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UPPER AND LOWER BOUNDS FOR THE OPTIMAL
CONSTANT IN THE EXTENDED SOBOLEV
INEQUALITY. DERIVATION AND NUMERICAL RESULTS

SH. M. NASIBOV AND E. J. M. VELING*

(Communicated by J. Pecari¢)

Abstract. We prove and give numerical results for two lower bounds and eleven upper bounds
to the optimal constant ko = ko (n, ) in the inequality

17
lllajn-20) < Ko [Vull3 el ™, we H'(R),
forn=1,0<a<1/2,andn>2, 0<o<l.
ThlS constant ko is the reciprocal of the infimum 2, for u € H' (R") of the functional
17
(Ve [fael] "

Ano =
HuHZn/ n—2a)

k) ueHl(Rn)7

where forn=1,0< o <1/2, andforn >2, 0 < a < 1.

The lowest point in the point spectrum of the Schrodinger operator T = —A+¢g on R”
with the real-valued potential ¢ can be expressed in A, o for all ¢ = max(0,—g) € LP(R"),
forn=1,1<p<ee, and n>2, n/2 < p < oo, and the norm ||g_|[,.

1. Introduction

Here, we present the derivations and the results of some numerical evaluations for
the optimal constant ky = ko(n, &) in the estimate

1l (n-200) < Ko | Vll3 [y~ we HY(RY), Q)

forn=1,0<o0<1/2,andn>2, 0<a<l1.
For n =1, kg is known explicitly (see [1], [2], [3] and [4, Lemma 2.1, (2.4)])

—O
ko(1,00) = 2% /(1 — o)~ (1-9/2(] — 2¢) (1~ 2“>/2B(; Zla) ., @

for 0 < ot < 1/2, and ko(1,1/2) = 1,
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where B(p,q) is the Beta Function

I'(p)l(g)
L(p+q)’

For n > 2, a number of authors has dealt with estimates for ko(n, o) for some specific
values or in a general sense: [5], [6], [7], [8], [9], [1O], [11], [4], [12], [13], [14], [15].

The value ko equals the reciprocal value of the infimum A4, of the functional
Apo:

1
B(p7q)=/0 1= x)? ldx = Rp>0, Rg>0. (3

A= inf A,q, with (4)
ueH (R")
1—
_ IVl ™

a HMHZnﬂn—Za)
where0< < 1/2 ifn=1, andO<a<1 ifn>2.

Ana

)

, ueH'(R"), (5)

One of the motivations to study this functional comes from the fact that the lowest point
in the point spectrum of the Schrédinger operator can be expressed by the infimum 24, 4
of this functional A, . So, for the Schrodinger operator T = —A+ g on R" with the
real-valued potential ¢ such that g =g, —g_, where

q, = max(0,q) € Lj,.(R"), (6)
g =max(0,—q) e L (R"), n=1: 1< p<eoo, 7
n=2: n/2<p<es.
the lowest point in the point spectrum for all such ¢ expressed as

IVull3+ frn qlul®dx

I(n,a)= inf  inf ST

g-€LP(R") ucH! (R") [lullz

with ¢ =n/(2p),

lg_ 1"/, ®)

will be

I(n,00) = —(1— a)a®/1=02, 70~ o< o <1/2ifn =1,

. )
O<a<lifn>2,

see among others [10], [4].
The corresponding Euler equation belonging to the infimum 4,, o of the functional
Ap.o(u) reads

Au u ”‘”|p
U (1 — @) s — S, (10)
IVul]3 lull3 Julo 2
4
with p = ¢ -

20 “T2ppr2)
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which can be scaled in the form (see [10], [4])

d? —1)d
(n )d—u—u|u|”—|—u=O,r=|)c|>07
.

u
dr? r

%u(O) —0, limu(r) =0, (11

We have used a scaling such that

2
aflull3 = (1 a)||Vull3 = or(1 = o) [lul[ 35, (12)

which is always possible by scaling the function and the argument. And the infimum
An,o Will then be found as (with %, o the unique positive (see [16]) solution of (11))

71 =Ao= a“/z(l — a)(n(l—a)—Za)/(Zn) [Hﬁn a”%] a/n _ x(0) |, ‘% o

ko(n, ) ’ ’ -« ’
for0<a<1,n>2, (13)
with y(a0) = y/a%(1 — o)1=, (14)

The values ko(n,0) for oo = 1 is covered by the special form of the Sobolev
embedding

1

< -
||WHI CT(n,S)

IVwlis, t =sn/(n—s), 1<s<n,we HS(R"), (15

where Cr(n,s) is the optimal constant and

HI’S(R”) = completion of {w | w € C! (R"), N} 5 = Nuells + I Vuel[ 5 < oo}

with respect to the norm || - || . (16)

If we take oo =1 and s =2 in (1), we have ko(n,1) = 1/A,1 =1/Cr(n,2), n > 3.
Since H!(R?) # L(R?), it follows that A, = Cr(2,2) = 0, and so ko(2,1) is not
defined. The numbers Cr(n,s) are known explicitly by the work of [17] and [18], see
also [19]

Cr(n,s) =nl/s (n_s)(s—l)/s [GnB (g,n—k 1- g)} l/n, 1 <s<n, (17)

s—1
Cr(n,1) =nw)", n>2, (18)
where o, the surface area of the unit ball in R"”, @, the volume of the unit ball in R”
w, = n"? /T (1 +n/2), (19)

0, = nw, =21"?/T(n/2), (20)
B(a,b) =T(a)T(b)/T(a+Db), a,b >0, (21)
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and there is equality in (15) for functions of the form
J(s—1 1—-n/s
W s (X1, .00y Xn) = {a+b|x|“ (s— )} ,a,b>0,1<s<n. (22)
From now on, we concentrate on the optimal constant ko(n, ). Firstly, we list a
number of estimates, two lower bounds and eleven different upper bounds for ko(n, o)

with references if published. Thereafter, we proof the estimates also for the published
bounds.

