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EXPONENTIAL TYPE LOCALLY GENERALIZED STRICTLY DOUBLE
DIAGONALLY TENSORS AND EIGENVALUE LOCALIZATION

JIANZHOU LIU AND LIANG XIONG

(Communicated by J. Pecaric)

Abstract. In this paper, we introduce exponential type locally generalized strictly double diag-
onally dominant tensors. This concept extends the concept of strictly diagonally dominant ten-
sors. It is shown that exponential type locally generalized strictly double diagonally dominant
tensors must be H -tensors. Furthermore, as applications of exponential type locally generalized
strictly double diagonally dominant tensors, we present some new eigenvalue localization sets
and checkable sufficient condition for the positive definiteness of even-order real symmetric ten-
sors. Appropriate numerical examples are proposed to illustrate that our new tensors eigenvalue
localization sets are more precise than some existing sets in some cases.

1. Introduction

Tensors (also known as multidimensional arrays) and their eigenvalues have be-
come increasingly significant issue in several diverse fields of applied mathematics and
computational mathematics, and promoted the development of numerical multilinear
algebra. On the other side, they have a great diversity of practical applications, such as
higher Markov chain [14], best-rank one approximation in data analysis [12, 13] and
positive definiteness of even-order multivariate forms in automatical control [15].

For a positive integer n > 2, let N ={1,2,---,n}. The set of all real (complex)
numbers is denoted by R (C). We call </ = (aj,i,...;,,) a complex (real) tensor of order
m dimension n, denoted by Clmxn] (R[’“Xn]), if

ailiZ"'im € C(R)7

where i; = 1,2,---,n for j=1,2,---,m. Apparently, a vector is a tensor of order
1 and a matrix is a tensor of order 2. Given a tensor &7 = (aj,iy-iy,) € RImxn] - g7
is nonnegative if every its entry aji,...;, > 0. A real tensor </ = (aj,i,-i,,) is called
symmetric if
iyiy-ing = Ar(iyig-ripg)> VI € I,
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where I1,, is the permutation group of m indices. Particularly, a real tensor of order m

dimension 7 is called the unit tensor , if its entries are &;,;,...,, for iy,---,im € N, where
P 1, ifij=-- =iy,
L lm — .
0, otherwise.

In 2005, Qi [1] and Lim [2] introduced the concept of eigenvalues for higher order
tensors, independently. For a complex tensor </ = (dj,i,...i,,) of order m dimension n,
and an n dimension vector x = (x1,x2,---,X,), 2/x™"! is an n dimension vector in
C", whose i-th component is

n
(D" Ni= D iy iy Xy

02,03, im=1

Moreover, if there are a complex number A and a nonzero complex vector x =
(.XI 3 X2, 7xm)T such that
m—1 m—1
A" = Q=1

then A is called an eigenvalue of <7 and x an eigenvector of <7 associated with 4,
where T
x[m—l] _ (x1111—1,x1211—1,_._7xm—1) )

n

If A and x are all real, then A is called an H -eigenvalue of &/ and x is called an
H -eigenvector of o7 associated with A [1, 2]. Owing to the vitally significant theoreti-
cal significance and extensive practical application of tensor eigenvalues, an increasing
number of scholars devote themselves to the study of tensor spectral theory. In par-
ticular, eigenvalues of nonnegative tensors develop rapidly in theory and algorithms
[16, 17,18, 19, 4, 5, 14, 25]. In recent years, there is a good deal of literatures on the
survey of eigenvalue inclusion sets [1, 20, 6, 21, 10] for general tensors. These eigen-
value inclusion theorems provide abundant conditions for us to identifying the positive
definiteness of an even-order real symmetric tensors.

For an mth-degree homogeneous polynomial form of n variables f(x) can be
denoted as

n
f(X) = /X" = 2 Qi in-iggXiy Xiy =+ Xiy s (1.1)

i15d25 5 im=1
where x € R". When m is even, f(x) is called positive definite if
fx)>0 VxeR"x#0.

