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OPTIMAL BOUNDS FOR THE FIRST SEIFFERT MEAN
IN TERMS OF THE CONVEX COMBINATION OF
THE LOGARITHMIC AND NEUMAN-SANDOR MEAN

JIAN-JUN LEI, JING-JING CHEN AND BO-YONG LONG

(Communicated by E. Neuman)

Abstract. In this paper, we find the least value o and the greatest value 8 such that the double
inequality

oL(a,b)+ (1 —o)M(a,b) < P(a,b) < BL(a,b)+ (1 —B)M(a,b)
holds for all a,b > 0 with a # b, where L(a,b),M(a,b) and P(a,b) are the logarithmic, the
Neuman-Sandor, and the first Seiffert means of two positive numbers a and b, respectively.

1. Introduction

For a,b > 0 with a # b, the Neuman-Sdndor mean M(a,b), the first Seiffert mean
P(a,b), and the logarithmic mean L(a,b) are defined by

a—>b
M@, = S o (@)@t b)) (LD
Pa,b) = ab
" 4tan(\J/a/b) -’
b—a
L(a,b) = m,

respectively. It can be observed that the first Seiffert mean P(a,b) and the logarithmic
mean can be rewritten as (see as [12])

_ a—b
L(a,b) = a=b (1.3)

" 2tanh~((a—b)/(a+b))’

where sinh ! (x) =log(x+vx2 + 1), tanh ! (x) = Ilog[(1—x)/(1+x)] and sin~!(x) =
arcsinx are the inverse hyperbolic sine, inverse hyperbolic tangent and inverse sine
functions, respectively.
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Recently, the means L, M, and P and other means have been the subject of in-
tensive research. Many remarkable inequalities for means can be found in the literature
[2,4,6,10,15-18].

Let H(a,b) = 2ab/(a—|—b) G(a,b)=+ab, I(a,b) = l/e(bb/a Y/ (=) " A(a,b)
(a+Db)/2, S(a,b) = \/(a®+b?)/2, T(a b) = (a—b)/[2tan"!((a— b)/(a+b))] an

(a”er”)l/p £0,
M,(a,b) =
vab, p=0
denote the harmonic, geometric, identric, arithmetic, root-square, second Seiffert and

the p-th power means of two positive numbers a and b with a # b respectively. Then
it is well-known that the inequalities

d

H(a,b) < G(a,b) < L(a,b) < P(a,b) <I(a,b) <A(a,b) <M(a,b) <T(a,b) <S(a,b)

hold for a,b > 0 with a # b.
Neuman and Sandor [12, 13] proved that inequalities
A(a,b
T T(ab) < Mlab) < —AED)
4log(1++/2) log(1++/2)

T T
————T(a,b) <M(a,b) < —————P(a,b),
4sinh~1(1) (@,5) (a,8) 2sinh~!(1) (@,8)

VA(@,B)T(@,b) < M(a,b) < \/A(a,b) + T*(a,b),
Gley) Ly Py
G(l_x71_y) L(l_x71_y) P(l_xal_y)
Ary) __ Mby) Ty
A(l_x7l_y) M(l_x7l_y) T(l_xvl_y)
hold for all a,b > 0 and x,y € (0,1/2] with a# b and x # y.

The following bounds for the Seiffert means P(a,b) and T (a,b) in terms of the
power mean were presented by Jagers in [8]

M (a,b) < P(a,D) <Mz(a b)

N

for all a,b > 0 with a # b. Histo [7] improved the results of [8] and found the sharp
lower power mean bound for the Seiffert mean P(a,b) as follows

P(a,b) > M2 (a,b)

Togm

forall a,b > 0 with a # b.
In [1], Alzer and Qiu proved

1
Mc(a7b> < L(a7b) + El(aab)

N —
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log2
1+log2

for all a,b > 0 with the best possible parameter ¢ =
[G(a,b)]"“Y) < [L(a, b)) ") < [A(a,b)]%@)
for a,b > e, and

