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SOME RESULTS FOR THE COMMUTATORS
OF GENERALIZED HAUSDORFF OPERATOR

AMIAD HUSSAIN® AND AMNA AJAIB

(Communicated by J. Pecari¢)

Abstract. In this paper, we study commutator of generalized Hausdorff operator on function
spaces. We mainly discuss the continuity criteria for such commutator operator when the symbol
functions are either from central- BMO or Lipschitz class of functions.

1. Introduction

To study the continuity properties of Hausdorff operators on function spaces, an
appropriate point for opening discussion is the one dimensional Hausdorff operator:

Hof )= [ 0y, xew (L1)

where @ € L! (R). Also, in the interest of convenience, it is usually assumed that func-
tions f are initially in Schwartz class .(R). In fact, there are many popular and im-
portant operators in analysis which become special cases of 73, if the function @ is
suitably chosen. Among many others, here we mention a few namely, the Cesaro op-
erator [21], the Hardy operator and its adjoint operator [8]. The survey articles [0, 24]
may serve as an important source of information about history and recent advances in
the study of this operator.

In the case of n-dimensional Euclidian space R"(n > 2), an extension of (1.1)
was studied in [22] and is given by

Hoaf(x) = / cI)(y)f (A(y)x)dy, (1.2)

R’ [y["

where A(y) is an n-th order square matrix, which satisfy detA(y) # 0 almost every-
where in the support of ® € L! (R"). Using duality approach, Lerner and Liflayand

loc

[22] obtained the boundedness of Hg 4 on real Hardy space H 1(]R”), after which the
same problem was reconsidered in [7, 23, 31].
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In the above definition (1.2), if one considers A(y) = diag[1/[y|,1/[y],-.-,1/[¥l]
then we obtain a natural n-dimensional extension of (1.1) given by

k% )f(%)d» (1.3)

H(Df ()C) /]R . ‘ y‘n

Like one dimensional Hausdorff operator [25, 26], the operators Hep and Hg 4
also enjoy a variety of estimates on different function spaces; see [3, 4, 5, 10, 11, 14,
15,16, 17,20, 32, 33] and the references therein.

Likewise the study of boundedness properties of commutators operators on func-
tion spaces is another most important problem in analysis. The study can be utilized for
the characterization of function spaces, in the regularity theory to special kind of partial
differential equations (PDEs) and in the well posedness problems of solution to many
PDEs. Therefore, the study of boundedness results for the commutators of Hausdorff
operators is as important as the study of Hausdorff operators itself. In an exploratory
research, one can find a very few papers discussing the boundedness of commutators
of various Hausdorff operators [9, 18, 19, 20, 34], except that of Hg 4. Recently, in
[17], the author and his collaborator defined the commutator generated by generalized
Hausdorff operator He 4 and locally integrable function b as:

Hg 4(f)(x) = b(x)Ho a(f)(x) = Ho a(bf) (x),

and constructed weighted estimates for it on central Morrey spaces, when b € CMO(RR").
Also, they raised an open question regarding L? (R") boundedness of Hg 4 - Here, we
give partially positive answer to this question by establishing LP(R") — LI(R") esti-
mates when the symbol function belongs to the Lipschitz class of functions. However,
in the case b € CMO(R"), the question of L”(R") boundedness of H} , still remains
open. 7

In this paper, we give Lipschitz estimates for the commutators of He 4 on Lebesgue,
Morrey and Herz-Type spaces and thus generalize some results presented in [11, 18].

In addition, when b € Ag(R"), we obtain L” — FIE ™ boundedness for Hg, ,, where

FI? ™ is the homogeneous Triebel-Lizorkin space. Also, we estimate Hfl’,7 4 on Herz-
type spaces when b € CMO(R"). The significance of our results lies in the fact that
Herz-Type spaces are used in the characterization of multiplier on the Hardy spaces [1]
and in the study of certain kind of PDEs [27].

The plot of this paper is as follows. The second section contains some basic defini-
tions and notations likewise some necessary lemmas which will be used in the succeed-
ing sections. Lipschitz estimates for Hfl’,7 4 are established in the third section. While

results regarding central-BM O estimates for H('f, 4 on Herz-type spaces are stated and
proved in the last section.