The positive definiteness of multivariate polynomial f(x) plays a significant role in
the stability study of nonlinear autonomous systems via Lyapunov’s direct method in
automatic control [15]. Unfortunately, for n > 3 and m > 4, this issue is a hard problem
in mathematics. Furthermore, Qi [1] pointed out that f(x) defined by (1.1) is positive
definite if and only if the real symmetric tensor .o/ is positive definite. Recently, M -
tensors that extended from M -matrices was introduced by Wei [11] and Zhang [9],
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and the spectral theory of M -tensors provided a new method for certifying positive
definiteness of a multivariate form. Moreover, Wei et al [11] extended H -matrices to
H -tensors as a special case of M -tensors. Li [7] gave some criteria for identifying the
positive definiteness of even-order real symmetric tensors by considering the class of
nonsingular H -tensors. Since then, more and more researchers have begun to study
tensors with special structures, and to study the properties of their eigenvalues and
applications in other fields. There are much more works about structured tensors, see
[22, 23, 25, 26, 24, 27, 28, 29] for more details.

In this paper, we investigate exponential type locally generalized strictly double di-
agonally dominant tensors and its application, which is further extension discussion of
strictly diagonally dominant tensors. We will prove that exponential type locally gener-
alized strictly double diagonally dominant tensors are H -tensors, and give some criteria
for positive definiteness of even-order real symmetric tensors. Finally, as an important
application of exponential locally generalized strictly double diagonally dominant ten-
sors, some new tensors eigenvalues inclusion sets are given. Meanwhile, several proper
numerical examples are given to show that these new tensors eigenvalue inclusion re-
gions are more precise than some existing results in some cases.

The remainder of this paper is as follows. In Section 2, some preliminaries, that is,
definitions and useful lemmas are proposed. In Section 3, we define exponential type
locally generalized strictly double diagonally dominant tensors and establish the rela-
tionship between exponential type locally generalized strictly double diagonally domi-
nant tensors and H -tensors. Furthermore, some checkable sufficient conditions for the
positive definiteness of even-order real symmetric tensors are provided. In Section 4,
we present some new eigenvalue localization regions for tensors based on the third part
of the analysis and conclusion.

2. Preliminaries

In this section, we start with some definitions and useful lemmas for eigenvalue of
general tensor and H -tensors.

DEFINITION 2.1. [7, Definition 2] Let .« = (aj,i,...i,,) € C"*"). o is called an
H -tensor if there is an entrywise positive vector x = (x1,x2,---,x,)” € R" such that for
allieN,

\a,-...,-\xf”il > 2 |a,-,-2...,-m |x,-2 e Xy 2.1
in,imEN,

i i =

DEFINITION 2.2. [9, Definition 3.14] A tensor &/ = (a,i,..;,,) € C"*" is called
a (strictly) diagonally dominant tensor if for i € N,

|lai...i| = (>) 2 |a,-,-2...,-m|. (2.2)
i, +,im€N,
5,','2,,,,'”1 =0



614 J.L1u AND L. XION

DEFINITION 2.3. [16, Definition 2.1] Let </ = (aj,i,...;,,) € C"*"l. Then o is
called reducible, if there exists a nonempty proper index subset / C N such that

Ajjineip =0, Viiel, Vip--iy ¢I
If < is not reducible, then &7 is called irreducible.

DEFINITION 2.4. [34, Definition 2.5] An order m dimension n tensor .« is called
weakly reducible, if there exists a nonempty proper index subset / C N such that

Vaj iyin =0, i1 €1, andatleastani; e N\I,j=2,---,m.
If o7 is not weakly reducible, then we call &7 weakly irreducible.

In the case of matrices, we note that there is no difference between irreducible and
weakly irreducible. However, an irreducible tensor must be a weakly irreducible tensor,
which is not valid in turn. Hence, for the weakly irreducible tensors, the results can also
be applied to irreducible tensors.

DEFINITION 2.5. [10, Definition 7] Let &7 = (aj,iy-i,) € Clmnl | For some i, j €
N, i+#j,if there exist indices ki, kp,- -+, k, with

2 |ak$i2~-~im‘7é07 S:O717"'7ra

12, Im€EN,
5/(_?,'2,,,,',,1 =0,
ksr1€{iz,im}

where kg =i,k = j, we call there is a nonzero elements chain from i to j.

DEFINITION 2.6. [8, Definition 1.1] Let &/ = (a;,i,..,,) € C'"™7, D =
diag(dy,dy,- -+ ,d,). Denote
B = (bi1i2~'~im) :dDm717 bi1i2~'~im :ai1i2'~'in1di2di3"'d i17i27"'7im GN,

im >y
we call & as the product of the tensor <7 and the matrix D.