2. Lower bounds

2.1. Lower bound 1

" 1/2
o
woe®(1—o)® [ln(ﬁ)]a] '

2.2. Lower bound 2

k0>k_0(a):l n=2, 0<oa<l. (23)

1 /2\* v
k0>l@(n,a):l—<—) (n—2a)"‘20‘] , nz2, O0<oa<l. (24)

nn

3. Upper bounds

3.1. Upper bound 1

— 1 Jou,(n n(l-a) o/n 2n

forn>2, O0<a<l,

with y (o) defined in (14), o, defined in (20),
with B(p,q) defined in (3),

and with & ( )_ <£>l/p p_/ -1/ n/2 l+i_l (26)
W EBP) = | 51 on ’ p p

See [10, Theorem 1], [12, Proposition 1] and [15, Theorem 1]. Remark that

n=2, B(LI_—O‘):L.
o 11—«
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3.2. Upper bound 2

ko <Tom o) = —— ks (—— V& (2" 6] Coon
0= R =y [P\ n—20 ) "B\ 1 20t injtn=2e) |
for n>2,0< o<1,

with y (o) defined in (14), kg(p) defined in (26),

K2 2(]x])

and with G(x) = ————-,
|x|(n*2)/2

K, is the modified Bessel function.  (28)

See [10, Theorem 2] and [15].
Remark that for n =2, a =1/2

- 12
6l = (2 [ Kgtoar) =
0

and for n = 3, and general o

— 20\ . (3-20)/3
1G®) 133520 = %4@(3@/3(%) [r<6 6a>} |

3-2a
[m
because K /5(x) = o exp(—x).

3.3. Upper bound 3

= 1 1 n 2n
k()<k0(l’l,0()=x(a) (l—a)kB (n_a)kB <n+2a> 29)

XHG(X)H}'I/(}'I—OC)7 forn>27 O<(X<l7
with y (o) defined in (14), with kg(p) defined in (26),
and with G(x) defined in (28).

3.4. Upper bound 4

ko <Tpr(mo)=A(ma), n>2, 0<a<l, (30)
20(n— o 6/2 o (n—2a)/(2n)
(n )2} { _ T n ] 31)

with A(n, o) = [m n—ao)
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[ r(%—1>)r/",

-1
and with o = 2" =20 2n—2a—on
3.5. Upper bound 5
ko < kpo(n, o) = A(n, o) %ko(n, o) 9, N2 0<o<l,

with A(n, &) defined in (31), ko(n, &) defined in (25),
a(n—2a)

and with 8 = —————— defined in (32).
2n—20—on
Compare [4, Theorem 1.7 (1.30)].
3.6. Upper bound 6
ko <kpa(n,) = A(n, ) %ko(n,0)! 0, n>2, 0<a<l,

with A(n, &) defined in (31), 6 defined in (32),
and with ko (n, &) defined in (27).

Compare [4, Theorem 1.7 (1.30)].

3.7. Upper bound 7

ko <kpi(n,00) =1/ky(n, o), n=3 1/2<a<l,
_ 1\ %
with ka(l’l,O() = ko <n7 E) kT(n)_(l_O‘l)7 o = 2(1 — a),

with ko (n, &) defined in (25),
1 1 [ T(n)

and with k7 (n)

" Cr(n,2) nn(n—2)
where Cr(n,2) is defined in (17).

See [4, Theorem 1.7, (1.30), 6’ = 1/2, 6" = 1, with the restriction n > 3].

(32)

(33)

(34)

(33)

(36)

(37)
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3.8. Upper bound 8

k0<E(l’l,OC)=1/kV72(n,OC), nz3 oy<a<l,

with kya(n, 00) = ko(n, o)~ %kg (n) =17

with ko (n, &) defined in (25), k7 (n) defined in (37),
l—o

l—OCV7

and with op =

where oy follows from

n ) .
oy =ay(n)= oy where py is the solution of
1%

n—p n—p -
ln(p_l)+p(p_l)+w<p>—w<n+1—p>—o,

d
ZT(x
&) x>0, Il<p<n, nx=2.

y(x) = T0)

759

(38)

(39)

(40)

(41)

(42)

See [4, Theorem 1.7 (1.30), 8’ = 6y (= oy ), 8" = 1, with the restriction n > 3]. See

Section 5.3 for numerical values of ay (n), n=2,---,10.