[A(a,5)9) < [1(a,b)]"“?) < [G(a, b))

forO<a, b<e.
In [11] and [9], the authors proved that the double inequalities

S% (a,b)A'"% (a,b) < M(a,b) < SP'(a,b)A' P (a,b),

0A(a,b)+ (1 —an)G(a,b) < P(a,b) < BrA(a,b)+ (1 —B2)G(a,b)
hold for all a,b > 0 with a # b if and only if oy < 1/3, By = 2(log(2 +V2) —

log3)/log2, o < /2, By > 2/3, respectively.
In [5], it was shown that

H%(a,b)L' "% (a,b) > M _sa, (a,b),
3

Hﬁ3 (aab)L17ﬁ3 (aab) < M1*4/33 (a7b)
-3

hold for all a,b > 0 with a # b if and only if a3 € [},1), B3 € (O, Wf(;S].
In [14], the authors proved that

ouH(a,b) + (1 — as)L(a,b) > M1 ae (a,b),
3

BaH (a,b) + (1 — B4)L(a,b) < M% (a,b)

hold for all a,b >0 with a # b if and only if oy € [£,1), Bs € (0,31/345/80—11/16).
The aim of this paper is to find the least value o and the greatest value § such
that the double inequality
oL(a,b)+ (1 —a)M(a,b) < P(a,b) < BL(a,b)+ (1 — B)M(a,b)

holds for all a,b > 0 with a #b.
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2. Lemmas

To establish our main result, we need several lemmas, which we present in this
section.

LEMMA 2.1. It holds that

2—ﬁx3 3632 —49a+40 s

~1
x4+ op 360p2 x> >tanh ' x, x€(0,0.93), 2.1

1 1
x+ §x3 + §x5 <tanh~'x, x€(0,0.52), (2.2)

97 1 9 1 3

2 6 8 10 3 5 -1

V- [ —— —_— tanh 0.52,0.72 2.3
x—|—720x 96x —|—1600x <<x 3x +160x> an X, xE( s )7 2.3)

where B =1— % sinh~!(1) ~ 0.4389.

Proof. Let

2 3682 — 498 + 40
ﬁ3+ B B+ 5>.

f(x) :tanh_l(x)— (x+ op X 360p2

Then we can get

1 2-B 3682 — 498 + 40 x?
fo =1z (1 2B o 722 x4> = Toast) 2
where
38—2 —72B%+121B—-40 , 36B%—49B+40 ,
glx) = x°+ )

2 7232 72

It is easy to verify that there exist xo € (0,0.93), xo ~ 0.8634, such that g(x) < 0 for

x € (0,x0), g(xp) =0, and g(x) > 0 for x € (x0,0.93). Thus, equation (2.4) implies

that f(x) is decrease on (0,x¢) and increase on (xp,0.93). Therefore, f(x) <0 for

x € (0,0.93) follows from the fact that £(0) =0, f(0.93) < 0 and the monotonicity of
f(x). That means inequality (2.1) holds.

Observe that
tanh ' x = i L
= 2n+1

SRy —l<x<l1.

So it is obvious that inequality (2.2) holds.
Let

1 3 97 1 9
h :( _13 _5>t bl _(2 97 5 1 3 10)_
(x) X 3x + 160x anh™ x— (x +720x 96x +—1600x
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Then direct computation leads to

1, 3 1

= 97 4 1 9
h ( _ 1t _5) o+l (.2 6_ 8 10)
=3 T g 202n+1x (% 726%° = 36*" * To00

13 13 157
:x6<_ 2 4

37 71607 ) A ont 1

1039

1039
480 T 140" T 2548" T 302407

ls, 3 s\v_ 1 onni
+(x——x +—x )Z—x" .
n

1 8
T am0" )

Noting that — 725 + £5x% + 221y — 40936 + L8 > 0 and x — 13 + 256° > 0 for
€ (0.52,0.72), so h(x) > 0 for x € (0.52,0.72) and the inequality (2.3) holds. O

LEMMA 2.2. The inequalities

1 3 1
X+ —x +—x < sin” x,

6 40

1 9 1
x4+ - +—x > sin” X,

6 100
x+ lx3 +—x >sin"'x
6 80 ’

hold.

