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EXTENSIONS OF HOLDER’S INEQUALITY AND
ITS APPLICATIONS IN OSTROWSKI INEQUALITY

FE1 YAN AND HONG-YING YUE

(Communicated by M. Krni¢)

Abstract. In this paper, we present several new extensions and refinements of Holder’s inequality
and some related inequalities. These Holder’s inequalities are presented via function f(z). My
results generalize and extend the results of Tian. Furthermore, we apply our results to Ostrowski
inequality to obtain some other interesting inequalities as special cases.

1. Introduction

Let ajj >0, 1<i<m, 1<j<n, pj>1,and ¥}, p; "= 1. Then it is well
known that the followmg Holder’s 1nequa11ty holds :

> [T < H(Ea) ~ m

i=1j=1 =1

In addition, we can get the opposite result accordingto 0 < p, <1,p; <0,j=1,2,...,
n—1,a;>0 and Z?=1p%. =1.

S o> TT( )" @
j=1 \i=

i=1j=1

Similarly, we can get the integral form of the Holder’s inequality,

/a b (jli[lfj(x))dx < ,1:[1 ( / ' 17 (x)dx) 1/,,_,.7 (3)

where p; > 1, fj(x) >0,j=12,....,nand 3}, - = 1.

L
pj

[ (Jf[lf,«x))dx;ﬁ (/ bf;’f<x>dx)l/p", @
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where 0 < p, <1,p;<0,j=1,2,....n—1, fj(x) >0 and Z?:l =1.

L
Pj

Holder’s inequality occupies a very crucial position in the field of mathematical
analysis. Through this study, we present some new versions of Holder’s inequalities
and give their application to some special inequalities, such as Ostrowski inequality.
In addition to the above considerations, this paper also introduces the application of
Holder’s inequality on the time scales, and gives new forms of inequality based on the
existing lemmas.

Yang’s[25, 26] conclusions are of great help to this paper, which makes further
research possible. The applications of integral inequality in Qi’s[6, 7] gives profound
inspiration to this paper and prompts many theorems on integral Holder’s inequality to
be obtained. Tian[10, 11, 12, 13, 14, 16], Tian and Ha[17, 18], Tian et al.[19, 21] give
many meaningful generalizations and applications of Holder’s inequality. For other
recent Holder’s inequalities, please see the references.

Firstly, we learned the inspiration from the article in Yang[26] to get the functions

h(t) and g(r)
efEE) )]

k=1 Li=1

where i : (—eo,4-o0) — (0,4-c0).

awzgﬂAfOﬁmmf15meTm¢eR ©

j=1

where f;(0) >0, x € [Al,lﬂ,k =1,2,...,n,and f; € Ll’k[ll,kz} .

In addition, we take into account more possibilities on this basis, thus extending it
and getting a corresponding series of results (listed below).

Secondly, we also introduce Ostrowski inequalities in this paper:

1 b
b—a/a f(u)du

<b¥a[@—af;(b—ﬂ1

yw—

and

< |7+

1 (x— “%”)2
[4 (b—a)?

0= 5 [ st

Jo-a7 -
where || f||wi= supicap) | £ (t) |< o and x € [a,b].

Moreover, we will consider applying Holder’s inequality to Ostrowski inequality
in this paper, so as to extend Ostrowski inequality.

In addition to taking into account the above situation, we have added two addi-
tional inequalities on the time scales in the article, and we are particularly grateful for
the inspiration provided by Chen[2].