LEMMA 2.1. [11, Proposition 29] Let </ = (aj,iy-i,) € Clm<nl - Then of is an
H -tensor if and only if exists a positive diagonal matrix D € C™" such that &/D"~! is
strictly diagonally dominant tensor.

LEMMA 2.2. [31, Theorem 2] Let </ = (aj,iy.i,,) € Clm*nl . Then o is an H-
tensor if and only if </D is an H -tensor, where D € C"" is an arbitrary positive
diagonal matrix.

LEMMA 2.3. [30, Theorem 3.4] Let &7 = (ai,iy-iy) € Clmxn] If o is a weakly

irreducible diagonally dominant tensor such that |a;..;| > Y. |aii...i,,| for at least
i27"'7im€N7
5,','2,,,,'”1:

one i, then </ is H -tensor.
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LEMMA 2.4. [10, Theorem 6] Let .o = (aj,..,,) € C"™. [f
(i) |a,-...,-| > . 2 |a,','2...,'m|, Vie Ny,

12, lm €N

=0

i im

(ii) Ny=<i€eN: |a,~...,-| > Y \a,-,-z...,-m\ 75 0,
i, im€N,
5 =0

i im

(iii) For any i ¢ Ny, there exists a non-zero elements chain from i to j such that
j €Ny, then & is a H -tensor.

LEMMA 2.5. [7, Theorem 9] Let &7 = (aj,iy...i,,) € R i an even-order sym-
metric tensor, a;..; > 0,Yi € N. If </ is a H-tensor, </ is positive definite.

3. Exponential type locally generalized double diagonally dominant tensors and
some properties

In this section, we introduce exponential type locally generalized (strictly) double
diagonally dominant tensor, which is a generalization for (strictly) diagonally domi-
nant tensors, and the relationship between exponential type locally generalized (strictly)
double diagonally dominant tensor and H -tensor are also established. In addition, we
present some checkable sufficient condition for the positive definiteness of even-order
real symmetric tensors at the end of this section.

k
Let N; CN,N=UN;,N;ON; =0,1<i,j <k,i#j. And 6 = (01,02, +,0x)
i=1
is a permutation of (1,2,--- k), then Vi € N, there exist some 1 < 06; < k such that
i€Ng,.
For a tensor .« = (aj,,..,,) € C"™", we denote
A{V = {(i27i37"'7im) : 5ii2"'in1 =0,i;€N,s= 2,3,"',]’)’1},
AI-VG’ = {(iz,i3,"',im) : 6ii2"'im =0,i; € No't,s :2,3,---,m}.

1

N, N,
It is evident that A, " NA;* = 0,Vi € N,1 < p # g < k. Without loss of generality,
we always assume i € Ng,,j € Ng, for | <u#v<kand 1 <i# j<n. Weuse the
following notation for the rest of the paper.

(@)=Y laigein= Y |Gityeiy| — @il

i, imEN, i, imEN
5,','2,,,,',,1:
AI_VO'u
o' ()= Y @ity = D, |Giiyeinl
(iz.,m.,im)eAﬁV"” , i2;§'.'.'7im.€lj<(5)u7
5,','2,,,,'”1:0 upim =
AI.VO-“ AI.VO'u
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+ ; A" 0 : A
NT™ = lGN!‘aii...i|>(Xi (%) , N = lENZ|aii...i‘=OCi (%) s

Ji 211(427) = {i EN: |a,-,-...,-\ > r,-(;zf)},
J ZJz(W) = {i EN: |ai,-...,-\ < I"i(Jy)}7

- . AI.VO'u mlfl ANO'V
1 =<1€EN: (a,-,-...,-| - (JZ{)) <|ajj...j — Oij (427))

A{V Ou m-T AZY oy
>@'<%D B (0),0 € Noyr € Noy, 1 <G £ G <k .

~ . AI.VO-M ﬁ AIYO-V
Jo=<ieN: (a,-,-...,-| - ! (JZ{)) <|ajj...j — OCJ-I (427))

Noy

1
Nou mT AT
:<ﬁiA' (JZ{)) ﬁjj (M)aiENO'uajENGv;lgGu?éGvgk}-

DEFINITION 3.1. Let . = (aj,i,..i,,) € C""l. o7 is exponential type general-
ized locally double diagonally dominant tensor if the following inequality is holds for
Vi,jEN,i# ],

1 1
AI.VO-“ m—T ANGV AN Ou m—1 AN Oy
(a0 @) (laest =" @) = (8" )" 8 (o0,

(3.1)
where i € Ny,,j € Ns,,1 < 0, # 0, < k. &/ is exponential type locally generalized
strictly double diagonally dominant if the strict inequality holds in (3.1).