Proof. Tt is known that

2 —1
sin~ x—x—f—EnzT)”

So it’s easy to see that inequality (2.5) holds.
Let i(x) = fi(x) — g(x), F(x)/x* = (5

€ (0,0.93), (2.5)

€ (0,0.52), (2.6)

€ (0.52,0.72) 2.7)
)” x2n+l
2n+1"

)2 —1,i=1,2, where

1 9
filx) = x4 —x° + ——x,

6
fHx)=x+ éx —l—gx
and
g(x) =sin"lx.
Then it follows that
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and
81 . 99 , 7, 3
Fillx)m——x0_ 24 L2 2
109==200" " 200" ~10° T 20’
81 ( 63 , 13, 3
Fylx) = — 0224 22,2
2 =56 256" T 16¢ T3

It’s easy to see that there exists x; € (0,0.52) and x; € (0.52,0.72), such that Fj(x;) =
0, F>(x2) =0, Fi(x) and F>(x) are strictly decrease in (0,0.52) and (0.52,0.72),
respectively. Thus A (x) and % (x) are increase on (0,x;) and (0.52,x;), respectively,
and decrease on (x1,0.52) and (x,0.72), respectively. Therefore, inequalities (2.6)
and (2.7) follow from the fact that i (0) =0, 7;(0.52) >0, h(0.52) >0, h2(0.72) >0

and the monotonicity of &1 (x) and hy(x), respectively. [

LEMMA 2.3. It holds that

1 1

x— 6x3 + Exs < sinh'x, x € (0,0.52),
1 1

x— 6x3 + %xs < sinh!x, x € (0.52,0.72),
1 1

X— 6x3 + Exs > sinh L x, x €(0,0.93).

1
v 3 5
Sfilx)=x 6x +—16x,
1
_ s s
Hx)=x 6x —|—20x,
1
_ . .3 5
falx)=x 6x +—10x,

Then direct computation lead to

1 5
Al =1- 52+ ot

2 167’

flx)=1- 1x2—|— l)64

: 27 T4

filx)=1- 1x2—|— l)64

’ 27 T2
1

g/(x) - \/l—f——xy
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and

25 55 9 1
e e N R

T 256 256 16 8’
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It can be verified that there exists x; € (0,0.52) such that Fj(x) < 0 for x € (0,x;)
and Fi(x) > 0 for x € (x1,0.52). So hj(x) is decrease on (0,x;) and increase on
(x1,0.52). Therefore, inequality (2.8) follows from £;(0) =0, h1(0.52) < 0 and the

monotonicity of %y (x).

Observe that F>(x) < 0 and F3(x) > 0 for x € (0.52,0.72) and x € (0,0.93),
respectively. It imply that /i, (x) and h3(x) are decrease on (0.52,0.72) and increase
on (0,0.93), respectively. Furthermore, considering /,(0.52) < 0 and h3(0) =0, one

has inequalities (2.9) and (2.10). O

LEMMA 2.4. Let
t(x) = (1-B)V1—x2tanh ' x+2(1 — B)sin ' x — 2sinh ' x.

Then t(x) >0 for x € (0.93,1), where =1 — % sinh~!(1).

Proof. Direct computation lead to that

where
¢(x) = (1—-B)V1+x2(3—xtanh~x) —2¢/1 — 2.

It follows that

(14 B)x*tanh ! x

T +(1=B)V1+x2a(x)+

/() = -

—B(),

where

3x
A=

Bx)=2v1—-x2—(1-B)V1+x%

Noting that ¢(0.93) < 0, (0.93) < 0, and both

—tanh~'x,

1 —4x? 4+ x4
! :2— 0
) =2 epn =) <

2.11)

(2.12)
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and

B(x) = —2x[VT+ 22+ (1 - B)V1 -+
B VI

for x € (0.93,1), we can get both o/(x) <0 and B(x) <0 for x € (0.93,1). Thus,
equation (2.12) implies that ¢(x) is decrease on (0.93,1). Considering that ¢(0.93) >
0 and ¢(17) <0, it is easy to see that there exist a point A € (0.93,1), such that ¢(x)
is increase on (0.93,1) and decrease on (A,1). Equation (2.11) implies that ¢(x)
and 7(x) have same monotonicity on (0.93,1). Therefore, #(x) > 0 for x € (0.93,1)
follows from 7(0.93) > 0, #(17) =0 and its monotonicity. [J

<0

LEMMA 2.5. For x € (0.72,0.9), the following inequalities hold:

sinh~!x <axth, 21
ﬁ%w%, (2.14)
where ay = 3 (5o 09 sinh'zo.n)) and by = 5(0 ) sinhj(o-9)‘