3.9. Upper bound 9

ko < kr3(n,00) = 1/kys(n, o), n=3 oay<a<l,

with oy defined in (41),

with ky 3(n, o) = kv (n, o) 2kr (n)’(l"m, o defined in (40),
with kL,V (n7 OC) = [O(CT (n, 206)}0C s

with Cr(n,s) defined in (17), that is

s—1
and with k7 (n) defined in (37), kr(n) = 1/Cr(n,2).

crnsy = (1) o (LI resen

(43)

(44)
(45)

Compare [4, Theorem 1.7 (1.30) and (1.32), 8’ = 6y (= ay ), 8” = 1, with the restric-

tion n > 3].

3.10. Upper bound 10

k() < m(n,a) = [OCVcT(n,ZOC\/)}_a,

(46)
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nz2, 0<a<oy,

ko < kpy(n,o) = 1/kpy(n,a) = [aCr(n,20)] "%, 47)
nz2, oy<a<l,

with oy defined in (41), Cr(n,s) defined in (17).

See [4, Theorem 1.7, (1.32)].

3.11. Upper bound 11

ko < kg(n,a) = kr(n)%, nz3 0<a<l, (48)

with k7 (n) defined in (37).

See [4, Theorem 1.7 (1.33), 8’ =0, 6” = 1, with the restriction n > 3].

4. Proofs

4.1. Lower bounds

We take as trial function in (5) the function
Un,q = aexp(—brt), a,b,u > 0. (49)

We need the following general integral (see [20, (5.9.1)])

- LI\ (v
P TR WA ol B B —
/0 exp(—mrt) ¥ 'dr I (m) F(u). (50)

For this trial function the following three integrals become (o, = 27"/%/T'(n/2), the
surface area of the unit ball in R”, see (20))

/u2 ()C)dxza/Naze_%’”r"_la'r:Gazl L ”/“r n (51)
" n,o n 0 n ‘ll 2b ‘LL 9’

/ (Vuma(x))zdx = o, /ma2b2,u2r2(“71)672hr“ 7 ldr (52)
R 0
(n=2)/u
) )
=0opa" — | = I'i2+ ,
4 <2b u
/ uﬁzz(x)dx = Gn/ aP 2o (P2t i1 gy (53)
R? 0

1 1 nE
~oe () T(E)
“ u\prop u
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4.2. Lower bound 1

For n =2, and general u the three integrals (51), (52) and (53) become

© o opht
/zu%a(x)dx = 277:/ e rdr = oya® —
R %

0

2/u
() T
u\2b u

/2 (Vug.’a(x))2dx = 271:/ P TR el G Py P Gzaz%l"(Z),
R 0

/RZ ug;z(x)dx = 2717/ aP e P

= Gzaerz l

0

m (<p+12>b>2/ﬂr<

)

Let a,b be variable and p fixed, we use the two scaling relations (12)
1/ 1I\Y* /2

0ca’ — ( —) r (—
u\2b I

1/ 1\Y* (2

02612— (—) T (—

u\2b I

This gives for the optimal values for (a,b) = (agp,b)

)-0

) =1 —a)aza“’“é (

— a)azazﬁl“(z),

i) (i)

4

2 2
P = = p+2)\ A bz/u:b2/u:2pr<ﬂ>
0 2 ’ 0 [1222/“ .
1 [ 1—a \%?
e = L (22
20 = 3@ Tl
o/2
1 1—a)2
> ko(0r) = (I—a)2p

Consider now p as variable to minimize ko(c) by maximizing the denominator

mMaxp<y<eo |:”p/2 <E +

_ 2In(1+p/2)

for Ly

This gives for (59)

ko (o)

p

p/2

1

x(a) o [‘up/z (%+1)1+2/u}

/ e
1)”2 “] _ {2 1n<;/+2p/2>

2(1— o) (p/2)*

2/p

p/2
] (14p/2).

x(o)

{ 2meln

(I+p/2)(1+p/2

o/2
>2/"}

761

(54)
(55)

(56)

(57)

(58)

(59)
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aOC

1/2
e

(60)

which equals (23).

4.3. Lower bound 2

For general n and u =2 the three integrals (51), (52) and (53) become

. VAR
2 _ 2 _ 2\ .n—1 _ =
/n Uy, o(X)dx = Gn/o a®exp(—2br?)r" " tdr = 0,d? <2b) F<2> ,(61)

/ (Vuma(x))zdx = 0o, /Nazbz4r2 exp(—2br%)7" " dr (62)
n 0
B 21 i (n—2)/2 E
3\ 2 r<1+2),
/ Wl oF (x)dx = o, / wazexp(—(p +2)) " Lar (63)
n 0

1 1 "2
— P+2_ 1—* -
o3 ((p+2)b> (2)

Using the two scaling relations (12)

aona%(z—lb)n/zr(;) (1-a)o, a(i;)( )/r(1+g>, (64)

i (5) TG - uenr (i) T o
2\2b 2 2/

we get (a,b) = (ao,bo)

1 n n/2 o
P—gf = — b=by=
T % 1—a<n—2a) ’ T a(l—a)

. Using (61) and (13) we find lower

where we use all the time the reation p =

bound 2 (24)
L /22 1/4

ko(n, o) = l—n (E) (n— 206)"2“] , n=2, 0<oa<l. (66)

= n
4.4. Upper bounds

‘We introduce the standard notations
2n 4o
r_n—Za’ p—r—2—n_2a, 67)
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and so

__pn _n(r-2
O‘_z(p+2)_2< p ) (68)

For the proof of upper bound 1 we need a less well-known inequality which we
present here as Lemma.