Obviously, if @7 is exponential type locally generalized double diagonally domi-
nant tensor and J; # 0, then N = N°\UN™ holds. And if .27 is exponential type locally
generalized strictly double diagonally dominant tensor and J; # 0, then N = N is
satisfied.

THEOREM 3.1. Let o = (aj,iy.,) € CI" . If o7 is exponential type locally
generalized strictly double diagonally dominant tensor and Jy # 0, then </ is a H -
tensor.

Proof. Since <7 is exponential type locally generalized strictly double diagonally
dominant tensor and J; # @, then N = N is valid. That is, there exists at most one
1 < ko < k such that

N Ou N Oy

\@iii| — 0 (/) > B (), Vi€ Noy, 04 £ ko (3.2)

In other words, we have N\ Ny, C Ji. If Ny, =0, then &7 is strictly diagonally domi-
nant tensor, and 7 must be a H -tensor in this situation. Therefore, we always assume
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Ny, \J1 # 0. Next, we take appropriate positive integer dj, such that

%\ a0 ()

i ai...:l—ao.

max ! iN") <dy, < %nnj 2 jANG / . (33
/EN\N, Nou ; Vo

NN\ g — o () MM g ()

{VGM ANO_\’
Since N=N and i € N\Ny,, j € N, \Ji , then we have |a,-,-...,-|—aiA’ ()>0,B;" (&)
> 0. From the inequality of (3.3), one has 0 < di, < 1. Hence, we construct the fol-
lowing positive diagonal matrix D € C"" with diagonal entries

ol e,
" \diy, PEN\N,.

No,
. . A; o
Now, we consider tensor & = &/ D"~ ! = (bj,;y...;,,) € CI" Inviewof o, (<)
Ng, No,
A} O ;o .
= > |aiiy...i,,] and B, (&) =ri(«/) —o; " (&), then there is at least
(i27"'7im)eAivo-u7
Siigyiyy =0
i & No,, 1 =2,---,m for (ia, -+ ,im) € AV \A;v"”. That is to say, when one has

(i2,--+ ,im) € A?’\Aﬁv"“ , then at least one of dj,,--- ,d;,, is equal to dj, .
Nko

ko
Thus, for any i € Ny, \ Ji, we have |aj;...;| > al.A" (o) + ﬁl.A" (& )dy, from the
right inequality of (3.3), and |a;;...;| = |bji...;|. Then

ri( )
= Y laiyeildy - diy, + Y |@ity-wiy, iy - i,
N, N,
(i27'”7i’71)eAi k07 (i27""im)eA§V\A,‘ o
Siiy iy =0
= Y laieil+ Y | @ity iy | iy -+ i,
N, N,
(ig,sim)EA; 10, (iy-im) AN \A; 10 (3.4)
Siiy iy =0
< 2 |aii2"'im| + 2 |aii2"'im|dk0
N; N;
(ig,sim)EA; 10, (i2,-im) AN \A; 0
5,','2...,'m =0
N, N,

A, A,
=o' (F)+B" ()dy, <|ai.i| = |bii..i|.
ANkO ANkO
For any i € Ny, NJy, we obtain |aji...i| > o; L () —|—ﬁi T (o) and |aji...;| = |bii..i] -
Then

ri( )
= > |aity-wiy |diy - i, + > |aity-wiy, |diy -+ i,

N, N,
(izysim)EA; O, (izyim)EAM\A, 0
s =0

inim
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< D |aiiy...i, | + D @iy iy |k, (3.5)
N, N,
(i2,+im)EA; 0, (12, im)EAN\A, 10
Siiy vy =0
N, N, Nk N

AO 0 0 AO

i A, A, )
=o' (AP (D) <o’ () + B () <laiioi| = [biini

NO'u
And for any i € N\ Ny, , we get |aii...i|d,’c’(‘)’l > ocl-A" (o )di.~ ! +ﬁ (42%) from the
left inequality of (3.3), and |a;..;|d;: " = [b..;|. Then

ri( )
= Y laiyeiyldy - diy, + D |@iiy-wiy iy - i,
i, ) EAN O iy, im ) EAN\ ANOU
(i25++im) (i2,+5im ) EA\A;
5112 sim = 0
-1
= > laieildp > |@ity-wiy, iy - i,
(i2,-im) €A} OV, (i2,+im) EAN\ A (3.6)
iy iy =0
-1
< Y i ldT + > |ty |
iz im) EANOH iz im) EAN\ANOU
Siigy iy =0