Proof. Simple computation deduce that

) sinh_l X+ x(sinh~! x)2

< 1 )”_ 1+22 -0
sinh~'x/  (sinh 'x)*(1+x2)

for any x € (0,1). So 1/sinh~!x is convex on (0.72,0.9). Observe that the line

vy =a1x+ b intersects the curve y =1/ sinh ! x at two points which abscissas are 0.72

and 0.9. Thus the geometric property of convex function deduce the inequality (2.13).
Let

2
fl( ) - tanh X—= 9., 109’
2 20
Hx) = 5 —sin~!x
T G rat (@) '
It follows that
1 9
filx) = + >0,
L= (x+17)?
3(3+ 1
Ao = G +ay <o,

[( +a1)x+(109+b1)] V-2

Considering that f1(0.72) > 0 and f>(0.9) > 0, respectively, we can get inequalities
(2.14) and (2.15). O
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LEMMA 2.6. For x € (0.9,1), the following inequalities hold:

o Tx < axx+ b, (2.16)
sinh™" x
3
— > aszx + b, (2.17)
sin”" x
anh] < agx+ by, (2.18)
anh™ " x

1 1 _ 10 9 _ 1
sinh (1) sinh’1(0.9))’ by = sinh 1(09)  snn T(1)” 437 30(sin’1(1) -

, by = 30 27 as =az—ap, by =by—b;.

sin~1(0.9)  sin~I(1)’

where ap = 10(

1
sin~1(0.9) )

Proof. The proof of inequality (2.16) is same as that of inequality (2.13).

Let g(x) = ax(x) — B(x) and f(x) = (3)> — 1, where

o(x) = sinx,

B) = —

azx+b3’

Then direct computation lead to

B 10a§x2 +2a3b3x + b% — 9a§
B a3(1—x2) '

fx)

Observe that 10a3x* + 2azbsx + b — 943 is increase on (0.9,1), £(0.9) < 0, and
f(1) > 0. Thus g(x) is decrease firstly and then increase on (0.9,1). Furthermore,
it is clear that g(0.9) = g(1) = 0. Therefore, inequality (2.17) holds.

Let

2
h(x) = tanh™'x — .
(x) =tanh™" x a b
It follows that £(0.9) > 0 and
h/(-x) = 1 — 44 = (ai + a4)x2 * 2a4b4x+ bi — > O.
1—x2  (asx+b4)? (1 —x2)(asx + by)?

Thus inequality (2.18) holds. [
LEMMA 2.7. Let
g(x) = [(1—B)sin~!x—sinh ! x]tanh ' x,

where B =1— % sinh ! (1). Then g(x) is increase on (0.93,1).
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Proof. Direct computation deduce that

1— 1 1—B)sin 'x—sinh~'x
g x) = (\/%—\/H_xﬁtanh lx—l—( P 2 ,
g (x) = < L-px _ al )tanh_lx
V= T
+27x((1—ﬁ)sin*1x—sinh’1x)
(1—x2)2
1-B 1 2
= e
x[(1—B)V1—xtanh ' x+2(1 — B)sin~'x —2sinh~! 4]
B (1—x2)2
1-B 1 2
==
Observe that 1;13 =~ \/11+7 > 0 for x € (0.93,1). Considering Lemma 2.4, we get

g"(x) > 0 for x € (0.93,1). Noting g'(0.93) > 0, it is easy to see that g'(x) > 0 for
x€(093,1). O

3. Main result

THEOREM 3.1. The double inequality
oL(a,b)+ (1 —a)M(a,b) < P(a,b) < BL(a,b)+ (1 — B)M(a,b) 3.1

holds for all a,b > 0 with a # b if and only if o0 > % and B <1— %sinhfl(l) =
0.4389....

