on eigenvalues for p-
Laplace operator on manifolds. We start by setting up the notations.

Let (M,g) be an n-dimensional Riemannian manifold, and V be the Levi-Civita
connection corresponding to the metric g. If we denote S(TM) to be the set of smooth
vector fields on M, the curvature tensor of the Riemannian metric is then given by

Rm(X,Y)Z = —VxVyZ+VyVxZ+Vixy)Z
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for X,Y,Z € S(TM). The sectional curvature of the 2-plane section spanned by a pair
of orthonormal vectors X and Y are defined by

Secty (X,Y) = (Rm(X,Y)X,Y).

If we take {ej,ez,---,e,} to be an orthonormal basis of the tangent space of M, then
the Ricci curvature is defined to be the symmetric 2-tensor given by

M=

Rij= ) (Rm(ej,ex)ej,ex).

k=1

2.2. Volume elements

On Riemannian manifold (M",g) it is convenient to use the polar coordinate (¢, 6)
at the center o, where 0 is the standard parametrization of S For 6 e S™ 1,1 (0)
is so defined that geodesics y(s) = exp,(s6) are minimizers up to s =(0). In terms
of polar coordinates (z,0), we write the volume element as

dx=J(r,0) drnd6.
Denote by Mj. the space form, which is a complete and simply connected Riemannian
manifold with constant sectional curvature x (for example, Hyperbolic space H" with
Kk = —1, Euclidean space R"” with k¥ =0 and Euclidean sphere S"” with k¥ = 1). Denote
by dx the volume element in M}. at x, then it is well-known that
dX = J(r(x)) drnd6 = s (r) drnd,

where r(x) denotes distance away from the fixed center o, and s (r) is given by

ﬁ siny/xr, k>0,

t, k=0,

1 .
——sinh+/|x|t, K <O.
7 Sinh /1]
Now we collect two well-known comparisons on the volume elements those will be
used in this paper.

se(t) =

THEOREM 2.1. Let (M,g) be a complete Riemannian manifold with Ricg > (n—
1)kg. Then

J(r,0) = Ji(r)
within the cut-locus of the origin o in M.

0,(r,0) _ Ji(r)

THEOREM 2.2. Let (M,g) be a complete Riemannian manifold with Secty < K.

Then
0,J(r,0) - Ji(r)

J(r,0) ~ Ji(r)
within the cut-locus of the origin o in M.

The above two theorems are direct consequences of Bishop-Gromov comparison
and Hessian comparison respectively, see for example [12].
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2.3. Eigenfunctions on space forms

It is known that the first Dirichlet eigenfunction for p-Laplace operator on the
geodesic ball V, , is a radial function, since the first eigenspace is simple [4, 13, 14]
and V. is radially symmetric. Then we denote by R(r(x)) and Q(r(x)) the normalized
eigenfunctions corresponding to 7L ( Viyie \ Vi ) and Hip )( Vioie \ Vi i) Tespectively.
For R(r) and Q(r), we have the followmg properties.

PROPOSITION 2.1. For functions R(r) and Q(r) mentioned above, we have fol-

lowing properties.
(1) R'(r) <0 for r € (r1,r], and

—(p—=1)(=R)P2R"(r) — j"éi( —R)P2R (r) = Ay (Viyox \ Vi) RPH(r) - (2.1)

in (r1,r2) with R'(r;) =0 and R(ry) = 0.
(2) Q'(r) >0 for r € [r1,r2), and

—(p—1)(Q)2Q"(r) - exlr) (@) 72Q'(r) = 1) Ve \ Vi) Q771 (r) (2.2)

si(r)
for re (r1,r2) with Q(r;) =0 and Q'(r2) = 0. Where
cos\/_t K >0,
CK(t) = , K= 0

cosh/|xlt, K <O.

Proof. In polar coordinates, it follows from PDE (1.3) that
_ c _
P~ DR 0) = R R () = AV \ Vi) R0

Now we are in position to show R'(r) < 0 for r € (r1,r;]. Assume by contradiction
that there exists ro € (ry,r2] such that R'(ry) = 0, then we define a testing function R
on Vi, i \ Vy x by _

R(r) =R(r), forr € [ry,r),

and
R(r) =R(ry), for r € [r1,rp).