AN Ou

. _ ANou _
=o' (ﬂ)d;{:’) ! —|—ﬁl~ ! (527) < |a,‘i...i|dZ:) 1— |b”l|

Therefore, we have |bj;...;| > r;(#) forall i € N from inequalities (3.4), (3.5) and (3.6),
that is to say, tensor % = .&ZD""! is strictly diagonally dominant. Furthermore, .27 is
a H-tensor by Lemma 2.1. The proof is completed.

When k=2, so that N = N, @ N, , and taking J; = N, ,u = 1,2, the following
conclusion is obtained immediately.

COROLLARY 3.1. Let o/ = (aj,iy-iy) € Clmxn] If there exists a nonempty subset
Ng, of N such that:

(i) |aii...il| > ri(&) forall i € Ng, ;

.. Ao = A?’GZ AVoL e A762
(it) (Iaii...il—% : (@7)> lajj..j|—o;" () | > <3i ' (;y)) i ()
forall i € Ng,, j € No,, where Noy @Ng, =N,
then </ is a H -tensor.

What is worth noticing here is that one of Ng,,u = 1,2 must be a subset of J; in
Corollary 3.1. If that’s not the case, there must be iy € Ng,, jo € Ng, such that

Noy No| Noy No,

A, i A A
|@igi-—io| — O‘ioo () < ﬂio © ()N ajyjonjol — ajojo () < jojo ().
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Since Ng, UNg, =N = N, the following inequality is obtained immediately.

AI.VGI ﬁ AIYO-Z AI.VGI ﬁ A/YGZ
| @igig--ig | — O‘ioo () |@jojo-jo | — ajojo ()] < ﬂio ¢ (o) J'Om ().

This is contrary to Corollary 3.1.
When k =n and N; = {i}, so that N = N5, @No, B - -- D No, , then

AI.V Ou AN Ou

(xil (”Q{>:O7 ﬁii (JZ{):VI(Q{), ZENa
there is the following conclusion in a moment.

COROLLARY 3.2. Let & = (ajiy-i,,) € Clm=nl If the following inequality holds
forall i,jeN,i#j

1 1
(laii-il) ™ Tajj.il > (ri(«) " Tri().
Then < is a H -tensor.

THEOREM 3.2. Let o = (aj,iy-ipy) € Clm<nl o7 is exponential type locally gen-
eralized double diagonally dominant tensor. If < is weakly irreducible and J| #
0,J1 #0, then < is a H -tensor.

Proof. Since </ is exponential type locally generalized double diagonally domi-
nant tensor and J; # @, then N = NOUN+. Furthermore, we prove N = NT, that is
N =0. If N° £ 0, then there exists ip € N° such that |Gigig--io| < Tip ().

A0

(i) For the case that |a;yi,-..i,| < ri, (<), it is evident that |a;yjy...iy| — (xl.o'“ (7)=0
and Bio'o (/) > 0. From the (3.1), we obtain §;” (&) =0 for Vj € N\ Ng, . Thus,
we have '

Ajiye iy, = Oa v] S NO'M 312 e im ¢ NO'N
equivalently, .7 is weakly reducible. This leads to a contradiction.
No:
A, 0

(ii) For the case that |ajyjy...iy| = 1, (/) thatis B;© (/) = 0, then there exists

a nonempty proper index subset iy € Nc;,.0 C N such that

Ay iy = 0, Vig € No'io, Jin iy ¢ No'io,

which is in contradiction with the weak irreducibility of .«#'. From the above (i) and
(i), we can get N° = 0. From the above analysis in Theorem 3.1, there exists at most
one 1 < kg < k such that

NGu AI.V Ou

il — 07 (/)2 B (o), Vi€ Ng, 0u# ko

1
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In other words, we have N \N;<0 CJy. If Ny, =0, then o/ is weakly irreducible
diagonally dominant tensor, and there exists at least an i € N such that |b;;...;| > r;(B)
by reason of Ji # (0. Then, &/ must be a H-tensor by Lemma 2.3. Therefore, we
suppose Ni, \ Jo # 0. We construct the positive diagonal matrix D € C"" by using
the same method with Theorem 3.1, and denote & = oD~ ! = (biyiy-in) € Clmxn]
Similar to the proof of Theorem 3.1, we conclude that |b;;...;| > r;(#) forall i € N. In
addition, there is at least an i € N such that |b;;...;| > r;(%) on account of J; # 0.