2. Preliminaries

In 1938, Morrey [29] studied the local behavior of second order elliptic and parabolic
PDEs and introduced a function space what is called Morrey space.
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DEFINITION 2.1. Let 1 < p<e, 0< A < n. The Morrey space P (R") is
the set of all functions f

LPMR") = {feLloc( ”)inIILM(Rn)<oo},

satisfying

T L ran)
Sl pa ey = sup (—/ flx dx) ,
A ®) r>0,x9€R? r O(xo,7)

where Q = Q(xo,r) denotes the cube centered at xo with side length r along the coor-
dinate axes.

It is easy to see that LP?(R") = LP(R") and LP"(R") = L=(R"). If n < A, then we
have LP*(R") = 0. Hence, we only consider the case 0 < A < n.

Let By := {x € R": |x| < 2¥},C = By /By_; for k € Z. Then we will consider the
following definition of homogeneous Herz space.

DEFINITION 2.2. Let & € R,0 < p,q < . The homogeneous Herz space K" (R")
is defined by

KB = {1 € LB 0D g <=}

where

- 1/p
Hf”l’(;"*”(R") = {kE 2kap||fiq(ck)} :

It is easy to verify that Kg’p (R") = LP(R"). Hence, Herz space can be considered as an
extension of Lebesgue space L” (R").

Similarly the homogenous Herz-Morrey space MK 1?7 ’ql (R™) is given by the follow-
ing definition.

DEFINITION 2.3. Let ¢ € R,0 < p,g < eo,A > 0. The homogeneous Herz-Morrey
space MKS;! (R") is defined by

MK R 1= {£ € L (RA0D): 1 s ) <=}

where
ko

1/p
I e = 552 2W{ > 29 £, } -

k=—oo

Obviously, MKZY (R") = K&P(R") and L9* (R") C MKoy (R™).
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DEFINITION 2.4. Let 1 < g <eo. A function f € L! (R") is said to belong to
the space CMO?(R") if

1 1/q
vty = SUP [ ~fuonlidx) <o,
1 llerrot (mm) fgfo’ (B(07,,)| /B(o,r) |f(x) = B0 x)

where fp = \%I Jp f(x)dx denote the average value of f over B. Obviously, we have
BMO(R") C CMO9(R") for all 1 < g < o, and CMO?(R") c CMO"(R"), 1 < p <
q<oo.

DEFINITION 2.5. Let 0 < 8 < 1. The Lipschitz space Ag(R") is defined by

[f(x+h) — f(x)]
Flla iy = sup LX) ZTOL
| HAﬁ(R) xﬁe%" |n|P

Next, for a non-singular matrix B, we consider the following definition of norm

Bx
|B]| = sup |—‘, 2.1
x€ER" x40 ‘x‘
which implies that
1B ™" < [det(B~ )| < [[B7|". (2.2)

Finally, for 0 < 8 < n, we define the fractional maximal function as

1
5 | r)lay

M f(x) = sup
Q0>x |Q‘

where the supremum is taken over all cubes Q containing x. Notice that when 8 = 0,
we obtain the usual Hardy Littlewood maximal function M = M,.

This finishes the streak of definitions concerning function spaces, norm of a matrix
and maximal function. We are now in position to state some lemmas which will be used
to prove our main results.

LEMMA 2.6. ([30]) Let 0< B <1 and f € Aﬁ (R™), then for any cube Q C R",
B
sup | £(x)  fol < CIQI £, -
x€Q

LEMMA 2.7. Let 0 < B <1 and b € Ag(R"), then

M(Hg A f)(x)

< Clpllga [, O max{, deta 0)P7H(1-+ 4G 1P)Mp (1) (A

|y|"
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Proof: Let us consider a cube Q C R” such that x € Q and

[, Tk - satinrae)a

1 1
— | |H? dz ——
|Q‘ /Q| @Af(z)| < ‘Q|

<o) IQ\ [T ] 1ot - atimnsian)aazay
IQ\ R |y|”|/ (A(y)z)| dzdy
\QI R |y|”|/} 0~ bay)f(AD)z)| dzdy
\QI R |y|"|/’ A()0) f(A()2) | dzdy
=L+bL+5.