EXTENSIONS OF HOLDER’S INEQUALITY AND ITS APPLICATIONS IN OSTROWSKI INEQUALITY 387

2. Main results

In order to prove the main results, we need the following lemmas.
LEMMA 2.1. [25]If & and &, are positive numbers, then
20,ift=>0,
(lnél - ln§2) (él‘r - 521) { <0, ift<0,
and the equal sign is established only when (& — &)t =0

LEMMA 2.2. [25] Let rpx > 1, Y},

1 ok
bi= (M= @j)", dix = H"

ﬁ:r, ajj >0, I1<i<ml<j<n,

. Then

n 1 m

Z — (Zb,lndlk) =0
k=1 Pk \iZ1

1
LEMMA 2.3. [25] Let rpg > 1, 3y o-=r, fi(6) >0, F(e):< 7=1f,-(9)) ,
gk(0)=f"*JF"(0), 6 € [a,b] = R, k=1,2,...,n. Then

Y p; ling(6) =0,6 € [a,b].
k=1
Next, we can get the Lemma 2.4 from Kwon and Bae[5].

LEMMA 2.4. [5] Let &, be real numbers. Then

(E=O)(E =) z0ire>

and

(E=O)(F—e9) <0ife<

LEMMA 2.5. [1]Let f : [E,8] — R be atwice differentiable mapping on (&,9),
then this equality holds

[ roa=6-ou-nso)-G-ou-n(o-32)r0)
— 2(8 _ £N\2
+h¥ &)+ 1) -8R (15) - @)

+/;K(0,t)f”(t)dt
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forall 6 € [é—kh‘sz;é,(s-h%] and h € [0,1]. Here K : [£,8]> = R
2
- (g+n%) | e teool

%{ (6 hos )T ift € (6,8].

Analytic inequality([15], [22], [28], [29], [30], [31]), especially Holder’s inequal-
ity occupies a very high position in mathematics, Tian and Hu [20], Zhao and Cheung[32]
have conducted in-depth research on Holder’s inequality. We refer to Qi’s([8], [9]) re-
searches on some characteristics of inequalities and give some theorems as follows. At
this point, we use the discrete form of £,(0) derived above to give some theorems and
corollaries.

The following theorems and corollaries are the results of this study.

K(0,t) =

THEOREM 2.6. Let S;; >0, (1<i<m,1<j<n), rpp>1, Yi 1/pr=r.
Define a positive function h,(0) : R — R™ by

wo=T1[3 (Hsl,)l_e ] "o em (7)

k=1 Li=1
Then
H(0)>0  if 0 >0,and h.(0) <0  if 6 <0. (8)
Here, h.(0) =0 if and only if 6 =0 or
§'Pk S"Pk
ik — K 1 <il<mk=1,2,...n. 9)

IS Tl Si

Thus, we have

<iﬁsij>r: n (i nlsi,/)ﬁ:hr =]£[(2S”’k)%‘. (10)

Proof. According to the Yan[24], we can get

12 00
e ={Z0 620

T
Srpk S Pr

where the conditions for #.(6) =0 are 6§ =0 or ;,;"‘1 ST I-[]]—I;Sﬂ7l <l <mk=
1,2,...,n
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At the same time, we also can get 4//(6) >0 and 7.(6)6 > 0. So, for ,(0) and h,(1),
we can get the following conclusion

($115) =11($115)" =m0 <n=11(Ss2) "
i=1j k=1 \i=1j k=1 \i=1
If r =1, then it is a refinement of (1)
1
XIHSU_h y(zs ) ‘
i=1j 1

Thus, the proof of Theorem 2.6 is completed.

COROLLARY 2.7. If(9) holds, then h,(6) = const. Otherwise, h!'(0) > 0,t € R
and h,(0)0 > 0 for 0 £ 0, especially for 0=0; < 6, < --- < Oy = 1, we have

1 (0) = hy(81) < hy(8) < - < ho(6) = hy(1).