LEMMA 1. See[21] and[13, Lemma 1]. For u € L*>(R"), |x|u € L>(R"), x € R",
O<oa<l,

1 o, (n n(l—a) a/n -
L < —— | Zp () %y 1- . 69
Il s, < e | 28 (5 g )| Wtz (69)
Equality will be reached for functions
A . .
u(x) = ———35, WwithA,B,C arbitrary.
<B+C\x\2> o

Proof. We start with the inequality

/Rnf-\'g’dxé (/Rnfdx)s (/Rngdxy, s+r=1, (70)

and we make the choices

s=p/2 1=1-p/2 f =l (a+siP))"” g = (aron?) "

This makes for (70)

/Rn Jul” dx < </Rn (\u|2 <a+b|x|2>> dx)p/z </er <a+b|x|2>1’);2/2 dx) (lip/z),

orfor p=(p+2)/(p+1)=2n/(n+2a) andso p =40/ (n—20)

+2
p+2

p
P 2p+T)
/uv’dx:”ug:;g(/ <u|2(a+b|x|2>>dx) ’ 71)
R p+T R

P

_p+2 2(p+1)

X (/ <a—|—b\x\2> g dx) .
]Rn

Ih= a+bx)? J%zdx .
o (a+ouP)

In a standard way this integral can be calculated as

@-(-2p) 4
Ip=a % pb77 |:@B<’1 p—+2—ﬁ):|

We define

2
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‘We make now the choice
b= ull3/|l [x]ul)3,

such that (71) transforms into

s < ([ (1 (ao1) ) ar)
ot R
" a_(zt—(;;z)p)lfg @B n p+2_ﬁ +2)
27\ p 2 ’

2a
2 (- 2-ne 2(-8)2To, , (n n(l—a)\| ™
s < et vyl ¥ a0 ¥ [ 23,202

or

We still have the free parameter a. We minimalize the function A(a) = (a+1)a~ =%,
By standard means this minimum will be found for ¢y = (1 — )/ and h(ap) =

a % (1—0) "% = y~2(a), by (14). Finally, we arrive at

Il [o, (nn(l—a) " 1
= < — —B - — o a
Ielgsy =l s, < o | 5 (5 )| e

Equality in (70) will be reached if f = Cg, C arbitrary, so

_r2_
(\u|2 (a—!—b |x|2>> =C (a—i—b |x|2> 1-p/2 , a,b arbitrary,
or

_ptl C
u(x):C(a+b|x|2> fre = a,A,b,B arbitrary. [

n+2a

(A+B\x|2> o

LEMMA 2. See [4, Theorem 1.7, Case i), formula (1.30)]. ForO<a <1, n>2
there holds the logconvexity of ko(n, o)
%]

ko(n, o) < (ko(n,o))® (ko(n,0"))' 7%, 0< 6 <1, (72)
with oo =00/ + (1 -0)d", o #a”.
Proof. By the Holder inequality
Wl < IIZIvla®, 0<e <1, 1/r=0/7/+(1-0)//",rF#", (13

which inequality is strict, since #/ % r . For the choice r = 2n/ (n— 2¢t), the condition
for application of (73) implies &z = 6’ + (1 —0)a”, and so

0 " n\ 1—6
V|| %||v||2 = Vol [y 1o vl (vl Lo
Awa(y) = IEIM ><nn2n2 Vvl fIvii}

vl vl [Vl
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= Aj o (MAY & (), (74)

and this implies the assertion of Lemma 2, since (see (4))

1
=Ao= inf A O
ko(nyo) T uemimry

4.5. Upper bound 1

See the proof in [12, Proposition 1] or [15, Theorem 1]. For completeness we
sketch the proof. We use the following sharp form of the Hausdorff-Young inequality
due to Babenko (see [22, Section II. Babenko’s inequality])

<k
Il o, <ho (2 )l

with 77 = (%)nﬂ/”exp(—i(x,é))u(x)dx.

(75)

Application of Lemma 1 (69) for the Fourier Transform of u, the function u, gives
(combined with (75))

ll < ks (—2pal
Moz SE\T00 ) 1M

2n 1 [ow, (n n(l—a) o/n el
<hy(—— ) — |Znp(2, "% ,
<t () s [ 2o (51D | igiagany

Due to the Parseval-Steklov relations for Fourier transforms ||u]|, = ||u||» and
||1&] @2 = ||Vul|,, we arrive at formula (25), the first upper bound, so

4.6. Upper bound 2

See the proof in [15, Theorem 1]. For completeness we sketch the proof. We
apply the Beckner-Young’s Inequality, see [22, Section IIl. Young’s inequality], for
fell(RY), g€ LI(R"),

1 1 1

N2 11
where 4, = {p””/p’(“”] S with =L

Note that ky(p) = (27) (= /P+1/P)1/2 gn.
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We apply this inequality (77) for the solution of (11) &, «(r) written as yy(x),
x € R", in convolution form. vy satisfies