In the approximation of /;, we use Lemma 2.6 to obtain

[0
IlchbHAﬁ(R")/Rn [ 0|1~ ﬁ/n/ |f(A(y)2)|dz ) dy

_ [D(y)] 1 1y B/n
< CWllygen [, T (g | (y)QIf(Z)IdZ)IdetA o)/

< by [, TN deta™ )P/ (1) Ay

"

In order to estimate I, we have to approximate |by — ba(y) ol-For0 < B <1, we

obtain
b — bay) ‘Q|/ 1b(2) — bagy)ldz
(t)|dtdz
< @A o hie”
< 1Bl 5, gy (—/ N dz+7/ |t|ﬁdz)
p 10| Jo A(y)Ql Jap)o
SCIQ\ﬁ/”IIbIIAﬁ(Rn)(l+||A(y)||’3)
Therefore,

1 < Cloly e [, ToR 1+ JAOIP) (ﬁ | Aoz ay

<l [, T2+ A0l deta™ 0) P b 1) A0
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It remains to estimate /3. By virtue of Lemma 2.6, we get

\QI R y"|/} — b)) f(A(y)z)| dzdy

) ! b dzd
\Q|/n | detAb)l /A(y)QV’() Aol f(2)ldzdy

w1
<Ml fo 5 (G797 il )

< Clblay e [, o0 My ALY

We combine the estimates for I;, I, and I3, to have

1
o /Q (HY 0 (2)\dz

D(y)
< C||b||A(R")/Rn |y|"

Finally, taking supremum over all Q such that x € O, we get the desired result.

| detA™ )P (L4 AG)1P)Mp (£) (A)x).

LEMMA 2.8. ([2]) Let 0 < B <n, 1<p<n/B, 0<A <n—PBpand 1/q=
1/p—PB/(n—A). Then Mg is bounded from LP*(R") 1o L9*(R").

LEMMA 2.9. ([28]) Let 0 < py S oo,p1 < p2a < 0,0 < B <1 < q; <n/B and
Vg —1/qa=B/n If —n/q1 + B < o <n(l—1/q1), then

HMﬁf”ngpz(Rn) < C”fHK:]xlpl(Rn)

LEMMA 2.10. ([13]) Let 0 < py <oo,p1 < pr <o0,0< B <1< g1 <n/B,1/q1—
l/gp=B/nand A >0.If —n/q1+B+A <a <n(l—1/q1)+ A, then

M, 0L < s ’
|| ﬁfHMsz‘)}qz(R") C“fHMKm)Lm (R™)

LEMMA 2.11. ([30]) Let 0 < B < 1 < p < oo, then

1
e | 11@) fold:

U(R")

3. Lipschitz Estimates for Hg 4 on Function Spaces

As we stated in the introduction, this section is centered on obtaining estimates for
Hrlf) 4 on function spaces. In this regard, our main results are as below.
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3.1. Main Results

THEOREM 3.1. Let 0 < B <l<p<n/B, 0<A<n—fBpand 1/g=1/p—
B/(n—A).If b€ Ag(R"), then

||H<117>,Af||Lq~,7L(Rn) < CKIHbHAﬁ(R")Hf“LM(R")’

where K| is

() _ _ _ n _
[ o et )0, [aera )R} 14 1A Py

THEOREM 3.2. Let 0<B <1<p<n/B,and 1/q=1/p—PB/n.If be Ag(R"),
then

|HG A f | 19(Rn) < CK2HbHAﬁ(]R")Hf||LI’(R")7

where K, is

/n _q’y({?' max{|detA™" (y)|"/4, |detA™" (y) [P }(1 + [[A(y) || )ay,

THEOREM 3.3. Let 0 < py Seo,py S pp < 0,0 < B <1< q1 <n/B,1/q1—
l/gp=B/nand A >0.If —n/q1+B+A <o <n(l—1/q1)+2 and b € Ag(R"),
then

H , < CK; 1|4, gn .
|| (D"Af”MKﬁi%qz(Rn) =~ C 3HbHA'B(R )”fHMK;JXI)qu (]Rn)’

where K3 is

[, PO manfdeta ()2, [ deta™ )01+ 1AG))Gap ),

y|"

and

1+log, (AW ATID)I), a=A4,
Goa () =S A~ (y)[|*2, o> A, 3.1)
IAW)II*~<, o< A

THEOREM 3.4. Let 0 < p; <o, p) <p2<oo,0<ﬁ_ <l<gqi<n/Band1/q —
l/g=B/n.If —n/q1+B <o <n(l—1/q1) and b € Ag(R"), then

b
1280 g oy < R o g oy

where Ky is

/n %max{ldetf‘_l(y)ll/qz,IdetA_l(y)ll/ql}(l +IAW)IP) G (v)dy.
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and

N L+log (AW IIIATTG)I), =0,
Ga(y) =S A7 ()], o >0, 3.2)
A%, a < 0.