1

COROLLARY 2.8. Let R(a) =TI}, (X, Si0¥) 7 — (Z;’LIH?ZIS,-j)r, then
R(a) >0, and R(a) =0 if and only if
S}'"pk S”Pk

ik Jjk .
HT’; ISlj HT’; ISJZ’ < b ~X b b) ) b

COROLLARY 2.9. Let n=2,p > 1,q=p/(p—1),r =1, then we have

1

m m % m q
Y SuSn = (25{;) (25;12) —R(a).
i=1 i=1 i=1

Let S, = Si1, T, = Sip, then

1 1

Ssa—(3s1) ($n) - ria,
k=1 k=1 k=1

where R(a) > 0 and R(a) = 0 if and only if

S _ I
LSy LT

THEOREM 2.10. Let fi(x) >0, x € [a,b], fi € LP¥[a,b] andlet py,k=1,2,....n,
be positive real numbers satisfying Y;_, i = r. Define a positive function g.(0):
R — R* by

k=1

n b n i
gr<6>=H[/a (ljlfxx))”’fé”""@)dx : (11)
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Then
£(6)=0if6>0, and g,(8) <0 if 6 <O0.
Here g.(0) =0 if and only if 6 =0 or
Pk
ki()C) = ¢y = const. (12)

[T} £5(%)

The function g,(0) defined by (14) is concave, that is g''(0) > 0, for all 6 € R, and
the equal sign is established only when

£ ()

———— = = const.

I} £5 (%)

Thus, we can have g,(0) < g,(1), and this reduces to (2) because

[/ab (jljfj(@)dx}r:]ﬁ [/ah (jli[lfj(x))dx] g =2.(0)

If r=1, then it is a refinement of (2)

/ah <jli[lfj(x)>dx:gr(0)<g,(1): - (/a” ;?k(X)dx>ka,

k=1

Proof. According to the Yan[24], we can get
/ _ 2 07 9 2 07
gr(e)_{go’ 6 <0,

Pk
where the conditions for g/.(60) =0 are 6 =0 or Hf,c"li% = ¢y = const .
j=11i

At the same time, we also can get g”/(6) >0 and g.(6)0 > 0. So, for g,(0) and g.(1),
we can get the following conclusion

[/ab (Jﬁlfj(x)>dx}r :knl [/ab (ﬁfj(x))dX] " — 2 (0)

J=1

If r =1, then it is a refinement of (2)

/“b <Jﬁlfj(X)>dx:g’(0)<gr(l): " (/abfsz(x)dx>’}k.

k=1

Thus, the proof of Theorem 2.10 is completed.
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COROLLARY 2.11. If gx(x) = const, then g,(0) = const. Otherwise, g!(6) >
0,0 €R and g.(0)0 > 0 for 0 #0, especially for 0 =0; < 6, <--- < Oy =1, we
have

8-(0) =g,(01) < gr(62) <--- <gr(On) =g,(1),

0):§<LbFf(x)dx)”< & (/ Fr(xn)gu(x dx)

COROLLARY 2.12. Let pp > 1,3}, ﬁ:r,fj( x) > 0,1 < j<n. Then

g-(0) < gr(z) <egr(1),

that is

(/ Hfj dx) lﬁ(/ab(Jﬁlfj(x) fknz)kdx) ,f[l(/ £ )

The equalities hold if and only if (12) hold

f )
j=11i(x)

THEOREM 2.13. Let f:[61,60,] — R be continuous, differentiable on (6;,6,)
and | f" | is log-convex. Thus, for some p > 1, we have the following inequality:

‘/:2 F(t)dt — (8~ 61) (1 —h) f(x) + (62— 61) (1 ) (x_ @)f’(ﬂ

2 . 2
o)+ i)+ 22 (e - 60|

1 92_91 2q+1 92_91 2q+1
i) [t
N 2g+1 1 %)
(92—)6 n 91) r</2|f”(t) ”dt) ,
0,

where ¢ = 57, h € [0,1] and 6 + 2520 <x < 6y — 230N,

= ¢y = const.

—h

6, — 6,
2

==

Proof. By Lemma 2.5, we can get

" 0= (02— 001 =m0+ (0- 00— (x- 252 ) o
0

W2 (6, — 6)? (
8

22 00+ r(0) +

£(6)— 7(6) ‘
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6, 6,
FOK 0| < [ 710 | K | d
0, 0,

<( /e "1 |Pdr);( [ 1k dt);7

where ¢ = —= and

2
%[ 91+h92;91>},ifze[91,x],
K(x,t) =

2
92—/192;91)} L if € (x,6,).