Proof. Because P(a,b), M(a,b) and T(a,b) are symmetric and homogeneous of
degree 1, without loss of generality, we assume that @ > b. Let p € (0,1), x = % €
(0,1) and A =1 — %sinh_l(l). Then by (1.1), (1.2) and (1.3), direct computations
lead to

L(a,b)  x
A(a,b)  tanh~'x
M(a,b)  x
A(a,b)  sinh'x
P(a,b)  x
A(a,b)  sin~ 1y’
Then
pL(a,b)+ (1 —p)M(a,b) — P(a,b
) o LB A(cib)( )~ P(a,h)
X X X

- - 3.2
psinh_lx sin"x (3-2)
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From inequalities (2.2), (2.6) and (2.8), we can get

3 2 1
—3Dg()€) = T 1. B I —
3 sin_ 'x tanh”'x sinh x
3 2 1
X I+ xS x+E3 S x—Ld kxS
31 11,2, 33 4

_ 100 — 120* + 000" 6

(x+ 233 + 7552°) (x + 33+ 1x9) (x — 23 + )
>0 (3.3)

for x € (0,0.52).
From inequalities (2.3), (2.7), and (2.9), we obtain

3 2 1
—3D;(x) = - -
%( ) sin"'x tanh~'x sinh~lx
3 2 1
x+ i3+ g0 tanh 'y x—3xd 4 kS
_ (2x— %x3 + ;—Oxs)tanhflx— (x2 + 79770)66 — %xg + %xlo)
(42 4 2x6 — gex + 2-x10) tanh ' x
>0 (3.4
for x € (0.52,0.72).
By Lemma 2.5, we get
3 2 1
— 3D, (x) = - -
%( ) sin"!x tanh~!x sinh~lx
9 109 9 109
> (E—Fal)x—i-%—kbl— (§x+%) —(apx+b)=0 (3.5)

for x € (0.72,0.9) as well as Lemma 2.6 deduce that

3 2 1
—3D = — —
%(x) sin"'x tanh~'x sinh~lx
> azx+ bz — [(a3 — ag)x+ b3 — bz] — (a2x+ bz) =0. (3.6)

for x € (0.9,1).
Therefore, it follows from inequalities (3.3)—(3.6) that

%L(mb) + %M(a,b) < P(a,b) 3.7

holds for all a,b > 0 with a #b.
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From inequalities (2.1), (2.5), and (2.10), we have

A 1-4 1
D?L(x) = 1 + — 1. -1
tanh”"x sinh™'x sin” ' x
A 1-4 1
21 3612492440 5 13, 1.5 1.3, 35
Xob G+ SEEHTN X ol F g X b X+ gpx
80— 156A+7612+ 111A2—711-40 2
_ .8 216012 1440012
B 3642494 +40 | 5 1 1 1 3
(x+ 2% 7 x3+W ) (x = 23 + 15°) (x + 5 X3 4 5p4°)
>0 (3-8)

for x € (0,0.93).
Simple computation lead to
F(x)

Dax) = (tanh~!x)(sinh~!x)(sin "' x)’

(3.9)

where
F(x) = Asin~'xsinh ' x+ [(1 — A1) sin"'x —sinh ' x] tanh ' x.

It is obvious that A sin~ ' xsinh~! x is increase on (0.93,1). Considering Lemma 2.7, we
get that F(x) is increase on (0.93,1). Noting that F(0.93) > 0. Thus equation (3.9)
implies that

D (x) >0 (3.10)

for x € (0.93,1).
Therefore, it follows from inequalities (3.8) and (3.10) that for x € (0, 1)

P(a,b) < BL(a,b)+ (1 — B)M(a,b) (3.11)

holds for all a,b > 0 with a #b.
Finally, by easy computations, equations(1.1), (1.2) and (1.3) lead to

P(a,b)—M(a,b)  x/sin"'(x) —x/sinh~!(x)

L(a,b) —M(a,b) - x/tanh™!(x) —x/sinh ! (x)’ G142
x/sin__l(x)—x/siflh__l(x) _ %’ (3.13)

x—0% x/tanh~!(x) —x/sinh ' (x) 3
x/sin~!(x) —x/sinh ! (x) Y (3.14)

x—1- x/tanh~!(x) — x/sinh ! (x)

Thus, we have the following claims.

Claims 1. If o0 < , then (3.12) and (3.13) imply that there exists o € (0, 1) such
that oL(a,b) + (1 — ) (a,b) > P(a,b) forall a,b with (a—b)/(a+D) € (0,0).

Claims 2. If B > A, then (3.12) and (3.14) imply that there exists ¢ € (0,1) such
that BL(a,b)+ (1 — B)M(a,b) < P(a,b) forall a,b with (a—b)/(a+b) € (1—¢g,1).

Inequalities (3.7) and (3.11) in conjunction with the above two claims mean the
proof is completed. [l
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