It follows that
Ny vy [VRIPdx Jy oy, (IVRIP dx
erZ‘K\VrI.K |I_€|P dx fv,},(\vrlx ‘R‘p dx
fV'zx\Vrox |VR|? dx
Wiy \Vig e IRIP ¢
= A(p) (Via.x \ Vi), (2.3)
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where last equality follows from equation (2.1), and boundary condition R'(ry) =
R(r2) = 0. Then we get a contradiction with the definition of A, (Vy,.« \ Vr, ), hence
R'(r) <0 holds for r € (r1,r].

To prove that Q'(r) > 0 for r € [ry,r2), we assume by contradiction that there
exists ry € (r1,r2) such that Q' (rg) = 0. On one hand from equation (2.2) and boundary
conditions Q'(rg) =0 and Q(ry) =0, it follows

fV,O,K\V,l,,( IVO|? dx
fv,o.,(\vrl‘,( |O|P dx

= ”(F)(Vr2~,’< \ VrlaK)7

which immediately implies
Hip) (Vg \ Vi) < Hip) (Visx \ Vi )

On the other hand, it follows from the simlar argument as (2.3) that
o) Ve \ Ve i) > Hp) (Vi \ Vi )

giving the contradiction. Thus Q'(r) > 0 for r € [ry,r2).

REMARK 2.3. In fact, JL(p)(V,LK \ Vs, ) and H(p) (Viy.ie \ Vi, i) are given by roots
of some Bessel equations, see [9, Section 3.2].

3. Proof of Theorem 1.2

In this section, we make use of Schwartz spherical rearrangement argument and
co-area formula (see also [10, 15]) to prove Theorem 1.2. The proof is similar to that of
the classic Faber-Krahn inequality. But for the completeness, we give the details here.

Proof of Theorem 1.2. Suppose u is the normalized eigenfunction corresponding
to the eigenvalue A,)(€2), where Q =D, \ D;. Let

ap = maxu > 0,
c@)

Q) ={xeQ:u(x) >1t},

and
I ={xeQ:ulx)=r}.

For ¢ € [0,a0], let D*(¢) be the ball centered at the origin such that
Vol(D* (t)) = Vol(Q(r)) + Vol(Dy), (3.1)
and define a radial function A(x) on Q* = D*(0) \ D*(ag) by

h(x) =sup{r:x € D*(t)}.
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Denote Q*(¢) = {x € Q* : h(x) >} and I} = dD*(r). From the definition of Q*(¢),

we see that
Vol(Q*(¢)) = Vol(Q(2)).

Using the co-area formula, we rewrite the above identity as

/aO/ L ad /O/ L ata
_ r= R r,
A A T

where dA, and dA} denote the area element of I', and I'} respectively. Taking the

derivative of ¢ yields

| |
A :/ —aAn
/r, \Vu| " e VR T

Using the co-area formula again, we obtain

ag 1
/ uf dx = / tP | —— dA;dt
Q o Jr |Vu|

o [ L aa
=/ "] — '
/0 /,* |Vh| 7

= h? dx.
Q*

It follows from (3.1) and the isoperimetric inequality that
Area(T}) < Area(T).

Using Holder inequality, we have

1 p-1 1
Area(T)) = [ dA, < (| —— dA)"? (/ Vu|P~' dA,) 7.
Iy I ‘Vu‘ I

Since £ is a radial function, we conculde

1 p=1 1
Area(l",*):/r*dA;k:(/r A" (/F* VA[P~! dA?) 7.
t t t

7 [Vh

Putting (3.2), (3.4-3.6) together, we arrive at
/ VAP~ dA? g/ VulP~! da,,
Iy I

giving
/ |Vh|de</ Vul? dx.
QF Q

Hence by (3.3) and (3.7), we get

o _ Jor IVRIPdx _ [o|VulP dx
A () < Jo hP dx S JouP dx = A (Q)-

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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When equality holds, we see from (3.4) that I’ is a round sphere for each 7. Hence Q
is isometric to Q*.
One can follow the same argument as above to show

H(p)(87) < ) (),

and we omit the details here. [

REMARK 3.1. The proof of Theorem 1.3 is using the Gromov’s isoperimetric in-
equality [2] and following the similar process as that of Theorem 1.2, and we omit it
here.