1
Ayo—yo=—yg (78)
By application of the Fourier Transform on the equation
AWy 5 —Wo5 =9, xeR",

with 0 the Dirac delta function, we find for the Fourier Transform 14//07\5

- 1 n/2 1 . 1 n/2
%75:_<%> 2R because 6 = <%> ,

which gives for ¥ s

1 n/2 K,
wo=—(35) GO withGlx)— Ko-2p )
’ o x|

see [23, Chapter 8, p. 289]. And so we find for yp the integral equation

1 n/2 il 1 n/2 ol
WOZ‘(E) “ (v >‘<E> A (79)

Now, we apply (77) with f =G, g=vyE*', r=p+2, p=(p+2)/2,
g=(pP+2)/(p+1),s0 ¥ =g, and we have

T R (50)

1 "/ 2 n p+1
<<%> <A(p+2)/2A(p+2)/(p+1)> HG\\(erz)/zHlVo H(p+2)/(p+1)

p+2\ H,(p+2 +1
o (232)8 (253 ) 1615wl

From (80) we get

p+2
+2 +2 -(%%)
ol 3> [ (252 )6 (25 ) el T 6D

By (12) this becomes

) p+2) o (p+2 -(%%)
Iwollz = (1 — o) (k| —— ki Pl Gl (p+2)/2 )

and by (13) we have
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2 (by definition) and ot/n = p/(2(p +2))

1 p+2Y 0 (p+2 2
ko(n,oc)éx(a) |:kh< > )kb <p+l)||G||(p+2)/2:| :

This equals the announced upper bound 2 (27), because (p +2)/2 =n/(n—2c) and
(p+2)/(p+1)=2n/(n+2a):

Fall, ) < x(la) {kB (n—n2a>k2 ( +2a) ot >"/("2°‘)] : (82)
= ko(n, ).

Since ||,

4.7. Upper bound 3

We follow the same strategy as for the upper bound 2. We apply (77) with f =G,
g=vl p=200+2)/(p+4). g=(p+2)/(p+1), r=2,50 ¥ =2, and we have

pwils = ()" v,
1\"? p+1
< <%> (A2(p+2) /(oA p+2)/(0+1) " X IGllap12)/(p 1) H H(p+2)/(p+l)
2(p+2) p+2 p+1
=k ( pEw )kb <p+1 1Gll2p42)/(p+4) W0l 42 - (83)

By (12) this becomes

2(p+2 p+2
(1-a)lwll < [ (2252 ) (B22) 16 2p+2/p+4} ol 26570,

This can be rewritten as

2(p+2 +2 -2
w0l (1= oo (222 )t (B [lagpmyprs] 8

and by (13) we have

FalBNY a1
x<a>(—l_a =20 (Imal} )" = o

‘P+2
p+2 —

1 1 2(p+2) p+2
< .
Ko@) S @) 1—o) [kb< p+4 )k"<p+1 1GTp2)/p4

This equals the announced upper bound 3 (29), because 2(p +2)/(p+4)=n/(n— o)
and (p+2)/(p+1)=2n/(n+20):

Since ||,

= V’0Hp+2 (by definition) and o//n = p/(2(p+2)) there follows
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ko(n, o) < %(105) (11_ ) |:kb ((nfoc)) kp (ﬁ) Gn/(na)} (85)
— T, ).

4.8. Upper bound 4
We start with the inequality
lully,, SANVullS JulliS s e L™ (R, Vu e (R, [uf*? € L'(R"), (86)
forn=2,p>1l,andforn >3, 1 <p<n/(n—2),

n(p—1)
T pr2-(m-2p) ®7

with the optimal constant

2] 1 o
_ y(p—l)2)2 <2y—n>5 ry) " _ptl
A_< 27n 2y r(y—%)) "’ YT -1 (88)

see [24, Theorem 1].
Next, we apply the Cauch-Schwarz’s Inequality in the form

4
||”Hp+1 ||”H2p||”H ) forn—m7 (89)

and insert this inequality in the right-hand side of (86) to obtain

%] 1-6 1-n)(1—6
lillo, < AVl fall 35 5™,

or
1-n(1-0) 1-n)(1-0)

0
lull3, "8 < AYVullg :

or
9 (1=n)(1-6)

1
il < AT W}, ]}, (90)

For the choice of p =n/(n—2a) as in (1) we find after some calculations, using (87)

o(n—2a) 0
— = 1
n—20—on 1-n(i-9) & ©n
(1-m)(i-6) na
:1_ =
—n(1-9) % Y=
and | o
n—s00—0n
_ —y. 92)

1-n(1-6)  n—2«a
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Using the identities (91) and (92) we arrive at
il 120y < AT | Ve3 [Jull ™, 93)

which is inequality (1) and where AY equals, using y=n/oc— 1, p—1=20/(n—20c)

[ 20(n-a) g nat (2n—2a—an)/(2n) r(z—1) a
Ay_(ﬂ:n(n—2a)2> (1_2(n—a)) “\rez-1-g O

so we found the announced upper bound 4 (30)

kpi(n,o) = A7, with A = A(n, ct) defined in (31). (95)

4.9. Upper bound 5

We observe that there holds trivially
ko(n, 00) = ko(n, o) %ko(n, ) °. (96)
Make now the choice 6 = a(n—2a)/(2n— 20— on) see (32), then
ko(n, ) <kp1(n,)? = (A(n,&)")® = A(n, ), 97)
since Y0 = o (see (92)) and further
ko(n,00)' =% < ko(n, o) =9, (98)
Insertation of (97) and (98) into (96) gives upper bound 5:

ko < kpa(n,a) = A(n,00)%ko(n,0)' % n=2, 0<a<l. (99)