THEOREM 3.5. Let 0 < B <1< p < oo and b€ Ag(R"), then
||H<%,Af||FI§~w(Rn) < CKs|[Bl] g oy 1 f 1l o

where Ks is

/n %ma"{ldetf\(y)l_”p,IdetA(y)I“ﬁ/"_l/”}(l + AW I1P)dy.

3.2. Proof of the Main Results

Since Lemma 2.7 will be used frequently in the proofs of our main results for this
section, therefore, we sometimes use the following notation

60) = P max(1, | deta™ ()7 (14 1AG)]P).

y|"

for our convenience.

Proof of Theorem 3.1: In view of Lemma 2.7 and the Minkowski inequality, we have
M ) Oy < CNBllng ey [, 80)IMAC)) 1 oy

Using the scaling argument and the fact that |Hg, , f(x)| < M(Hg ,f)(x) a.e., we
get

1HG S |2 gy < CUBI oy 1M £ 1| 1 e /R 9] deta ()[4 H 4y,
Lastly, we apply Lemma 2.8 to obtain the desired result.

Proof of Theorem 3.2: Following the same procedure as followed in the proof of The-
orem 3.1, the proof of this Theorem can be easily obtained.
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Proof of Theorem 3.3: Making use of Lemma 2.7 and the Minkowski inequality, one
has

b
1M(Ho g ) Ol e

< Clbllgyqzey [, $0IMMBFAD) ygggn oy

ko I/p
= Cllblgyze) [, 00) supz—"ol{ ) z"“P||Mﬁf<A<y>->||{q(ck)} dy

ko€Z k=—c0

= Clbllgy s [, 00| deta™ )1/

ko 1/p
X ksu%szol { z 2kapM[3f(')iq(A(y)Ck)} dy. (3.3)
0E

k=—oo

In order to estimate |[Mgf(-)||z4(a(y)c,), We follow the method used in [33]. Thus,
by definition of C; and (2.2) it is easy to see that

A)Ce C {x: A7 )12 < ] < lA) 124
Next, for any y in the support of @ there exist an integer / such that
2l <A ()|t < 2 (3.4)

Furthermore, the relation ||[A~!(y)||~! < ||A(y)|| implies the existence of non-negative
integer m such that

21 < A®y) | < 2 (3.5)

Inequalities (3.4) and (3.5) define the bounds for m, that is

logy (JAM)IIAT'W)11/2) <m <log JAG[IA™ DI,

and lead us to have
A(y)Ck c {x . 2l+k—1 < le < 2k+l+m+1}.

Hence,

[+m+1
Mg fOl2amycy < 20 IMpfO)lle ey, ))- (3.6)

J=l
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Incorporating the inequality (3.6) into (3.3), we obtain

<Clbllgy ey /R ,, oAty

ko [l+m+1 ne
xsupZ_kok{ Z ( Z ZkaMﬁf(')qu(CHj)) } dy

ko€Z k= —oo j=l

< Clbllay e [, 0] deta™ ()]

ko€Z j=I k=—oco

kll+m+1 ko+j ‘ I/p
xsup2-t S aied S gy, oo b ay

l+m+1

. 17\ (1/ i(A—a)
< by | M3 g g [ O deta™ ()] 3, 27y,

j=

Now, for oo = A, we have

I4+m+1
)y 2R — 42 < C(1+logy (JAW) 1A~ WD),

and otherwise
Hflzm o) _Hla-a) =2
1-2(~a)
_oJIa o e
JAD)I*~*,  a<Ai.

(A—a)(m+2)

Hence, (3.7), (3.8) and (3.9) together yield
b .
|M(H 0 f)( )HMK%;% -

< OBy M S g g [, OO detd™ ()]G 1)y

(3.7)

(3.8)

(3.9)

Making use of the fact that |H£7Af(x)| < M(H&Af) (x) a.e. and Lemma 2.10 we get

the desired result.

Proof of Theorem 3.4: Following the same arguments as given in the proof of Theorem

3.3, we get

IIM(Hé,Af)(-)IIKgpz )

< ClIB | gy e M5 1l 272 ) /IR o) detaA™! ()| Ga(y)dy.



RESULTS FOR THE COMMUTATORS OF HAUSDORFF OPERATOR 1139

However, in contrast with Theorem 3.3, here we use Lemma 2.9 to fulfill the assertion
made in the statement of this Theorem.