4. Proof of Theorem 1.5

In this section, we combine Cheng’s argument of transplanting and applying the
comparison theorems, Theorem 2.1 and 2.2, to show Cheng-type eigenvalue compari-
son theorems.

4.1. Proof of (1.9)

For 0 < r; < rp, denote by u( the normalized eigenfunction with respect to eigen-
value A(p)(V,Z’K \ V;,.x). For the sake of convenience, we denote k(p)(V,Z’K \ V%)
by A(p).x- Recall from (1) of Proposition 2.1 that ug = R(r(x)) is a radial function
satisfying

—div(|Vuo|”*Vug) = A(p)  [o]"?uo

for r € (r1,r2) and boundary conditions
R'(r1)=0, R(r)=0, and R(r)<0 with 7€ (r,r)].
We define a trial function u(x) on B, (0) \ B+, (0) as
u(x) = R(d(x)), (4.1)

where d(x) is the distance function originated from o in M.
To prove (1.9), it suffices to check that for the testing function u

/ \Vu\pdxél(p)’,(/ ul? dx.
By, (0)\B, (0) By, (0)\By, (0)
Observing that
Ju VJ VJi
J(r,0)Vu = V(J—K>JK e 4.2)
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we have that

/ VulP d / /min{rz’l(e)}w 171(r,0) drd®
ulf dx = ulPJ(r, 7
By, (0)\By, (0) St=1 Jmin{ry,l (9)}
min{ry,/(0
= p-2
/S" I/m{rl, |Vu| <Vu V( >>J,< drd0

min{r ,l( /
+/ / 2 |Vu|p_2 (—u,(ﬂ—J—K)>qurd6
s7=1 Jmin{r,,1(0)} J Uk

(4.3)
where (0) is defined in Section 2.2.
Since Ric, > (n—1)Kkg, Theorem 2.1 gives
!
a:J(r,0) < JK(r)’ @.4)
J(r,0) Jie(r)
combining with u, = R'(r) < 0, we see
oJ .
- <O0. 45
u, (% JK) 4.5)

It follows from (4.3-4.5) that

min{rp,/(6)} R
/ |vu|de</ / : |VRV’*2<VR,V<J—>>JK drd6
By, (0)\B, (0) sn=1 Jmin{ry.1(6 >} Ji

min{ry,/(6 |Vuo‘p 2<Vu0 V(-{I’j<0>>d_

/ min{r /(0

m{rzl J
/ —diV(|VuOV’72VuO)ﬂ dx
m

in{ry,/(6
I
ar

From Proposition 2.1, it follows that for 1(0) € (r;,r2)

2 1(0).0) = R 1(6)) <0,

Vuo|P =2 == (1(6),0)uo(1(6),6)J(1(6), 6)d6.

/{6 r<l(0)<r}

then it follows that

min{ry,/(0)} ) . Jug . _
/ |Vul? dx < / / —div(|Vug|? Vuo)— dx
By, (0)\By, (0) wlmmmn

min{ry,/(60
_ / / Aoy |RIPT drd®
71 Jmin{r,l(6 ’

= A(p), |u|p dx,
Mo /Br2< 0)\By, (0)

proving the claim, hence the inequality (1.9).
9 J(18) _ Ji(r)
J(r0) T Jk(r)

When equality holds, from (4.4) we know that . Hence we get that

B,,(0) is isometric to V;, , (see for example [15]).
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4.2. Proof of (1.11)

Now we assume that sectional curvature of M is bounded from above by x, then
Theorem 2.2 gives that

9 J(r,0) _ Ji(r)
10) ~ Je(r)

To prove the theorem, we claim firstly for u given by (4.1) that

(4.6)

—div(|VulP2Vu) > l(p)’,(up_l

in B,,(0) \ B, (0) in the weak sense, that is for each nonnegative function
n € W12 (B,,(0)\ By, (0)) with 11 =0 on 9B,,(0)