=
-~
| |
NN

Since for {; <& < &,

& ¢ O
/C\T—(§|‘1dt:/ \T—é\th—i-/ |T—& [9dr
1

- (e @ea).

We have

(/OZK(xt)th>q
(/ | K(x,1) |‘1dt+/ K(x,1) th>;
[
1
4

<

( ( (91+h92 ))>2th+/ ( (_(92_]192;91)?)2%}1
[ ( (91+h62_91>>2th+/62< (ez_h92;91)>2thr
“s{a ) [ R

=

4>|~

+

2g+1 _ 2q+1 1
(552) " - (ment2)
92_91 2g+1 0,— 6, 2g+1
2)[(x91 ) a4
)2q+1]}]

Thus, the proof of Theorem 2.13 is completed.

4>|~

—|—<92—x h
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COROLLARY 2.14. Let f(t)=t* o0 € (0,1),[601,6:2] — [0,1]. Then the inequality
in theorem 2.13 can be changed into

1 o 1 oa—1 el
P (I=h)x*+(1 h)( Z)ax +

1 1 ; ) 24+ B\ 24+1 B\ 24+ ; a(l—a)
A ) e
A2+ (1+(a—2)p)7
where x € 2,1 -4, he[0,1] andp>l7q=ﬁ.
In particular, for h =0, we have

where x € [0,1].

COROLLARY 2.15. Let h= % this inequality in Theorem 2.13 reduces to

[ =220y + 220 (5 22

(6,—6))*
32

<l B . e 66 2q+1
S4\29+1 ! 4
_ 2g+1 _ 2g+17 1 P 1
+z(92 91) +<92—x——92 91) r</2f”(t)1’dt)p.
4 4 6,

Let x = w , this inequality reduces to

(F(8)— £(8)) |

R ) B VA RI()

2 2 4
2
+ @2 (6 - r0)

1 2g+17 1 l
1 1 q 6, —0, 14 6 »
<= —— 2 1) |Pdr| .
) PO T el
COROLLARY 2.16. Under the assumptions of Theorem 2.13, the following in-

equality holds:

0 ! ” f( )
t
2 61 0,

f(61)+f(62) 6,6
dt — > + 3

((8)— £(6))) '
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1 1o\« 0+6,\ " /9,0, %"! "
s (o) 1(-252) " (552) T (frova)”

91+92

If we choose x =

92191 ” FVdr f(91>;f(92)+92;91(f/(ez)—f/(el))’

L _ a2t/ e 3
<! ( ! )"(92 "1) (/zf”o)wt)".
2(6,— 0)) \2g+1 2 o

Next we apply the Holder’s inequality to the Ostrowski inequality and will further
extend the application of the inequality proved by Yang[27].

, we can get

THEOREM 2.17. Let f:[&,8] — R be a twice differentiable mapping on (&,9)
and f' € LP|&, 8] it for some p > 1. Then

‘/;f(t)dt— oo -m+ IO 5 g

('f/@)'x)&(M);x (x_(‘erhaz;g))pH—(h%)Pﬂ >

1£( )|~’§ qgInT p+1

+<|f/(x)5>61x <Mq5_qu>flix (h%)lﬂrl—( —(S—hzi))ﬁl !

LF(8)f* qlnM

where q :p/({)— 1),h €10,1] and §+h(5—§)/ x<O0—h(6—E&)/2. Here

1

_ (r@l)E _(lre)]
T = (W and M = o . And also T,M # 1.