4.10. Upper bound 6
There holds trivially
ko(n, 00) = ko(n, o) %ko(n, ) °. (100)
Make now the choice 6 = o(n—2a)/(2n— 20— on) see (32), then
ko(n,0)® < kp(n,a)® = (A(n,@)")? = A(n, @), (101)
since Y0 = « (see (92)) and further
ko(n, o)~ < Ko(n, o) °. (102)
Insertation of (101) and (102) into (100) gives upper bound 6:
ko < kpa(n, o) = A(n,a)%ko(n, )", n>2, O<a<l.  (103)

By the way, it is clear that in this way more upper bounds can be constructed.
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4.11. Upper bound 7

This inequality is an application of [4, Theorem 1.7, (1.30), 6’ =1/2, 8" =1,
with the restriction n > 3], as follows. Apply Lemma 2 with the choices o’ = 1/2,
o =1 and 6 =2(1 — ). See the results for the case o = 1 in the Introduction,
equation (15). Application of (72) for n > 3:

. 2(1-o) - 1 2(1-o)
k()(l’l, OC) < ko <l’l, 5) k()(l’l, 1)20(71 = ko (n, 5) (CT(n,Z))72a+l

. 1 2(1-o)
=ko (n E) (kr())** ', n>=3, 12<a<l. (104)

The last restriction comes from the requirement that 6 < 1. We made the choice to
bound ko (1, 3) by ko (1, }) . Equation (104) represents the announced upper bound 7

_ —/ I\*"
kri(n, o) = ko (l’l,§> kT(n)(lf"‘l),al =2(l—a),n=3,1/2<a<1. (105)

4.12. Upper bound 8

This inequality is an application of [4, Theorem 1.7, (1.30), 6’ = Oy(= ay ), 0" =
1, with the restriction n > 3], as follows. Apply Lemma 2 with the choices o = oy,
o =1and 6 = = (1—a)/(1—oy). See the results for the case o =1 in the
Introduction, equation (15). Application of (72) for n > 3 and for ay < @ < 1:

)az ko(n, 1)17052 — E(n, Olv)az (CT(n’z))f(lfaz)

k()(l’l7a) < E(
= ko (n,00) % (kr(n))' ™% n=3, oy <a<l. (106)

(

We again made the choice to bound kg (1, c7) by ko (n,007). The value ay can be
chosen freely and has been chosen here as the argument value for the optimum of the
expression aCr(n,2c), see further at the proof for upper bound 10. Equation (106)
represents the announced upper bound 8

n,oy
n, oy

k12 (n,0) = ko(n, o) 2kr (n)1=%) oy = (1 — ) /(1 — aw),n > 3,000 < ot < 1.
(107)

4.13. Upper bound 9

This inequality is an application of [4, Theorem 1.7, (1.30), 8’ = Oy (= o), 0" =
1, with the restriction n > 3], as follows. Apply Lemma 2 with the choices o = oy,
o =1and 0 = = (1—0a)/(1 —oy). See the results for the case & = 1 in the
Introduction, equation (15). Application of (72) for n > 3 and for ay < a < 1:

ko(n, 0t) < kpy (n,00)%ko(n, 1) =% = (ayCr (n,20t/)) %% (Cr(n,2)) 1%

= (awCr(n,200)) ™ (kr(n)) ") n>3, oy <o <l (108)
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Here, we bounded ko (n,06/) by kv (n,av), i.e. the upper bound 10 (46). The value
ay can be chosen freely and has been chosen here as the argument value for the opti-
mum of the expression aCr(n,2a), see further at the proof for upper bound 10. Equa-
tion (108) represents the announced upper bound 9

ki3(n,00) = (o Cr(n,200)) % kp (n)17%), (109)
w=1-a)/(l-ay), n=3 oay<o<l.
4.14. Upper bound 10
Firstly, we prove
ko(n,a) < (aCr(n,20))" %, n>=2, 1/2<a<]l. (110)

This result has been given in [4, Theorem 1.7, (1.31)] and was inspired by [0, (1.5)], by
making the transformation w = u!/® for v>0in (15) as follows

R e
Cr(n,s) < = =
T N THICTR el

1 <f (Vu)* uS(l—a)/adx> 1/s

[t =sn/(n—s)]

[apply Holder inequality,

Sa (fueax) 1/P+1/0=1)
PN 1/(50)
1 (FvwTax) T (uet-/eay) I
o (fu’/o‘dx)l/[ 0=2/(2-5s)]
2 NV2 0 o (2-5)/(29)
_ l <f (V) dx) <f u® a)/adx> [take s = 2¢¢, and
o (fuz/adx)l/f r=t/a=2n/(n—2a)]
L[Vl flu) 1 Lo
=== (Apa(u) ", (111)
o full a "

for the choice s = 2. We have to restrict o to the interval 1/2 < o < 1 to give
Cr(n,20:) a meaning. Again, the inequality is strict since w = %, does not equal a
function w, s (see (22)), with s = 2¢r. So (111) implies