/ |VulP~2(Vu,Vn) dx > l(p).’,(/ lu|P~'n dx. 4.7
B, (0)\By, (0) B, (0)\By, (0)

Using (4.2) again, we calculate that
/ VulP~2(Vie, Vi) dx = / ’ / VulP~2(Vue, V1)) (. 0) dOdr
B’z( )\Brl (0) r sn—-1

- /r2 /Sl |Vu|1’*2<vu,v(]—") ) dodr
+/ /S 1|Vu|p 2( U (8J f))n]d@dr
A K
> /r1 /S'H |Vu|p_2<Vu,V<JJ—:l>>JK dodr

- VQ,K\VH,KV“OV’2<V“O’V<‘;—2)>d;

J
=1 / uo|P~'n - dx
(p).x v@,K\v,lA,K‘ o' I

=2 / lu|P~'n dx,
)% [, 00\, (0)

where we used that (4.6) and %u = R'(r) < 0, which proves (4.7), hence the claim.
Now we turn to prove (1.11). Let g(x) be the normalized eigenfunction with
respect to eigenvalue 4, (B, (0) \ By, (0)) and choose a testing function as

which is clearly nonnegative in W17 (B,,(0)\ B, (0)) with n =0 on dB,,(0), see [16,
Appendix A].
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Substituting 71 (x) to inequality (4.7), we deduce

A / gpdx</ Vup2Vqu dx
(P)x (0)\B, (0) By, (0)\By, (0 )‘ | < >

gv
:_(p_l)/ VulPE dx
By, (0)\B, (0) ub
—1

P
+p / VulP2(Vu, Vg)E— dx. (4.8
Bry (0)\1,0) ur

n

Using Young inequality, we have that
gp
/ [Vg|? dx+(p—1)/ |VulP=— dx
By, (0)\By, (0) By, (0)\By, (0) up
2 g
>p Vul?2(Vu, V)5 a. 4.9)
Bry (0)\By, (0) up

Putting (4.8) and (4.9) together, we conclude that

A / gl dx < / [Vgl|? dx,
1% Jp, 0\, (0) B, (0)\B, (0)

which gives (1.11).

n

4.3. Proof of (1.10)

The proof of (1.10) is similar to that of (1.11). Let v be the normalized eigenfunc-
tion with respect to eigenvalue u(p)(V,Z’K \ V},,x). For the sake of convenience, we de-
note Uy (Viy,ic \ Vi k) bY Kp) - Recall from (2) of Proposition 2.1 that v = Q(r(x))
is a radial function satisfying

—div(|Vvol?"Vvo) = tip)  [vol? Vo
for r € (r1,r,) and boundary conditions
Q(r1)=0, Q'(rn)=0, and Q'(r)>0 with re(r,nr].
Define a trial function v(x) on B,,(0)\ B, (0) as
v(x) = 0(d(x)), (4.10)

where d(x) is the distance function originated from o in M.
Firstly, we show for v given by (4.10) that

—div(|Vv|P2Vv) = ) 0!

in B,(0) \ B, (0) in the weak sense, that is for each nonnegative function
ne leP(Brz( )\ By, (0)) with 1 =0 on 9B, (0)

/ IVV[P=2(Vo, V) dx > pigy) / lv[P~1n dx. (4.11)
By (0)\Br, (0) " By, (0)\Br, (0)
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In fact, using (4.2) again, we calculate that

IVv[P~2(Vv,Vn) dx = / 2/ 1\V\/|‘”—2<V\)7V1‘1>J(r,9) dedr
r Sn—

_ /12 /S}H \Vv|p_2<Vv,V<JJ—Z>>JK d0dr
+/r:2 /S'H Vy[p2 (—vr(8;J - %)) nJ dodr

> /12 /SH \VV|P*2<VV,V(JJ—’Z)>JK 40dr

/Brz (0)\Br, (0)

J
= volP~In > dx
.u(p)’K/“/rz‘x\Vrl‘x ol nJK

= Up), / [P~ ax,
V)X [, 00, o

where we used that (4.4) and %v = Q'(r) > 0, which proves (4.11).
Now we turn to prove (1.10). Let h(x) be the normalized eigenfunction with
respect to eigenvalue [, (B, (0) \ B, (0)) and choose a testing function as

hP
n(x) = 1

which is nonnegative in W!*(B,,(0) \ B, (0)) with n =0 on 9B, (0). Substituting
N(x) to inequality (4.11), we deduce