Proof of Theorem 3.5: For x € Q, it s easy to see that

1
T 1 Hb ()~ (8 )old:

2
< W/ |Hg A f(2)]dz

1 y)l
< |Q[1+B/n /R,, BE / (b (A(y)z)| dzdy
1 )
+ |Q|1+ﬁ/n ~/]R” ‘y‘n / ’ (Y)Z)|d2dy
1
ML /R yn| / |(b( bagy)o)f(A(y)z) | dzdy
=J1+h+ . (3.10)

Comparing Ji,J» and J3 with I;,I, and I3 estimated in the proof of Lemma 2.7,
one can easily estimate Ji,J, and J3 by adjusting the factor |Q|/3/ ". Hence, we have

Tjﬁ)'M(f) (A)dy.

B <Clbllgyen [,

o < Clbllyen [, o1+ 1A PGy

()
< ol [, T A )P A

In view of these estimates, inequality (3.10) assumes the following form

1
REE /Q \He Af(z) — (Hg 4)ldz

<Ol e [, ST+ 1A max(1, detA Q)4 )b (1) A )

Applying L?(R") norm on both sides and using Lemma 2.1 1, we obtain

188,01 ey < CUBlL

T4 AP a1, denA G M) e

Finally by scaling argument and boundedness of M on L?(R"), (see [12]) we have
||H§>,Af||Flg,m(Rn) < CKs 1D g eny | f | o ey

which is as required.
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4. Central-BMO Estimates for Hg 4 on Herz-type Space

4.1. Main Results

THEOREM 4.1. Let 1 < p,q1,q2 <o, 1/qp=1/q+1/q1,A >0 and o € R. If
oy =n/q+ oy and b € CMOI(R"), then

16 A1 ey < OBl cntonen 11y g
where

o)
K= [, T

1 A"
><< e HX{HA()H<1}+10gHA(yHHX{HA H>1}+7\detA(y)| dy,

NN Gy 2 ()

and G, 5 (y) is the same function as given in (3.1) with o is replaced by a.
THEOREM 4.2. Let 1 < p,q1,qo <o, 1/qo =1/q+1/q; and op € R. If o) =
n/q+op and b € CMOY(R"), then
b
11280 g2 ) < CE Bl o e 1 v oy
where

D(y _ ~
K=, |y(|n)' |detd™ ()] Gy ()

1 A"
X +log||A(y —|—7 dy,
( e TApT A< 1A gpaoyi=1y detA(y)]

and éal (v) is the same function as given in (3.2) with o is replaced by 0.
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4.2. Proof of Theorem 4.1.

Here, we decompose [|H§ , |12 (c,) as

e 1/q2
Healumico = </c . qry(f) (b(x) = AV ARy dx)
[D(y)] , 1/q2
g/n |y|n ( [(b(x) = b(A(y)x)) f(A(y)x)[? dx) dy

<[5 |y|" S UACEEY <y>x>}‘“dx)1/qzdy
/Rn |y|n (/ (b8, — bays, <<y>x>;q2dx)”qzdy

1/q2
/R" |y|" (/ } ba(y),) f(A(y)x) |q2 dx) dy
= Ll + L2 + L3a

By Holder inequality and change of variables it is simple to have

e 52 () (o) s

D(y -
< 1B bl [, T deta™ ()1 i

|y["

In order to estimate L, we rewrite it as

D(y _
L, = /Rn | 5 (n)| |detA 1(y)|1/q2”fHLqZ(A(y)Ck) ’ka _bA(y)Bk’dy

o
< [ OO et 0) 52 )B4l i [, — B

"

= 15009 [ P et a6, a4

2

D(y _
N |Bk|l/q/u W<t | Iy(I”)I | detA™ )" Fllor (aycy) 1B — bays,| 4y

+|B 1/q/ ‘ ( )| 1/q, be —b 4
o [A)[=1 N |detA™ ()] Hf”qu(A(Y)Ck)| By A(y)Bk| Yy

=By Loy + Laa).
Thus, for ||A(y)]| < 1, we have

=3 0N deta )1 an

4.1

Figlap)ll<ei [y

J
X {Z ‘bz—in — bz—i+lBk‘ + ‘bz—jBk — bA(y)Bk‘ } dy

i=1
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A use of Holder inequality yields

|b2 IBA b2 t+lBk‘ B |2 lBk‘/ tBk bz t+lBk|dy

27 /By| b
\WH learon mn)