M= inf A, q(u) > (aCr(n,2a))%,
' uEHl(]R")

and this equivalent with
ko(n, ) =1/Ap 0 < (aCr(n,2a))" %, n>=2, 1/2<a<l.
Application of Lemma 2 with o’ =0, 6 = /0, and ko(n,0) =1 gives

oo

ko(n, &) < ((a’cr(n,za’))*“') = (o/Cr(n,20)) .
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Since o/ can still be chosen freely, we can improve this inequality by maximizing the
(a/Cr(n,2a’)). In a standard way we find that there is a unique value oy € (1/2,1)
which optimizes this expression, see [4, Proof Theorem 1.7, (1.32)] for details. Finally
we find the announced upper bound 10

ko <kpv(n,a)=[oyCr(n,20v)]"%, n>2,0<a<oy, (112)
ko < kpy(n,o) = 1/kpy(n,a) = [aCr(n,20)] %, n =2, ay <a < 1, (113)

where the value for oy follows from

O‘V:O‘V(”)Z%, where py is the solution of (114)
%
n—p n—p
In + +y(p)—wn+1-p)=0, (115)
(P—l) p(p—1) vip) = v )
d
LI(x
V/('x):div—\(i))a x>07 1<p<n, l’lZZ

In both expressions (112) and (113) the second argument in Cr is larger than 1, as
required. The value oy has also been used in the upper bounds 8§ and 9.

4.15. Upper bound 11
This inequality is a combination of the Holder inequality (73)
lully < el Pull i ®, 0O<B <1, 1/r=0/"+(1-6)//" /" #",  (116)

and the Sobolev embedding (15)

1

For the choice r=2n/(n—2a), 6 = o, ¥’ =2 in (116), we find ¥ =2n/(n—2), which
is just the value applicable for the Sobolev embedding (117). These two estimates
combined gives

04

1 - _
1l n2a) < (m) 1Vl =k () [Vl > 3. (118)

So, we found the announced upper bound 11

ko < kg(n, o) = kr(n)%, n=>3 0O<a<l. (119)

5. Numerical evaluations lower and upper bounds

In order to assess the quality of the estimates we have calculated the numbers A, ¢
for n=2,3,4,5,10 and o =0.05+ (i —1)0.005, i =1,2,3,---,176 up till 6 =0.925.
The method is the same as used in the paper [4]. This method to find A, consists of a
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shooting technique to find that value %(0) = uo such that #(r) is a positive solution of
(11) with lim, .. %(r) = 0. Therefore, we transformed the interval r € (0,e0) into s =
r/(14+r) € (0,1). The transformed differential equation becomes, with w(s) = u(r),
0<s<l,

2

d (n—1) d 2a)—
Y Sl w=) AN A G (n+20)/(n—2a)—1 _ _
(1—y) ds2w+ {( . 2) (1—y) }dsw wlw| w=0,
w(0) = vy, —jsw(O) =0. (120)

The aim now is to find a value vy such that for w(0) = v, j—SW(O) =0, we find
w(l) = 0. We solved the transformed differential equation (120) by means of a nu-
merical integration method (Runge-Kutta of the fourth order) with a self-adapting step-
size routine such that a prescribed maximal relative error (&,;) in each component
(w(s), Lw(s)) has been satisfied. We made the choice &,; = 107> For every value
of vg the numerical integrator will find some point s = s(vg) € (0,1) where either
w(s) <0, or %w(s) > 0. At that point s the integration will be stopped. This inte-
grator is coupled to a numerical zero-finding routine (see ([25])), which can also be
applied for finding a discontinuity. The function f for which such a discontinuity
has to been found is specified by if w(s(vp)) < 0, f(vo) = —(1 —s(vo)) else (that
means thus %w( (v0)) >0 ) f(vo) = (1 —s(v)). The sought value vy has been
found if this numerical routine has come up with two values vy and v(l) such that
lvo—v§| < rplvol +ap. (with r, = a, = 10715 relative and absolute precisions, re-
spectively) and |f(vo)| < |£(vd)|, while sign(f(vo) = —sign(f(v})). During the inte-
gration processes the norms in (12) will be calculated. As a check upon this procedure
the following expressions

3/(1-a), [ all5 e (121)

2n/(n—2a)’

are compared. They should be all equal, see (12). The eigenvalue A, is found then
by (13).

5.1. Some numerical results for values for o« = 1/3, 2/3 and n =2

Here, we give for n =2 and for particular values of o (o = 1/3 and 2/3) the
upper and lower bounds which are applicable. Compare these with [10, o« = 1/3] and
[6, a=2/3].

o ko ko ko

n=2

1/3 7.2493833e-001 | 7.2431703e-001 | 7.2184608e-001
2/3 6.0129905e-001 | 5.9737503e-001 | 5.6854280e-001

Table 1: Functional, n = 2, Lower bounds 1 - 2.
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o ko R E E

n=2

1/3 7.2493833e-001 | 7.2978972e-001 | 7.3987840e-001 | 7.8567080e-001
2/3 6.0129905e-001 | 6.4335375e-001 | 6.1742806e-001 | 7.2152108e-001

Table 2: Functional, n = 2, Upper bounds 1 - 3.

n=2

1/3 7.3907188e-001 | 7.3132861e-001 | 7.3974392e-001 | 7.7547470e-001
2/3 6.8278406e-001 | 6.5623746e-001 | 6.3848696¢e-001 | 6.1088706e-001

Table 3: n =2, Upper bounds 4 - 6 and 10.