B |, W< [ Vo 2(Ve VY
K ~X ) —
PR JB, (0)\By, (0) By, (0)\Br, (0) vp~l

hP
:_(p_l)/ VP dx
"2(0) "1(0) vp

hp1
+p / VP AV VRS dr. (@412)
By, (0)\By, (0) vP
Using Young inequality, we have that

VAP dx+ (p — 1)/

h?P
|Vv|P — dx
By, (0)\By, (0) vP

‘/Brz (0)\Br1 (0)
hp1
>p |Vv|P~2(Vv, Vh) — dx. (4.13)
p—1
B, (0)\Br, (0) v

From (4.12) and (4.13) we deduce that

Hip).x / hP dx < / |Vh|P dx,
By, (0)\Br, (0) By, (0)\B, (0)

which gives (1.10).
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REMARK 4.1. Since the proof of (1.12) is almost the same as that of (1.9), we
omit the details here.

5. Proof of Theorem 1.6

In this section, we assume that M" is a minimally immersed manifold of Rt
[ > 1. For fixed o € M", we denote by d,(x) = |o — x| the distance function in R"**.
Denote by V and A the covariant derivative and Laplace operator on M”" respectively.
A comparison inequality of Dirichlet eigenvalue was proved by Cheng, Li and Yau, see
[7, Corollary 3]. Now we use Cheng’s argument of transplanting to prove the analogous
inequality for i . By minimality of M in R"™, we observe that (c.f. [7])
Ad?(x) = 2n, (5.1)
for any x € M. Now we prove Theorem 1.6.

Proof of Theorem 1.6. Recall that D(o,r) = {x € M,d,(x) < r}. Define a trial
function u(x) on D(o,r;)\ D(o,r{) by

u(x) = Q(d()(x)),

where Q(x) is the normalized eigenfunction for V,, o\ V,, o in R”, characterized in
Proposition 2.1. We see from (5.1) that

D) = Q' (do(6))] Vo (0) + Q' (do(x)) ()

- (o'~ dﬁ;)>|Vdo(x)|2+n dﬁ;).

Now we claim that f(r) := Q" — QTI <0 for r € (r1,r2). Then from the fact |[Vd| < 1,
we deduce that

Au(x) > (Q" -

o o
+n——
dy(x) ) dy(x)
where we used equation (2.2) for the case p =2. Then we conclude that
U2y (D(0,r2) \ D(0,r1)) < U2)(Vry0\ Vi 0),

proving the theorem. When equality holds, we see that |Vd,| = 1. Combining with
(5.1), we get that D(0,r2) \ D(o,r;) is totally in R”.
Now we prove the claim. If f(7) > 0, then

n
—H2)(Vr0\Vi0) Q= ;Q/-

= —H2) (V0 \ Vi 0) (),

Then we deduce

f(t) = =12 (Vi0\ Vi 0) @' + z%Q/ - ?Qﬂ

n n/n—1
—12)(Vr0 \ Vi 0) Q' + t—zQ/ + " (TQ/ + 12y (Vrp.0 \ Vi 0) Q)

—U2) (VVLO \ Vr170) Q/
0.

NN
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Observing f(r1) = —# '(r1) < 0, then we conclude f(r) <O for r € (r1,r2). This
proves the claim. [

6. Proof of Theorem 1.7

Let Dg C Dy in R". In this section, we denote A, (D2 \ D¢) and i,y (D2\ D)
by 2’(17)(8) and .U(p)(s) respectively.

6.1. Proof of estimate (1.15)

Let ug be the corresponding normalized eigenfunction of D, \ D, with eigenvalue
A(p)(€) and D¢ goes to empty as € — 0. Denote by ug the normalized eigenfunction on
D, with respect to the first Dircichlet eigenvalue JL( p),0 defined in (1.14). Itis obviously
that

|u0|Cl(ﬁ2) <C.