Proof. Let r: [E,8]* — R be given by

r(x,t) = {

From Yang[27], we can get the following conclusions:

/;r(x,t)f’(t)dt:/;{ <€+h(6 5))]f()dt
+/[ (5 hszg)ﬂf(t)dt

~6-en O 5 gu-nse- [ e

1—[E+n G2 re & a,
r— 5—h(5;—‘§> , 1€ [x0].
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Obviously, we can get

[ s oa
< [rollrol

< ( / ’ r<x7r>|Pdr) " ( / 7 tht) "
([ o) ([
(L)) (1 ( s=y
([ (rt5) ) ([ Sreray
(L (23 ) (Lo ra)

POV (oot [ (- Ea8E)" - (h32)]
() ()

+ |f’(x)|6 b MIS — ppax %X (h%)!’+l_<x_(6_h¥)>p+l >
|f/(5)‘x glnM FE .

Thus, the proof of Theorem 2.17 is completed.

THEOREM 2.18. Let f:[&,8] — R be a twice differentiable mapping on (&,9)
and its derivative f':(&,0) — R is bounded in (£,08). Then for any x € [€,8] and
p > 1, we have

<ﬁ(ﬁ) (=g ([T |pd,>%.

Proof. After simple calculation, we can get

[ =7 war = 3-2106) & [ rax
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This implies that

Y 5
‘ 1(8) +é é)f(%)_aiéé Flydr
—‘ —x)f (t)dt

N

t—x|| f'(¢) ] dr
|

1
t—qut)q< |pdx>
1
|x—t\th+/ |t—qut) ( |pdx>
X

|
VAR IR 5 »

q P

St~ x—E) (8§ —x ‘Hl) / Pdr) .

st (1) (o e @) ([1ro)
Thus, the proof of Theorem 2.18 is completed.

In 1998, Hilger[3, 4] presented the theory of time scales. Tian [16] and Tian et
al.[23] gave some new time scales versions of Holder’s inequality and Minkowski’s

inequality via the Diamond-Alpha integral. Now we give two new inequalities on time
scales based on Chen[2].

N

N

m/g
=10
=z

THEOREM 2.19. Let T be a time scale 01,0, € T with 0, < 6, and oy; €
R,j=1,2,....nk=12,...n, 3j_j5-=r, Ti_y o4 =0. If fj(x) >0, and f;(j =
1,2,...,n) is a continuous real-valued function on [0y, 0], then:

(1) for rpy > 1, we have the following inequality:

[ Tnwen<T1[[” (jli{fj(@)l_t(krp"(X))thX]#,

I j=1

(2) for 0 <rps <1, rpy <0,k=1,2,....,5s — 1, we have the following reverse in-
equality:

[ Hl nwow=T1[ " (jli[lf,-(x))

k=1

1

(7 ()’ oax] g

1—t

Proof. Firstly, we can get the following inequality from Chen[2]

/ Hf; <>OCX<H</6 Hf1+rpm, (x)0 x>;k,

L j=1
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where rpy > 1. Therefore, we can let s = n,o04; = —t/rpy for k # j and oj; =1(1 —

rpk) with r € R, then

k=1

[ Hrwea <1 ()] (}li[lfj(X)y[(f;fpk(X))thx]#

Secondly, we can get the following conclusion from Chen[2]

02 n PO i %
/ HfJ )Oax 2 (/ l_[fj1+ " J(X)Oax> ;
k=1 =1

where 0 < rpg < 1,rpp < 0(k=1,2,...,5 —1). Therefore, we can let s = n,04; =
—t/rpy for k# j and oj; =1(1 — #) with t € R, then

A 110> A (Jﬁlfj(x))l[(f,:”"<x>)’<>ax]’”lk.

Thus, successful proof of Theorem 2.19.

3. Conclusions

Through this study, we present some new versions of the Holder’s inequality and
give some of their applications. At the same time, we combine Ostrowski inequality
with Holder’s inequality to obtain a generalized form of Ostrowski inequality. Further-
more, we obtain two new inequalities according to the further extension of A,(z) and
g-(t) and consider its applications on time scales in order to obtain new inequalities
based on time scales. In future research, we hope to further extend the theorems drawn
in this paper and get some new results.
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