5.2. Numerical results for oo = 0.05,---,0.925 (A =0.005) and n =2,3,4,5,10

In the Supplementary Material to this paper we present tables which give the re-
sults of the numerical calculations of the functional ko(n, o) and the lower and upper
bounds, based on the technique described above (see also [4]).

Values 7’0.0000000e+000” has to be interpreted as “Not Applicable”. The lower
and upper bounds have been calculated using the software package Matlab™.

5.3. Results for the zeros py and oy =n/(2py)
The zeros py as defined in (42) are given below in the Table 4; oy (n) =n/(2py).
The asymptotic expressions are
pv(n) =2n/3+5/1840(1/n),
oy (n) =3/4—5/(16n) + O(1/n?),

n—)zxv’

(122)
(123)

n—)oo’

S

pv PV.asymp
—2n/3+5/18
1.6111111e+000
2.2777778e+000
2.9444444e+000
3.6111111e+000
4.2777778e+000
4.9444444e+000
5.6111111e+000
6.2777778e+000
6.9444444e+000

PV — PV,asymp

1.6474176e+000
2.3044430e+000
2.9654018e+000
3.6283253e+000
4.2923606e+000
4.9570820e+000
5.6222549e+000
6.2877400e+000
0 | 6.9534493e+000

3.6306497e-002
2.6665194e-002
2.0957401e-002
1.7214200e-002
1.4582787e-002
1.2637555e-002
1.1143822e-002
9.9621751e-003
9.0048448e-003

— 0 0 3N LB LI

Table 4: The zeros py for n =2,---,10 and their asymptotic approximations.



BOUNDS OPTIMAL CONSTANT EXTENDED SOBOLEV INEQUALITY 775

n oy O asymp Oy — O asymp
—3/4—5/(16n)

2 6.0701063e-001 | 5.9375000e-001 1.3260630e-002
3 6.5091652e-001 | 6.4583333e-001 | 5.0831867e-003
4 6.7444485¢e-001 | 6.7187500e-001 | 2.5698490e-003
5 6.8902311e-001 | 6.8750000e-001 | 1.5231128e-003
6 6.9891612e-001 | 6.9791667e-001 | 9.9945530e-004
7 7.0606054¢-001 | 7.0535714e-001 | 7.0339854e-004
8 7.1145831e-001 | 7.1093750e-001 | 5.2081118e-004
9 7.1567845e-001 | 7.1527778e-001 | 4.0067485e-004
10 | 7.1906759¢-001 | 7.1875000e-001 | 3.1758674e-004

Table 5: The zeros ay =n/(2py) for n =2,---,10 and their asymptotic approxima-
tions.

6. Discussion

With respect to the lower bounds it is clear based on the numerical results in the
Supplementary Material to this paper (Tables 4-8 and Fig. 3 in "Comparison Functional
with Lower bounds for Functional” therein) that the lower bound for n =2, ko(ct), is
superior to the lower bound ko (2, o).

With respect to the upper bounds the situation is more complicated. For the range
of n (n=2,3,4,5 and n=10) and « (0.05 < o < 0.925 with steps Aoc = 0.005) we
have examined there are just four upper bounds which are superior, see the Table 6 and
the Figures 1, 2, 3, 4 and 5.

KB K g0 K, 51

K2 K 2) K, @) K @)

Figure 1: Best bounds for n =2. Figure 2: Best bounds for n = 3.
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Figure 3: Best bounds for n =4.

Figure 4: Best bounds for n = 5.

Figure 5: Best bounds for n = 10.

n | Range Upper bound # | Expression Upper bound
2 | (0.050,0.495) 1 ko(2,x)
2 0.500 1=21| ko(2,1/2) =ko(2,1/2)
2 | [0.505,0.615) 2 ko(2, )
2 | (0.620,0.745) 10 kLy(2,0)
2 | (0.750,0.925) 2 ko(2, )
3 1 (0.050,0.590) 1 ko(3, )
3 | (0.595,0.925) 10 kLy(3,c)
4 | (0.050,0.590) 1 ko(4,ax)
4 | (0.595,0.605) 4 kp1(4,a)
4 | (0.610,0.925) 10 kLy(4,a)
5 | (0.050,0.565) 1 ko(5, )
5 1 (0.570,0.630) 4 kp1(5, )
5 | (0.635,0.925) 10 kLy(5,c)
10 | (0.050,0.535) 1 ko(10,cx)
10 | (0.540,0.675) 4 kp1(10, )
10 | (0.680,0.925) 10 kv (10, c)

Table 6: Optimal upper bounds for n = 2,3,4,5,10.




BOUNDS OPTIMAL CONSTANT EXTENDED SOBOLEV INEQUALITY 777

We remark that &o(2,1/2) = ko(2,1/2) = 21373/47=1/4 and &(3,3/4) =

ko(3,3/4) =27/4373/2p=1/4 see [15, equation (12) and (17)].

As can been seen from the figures in the Supplementary Material to this paper, for

larger values of n almost all bounds come close to the actual value for ko(n, o) ; see the
Figures 7, 12, 28, 32,37, 42, 46 and 51 therein, for n = 10.
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