Using ug as a trial function for 4(,)(¢), we get

Vuol? dx

Apte) < o T

Ipy\p, [uol? dx
Ip, [Vuol|? dx

= Jp, luolP dx— [, [uolP dx

Ap).0
= 1—C Vol(De)
< A(p)7()+CV01(D£)7 (6.1)

where C is a constant independent of €.

6.2. The uniform bound for .

To prove the lower bound of 7L( ») (g), we need that u, is uniformly bounded, which
means the bound is independent of € as € — 0. More precisely, we prove the following
lemma.

LEMMA 6.1.

max us < C, (6.2)
x€dDg

where C is a constant which is independent of €.

Proof of Lemma 6.1. Choose a fixed small ball By (xg) C D, centered at xo with
radius 21 such that Dg C By (xo) and A, o(Ban(x0)) = A¢p)(€) + 1. This can be done
due to (1.15).

Let w(x) be the corresponding normalized Dirichlet eigenfunction. Define a func-
tion A(x) in Bay(xg) \ De by

hx) = ==,
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First we claim that &(x) can not attain the maximum in the interior of By (xp) \ De.
Assume by contradiction that (x) attains a maximum at x; € By (xo) \ Dg. Then at x;

we have that
Vug _ ﬂ 20,
Ug w

Thus in a small neighborhood of x|, equation (1.3) is strictly elliptic. That means in a
neighborhood of x;, u, is twice differentiable and satisfies

—(V|Vue|P72 Vug) — |Vue P72 Aug = A (€) ul ™"
Using Vh(x;) = 0, we have that at x;

. _ Vw  Vw B
—div(|Vw|P 2Vw)h — |Vw|P 2 (Ah+(p 2)v2h(ww| |VW>> Ay (€)™

Since Ap)0(Bo(2N)) > A(p)(€), then we have

Vw VW)
[Vw|” [Vw|

contradicting with the assumption that x; is a maximum point of /. Hence the claim
comes true.

Now we use the maximum principle to prove the lemma. Let v be the outward
normal direction of D, . Then on dD, taking the normal derivative of & yields

d h o h d\ d
P T I F ]

where the last inequality we used that the star-shapeness and w is a radial function
satlsfymg Zw < 0 for r > 0 (see for example [14]). Then we conclude that /2 can not
achieve the max1mum on dDg, and therefore

Ah+(p—2)Vh (

Ug Ug
max — < max —.

By(xo)\De W 9By(xo) W
The standard Moser’s iteration argument (see for example [12]) gives that

max u; < C.
9By (xo)

Therefore, we complete the proof of the lemma. [l

6.3. Proof of (1.16)

Similar computations as (4.7) and (4.8) give that

4 du
A / updxz—/ te p=2 OdA+/ 7Vup2Vu
(p),0 D\ De € IDe ug | ‘ € p 1 ‘ 0| 0>

4

u

</ £
—1

dDg l/tp

0

—|—/ |Vue|? dx
Dy\Dg

_ 0(|aD£\)+/ Vite|? dx,
DZ\DE
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where we used fact u, is bounded from Lemma 6.1. Then we conclude

A(p)(g) = A(p)p — 0(|8D8|).

6.4. Proof of the sharpness of (1.15)

We now explain that inequality (1.15) is sharp in the decay rate of the volume of
D¢ . By direct calculations, one can show the following variational formula for A, (€)
(see for example [1 1, Section 6])

Kp(£)= [ (Vi = dg ()X, v)da, ©3)

where ug is the normalized eigenfunction, A, (€) is the eigenvalue of D\ De and
X is the variation field of dD,. We consider D, as the round unit ball centered at
the origin and D, as the round ball centered at the origin with radius €. We see from
Proposition 2.1 that ug is radial with Neumann condition on dDg, and then |Vug| =0
on dD;. Consequently it follows from (6.3) that

hp(€) = [ (=2 (). v1dA = 0(2De]) = 0"

Here in the second equality we used the lower bound of 4,)(¢&) given in (1.16). Thus,
by elementary calculus we have

Aip) (&) = A(»)(0) + O(€") = Ay 0 + O(|D¢|),

which gives the sharpness of (1.15). Where we have used equality A(,)(0) = A(p) 0.
deduced from estimates (1.15) and (1.16).
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