< Clbll exros -

Similarly,

s, =D < Gy o, PO B
2-Jn
g—.
|detA( )\|2—1Bk\ 2-iB,

<( n
‘d t_»!( )||| ||CMOq]R)

[b(y) = by-ip,|dy

Thus, we have

Lai < C[|b||cproa(mn

S ()] y { A(y)”}
X detA™ a +———3d
,go/w@mdf i 1964 O I e wvc 3+ Tqeay 2

< Clblcsronan
°0)l, ( ! ||A<y>||")

X detA™ (y)|"/9|| f lo + dy
Jpier e 12684™ OI Uflencamn (108 157 + Taea)

Similar arguments result in the following estimation of Lj;.

Loy < C|1b|caronmm

@()| 5 ( A <>">
x detA ™" (y)[ "/ log|JA(Y|| + d
Lo o A O o ac  Toz 4D+ pgeriy )4

Having these estimates of Ly; and Ly, (4.1) assumes the following form

Ly < ClBk\l/quHcMoq (R

() e g i+ JAOE
Xl/m)« 94T O W e o { 8 7 + Taeta] )&

()| 1/ ( A" )
+/ detA™ a | log[AW|| + =—— |dy|.
oot DI | OVl aey | log AW deta)] ) v

It remains to estimate L3. For this purpose we take advantage of Holder inequality
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to obtain

I(A6)) ~baya) FAON ey
1/qz
= (. 10600 - bagmstaom | ax)

|detA™" (y)["/42|b— bawsllaamco If 1l (apcy)
| detA™" ()42 |AW)Be|" 15|l cproa ey |l 21 (avycy)
= |By|"4| detA(y)

<
<

Va 16l erros ey 1 f |1 Ay -

Hence,

|P(y)|
Ly < |Bk\1/quHcM0q(Rn)/Rn | detA™" () 1/41]| ]| o (AM)C) Y-

[

Combining the estimates for L, L,, and L3 we obtain

D(y
1.0l ) < CIB oo [, ST deta™ )19

1 A"
log —— log||A d
<0g HA(ny{HA(y)H<1}+ og[AWIIxam =1+ Tim gt deta)] |
Again, to make our calculation convenient, we use the following notation

o) = 2O geram1 ()

"

1 L 1AeI"
X <1°gA—(y%{A<y)<1}+10gA(y%{A<y> F laetAQ)]
Thus, we rewrite above inequality as
HHclf),AfHqu (€) S C\Bk\l/quHcMOq(Rn) /Rn WSl Ay dy- (4.2)

Still we have to approximate || f||z41 (4(y)c,)- For this end we infer from (3.6) that

I+m+1

£z (av)ce) < 2 1f1| s (s )
=

By this inequality, (4.2) becomes

l+m+1

||H<117>,Af||m2(ck) < C|Bk|1/q||b||cM0q(R")/Rn o) X Iflla (Ces )Y (4.3)
i
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Next by definition of Morrey-Herz space MK,?‘%HIl (R™), (4.3), Minkowski inequal-
ity and the condition o = 0 +n/q, we get

H (DAfHMK (R")
ko 1/p

= sup 2ok { Z 2ka2pHH<DAfHqu (C) }

kQEZ k=—c0
< Clblcwon) [, 00)

i ko l+m+1 ‘ Py
x sup 27 F0h Y 2 2 D] £ o (Cerj) dy
ko€EZ k=—oco Jj=l

< Clbllcwonse) [, #0)

I+m+1 ko+j I/p
X sup 2~ kol Z 27 2 2koc1pr||qu () dy
ko€EZ j=l k=—oc0 )

I+m+1 (0
< Clbllcmon e I ygey 5 ey [, 00) 2, 20y

<C b y n .o G d 5
[Bllciontse 171y g [, 001G 01y

where G, 3 (y) is the same function as given in (3.1) with « is replaced by 0. This
finishes the proof of Theorem 4.1.

4.3. Proof of Theorem 4.2.

Since, the the proof of Theorem 4.1 and 4.2 are symmetrical. So, by definition of
Herz space Kg27 (R"), (4.3), Minkowski inequality and the condition o = o +n/q,
we get

”Hg,AfHK;’ZQ””(R") < C||b||cM0q(Rn)||fHK;‘11~P(Rn) /Rn (P(Y)éoq (v)dy,

where éal (y) is the same function as given in (3.2) with ¢ is replaced by ¢y. This
completes the proof of Theorem 4.2.
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