Since D € C™" is a positive diagonal matrix, we know that tensor % has the
same weak irreducibility with tensor ./ from definition 2.6. Moreover, .o/ is weakly
irreducible, and so is #. Hence, we see that Z is an H -tensor by the Lemma 2.3.
Furthermore, <7 is also an H -tensor in the light of Lemma 2.2. The proof is completed.
Since the irreducibility of tensors implies the weak irreducibility of tensors, we obtain
the following conclusion at once.

COROLLARY 3.3. Let o = (ajjiy.i,,) € CI"™"). o7 is exponential type locally
generalized double diagonally dominant tensor. If <7 is irreducible and J; # 0,J, # 0,
then </ is a H -tensor.

THEOREM 3.3. Let & = (aj,iy-ipy) € Clmnl - of is exponential type locally gen-
eralized double diagonally dominant tensor. If Yi € N\ J, = Jo # 0, there exists a
non-zero elements chain from i to j such that j € J| # 0, then </ is a H -tensor.

Proof. First of all, it is the same as theorem 3.2, we construct the positive diagonal
matrix D € C*" and denote & = o7/D""! = (biyiy-ip) € Clmxn] - Similar to the proof
of Theorem 3.2, we can get |b;;...;| = r;(#) forall i € N, and there is at least an i € N
such that |biiwi‘ > ri(ﬂ).

Because D € C*" is a positive diagonal matrix, there exists a non-zero elements
chain of & from i to j, if and only if there exists a non-zero elements chain of .o/
from i to j at same time. Furthermore, if |b;;..;| = r;(%), then i € N\ J; = Jy; by the
assumption, we see that there exists a non-zero elements chain of </ from i to j, such
that j € J;. Then, there is a non-zero elements chain of % from i to j, such that j € J;
satisfies |bjj...;| > rj(A#).

Based on above discussion, we realize that the tensor %4 meets the condition of
Lemma 2.4, so & is an H -tensor. Furthermore, <7 is also an H -tensor on the basis of
Lemma 2.2. The proof is completed.

According to Lemma 2.5 and preceding Theorem 3.1-3.3, we can obtain some
checkable sufficient condition for the positive definiteness of an even-order real sym-
metric tensor.

THEOREM 3.4. Let o/ = (aj,iy-iy,) € RIM<1] s an even-order symmetric tensor,
and a;..; > 0 forall i € N. If & satisfies one of the following conditions:

(i) all the conditions of Theorem 3.1;

(ii) all the conditions of Theorem 3.2;
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(iii) all the conditions of Theorem 3.3,

then &/ is positive definite.

EXAMPLE 3.1. We consider the following a 4th-degree homogeneous polyno-
mial.
Fx) = o/ x* = 8xF 4+ 203 + 203 + 20 +4xdny + dodxs + dxixy

Obviously, we can obtain an order 4 dimension 4 real symmetric tensor &7 = (ai1i2i3 ,-4) s
where

ai =8, a2 = a3z = a4444 =2,

apir =aizt=ann =1, ajz=aiz =apzn =1,

ajs =anar =ay =1, a1 =asn =asn =1,
and other elements are a;,;,;;, = 0. By the calculation, we get

laii11| =8 <9 =r ()
and
laxoos|(Jaiiit]| —ri(@) +|ainn|) = =2 < 0= r (o) |ains|.

Apparently, <7 is neither a strictly diagonally dominant tenor nor a quasi-doubly strictly
diagonally dominant tenor, so in this situation, it does not work that we identify the pos-
itive definiteness of 27 by using Theorem 3 in [23] and Theorem 4 in [24].

3
Let k=3,N= U N;,N; = {1,2},N, = {3},N3 = {4}, 0 =(1,2,3).
i=1
By computations, we get

N N. N

(arnl—of (@)} (lasssl— 04" ()= (8-3)3 (2-0)> (B! () Bs™ () =6,
(Jazsas| 0" (@) (Jassl =2 () = (2= 1)} (2-0) > (B2 () B2 (o) =0,
(arin o (@) (lassa -2 (@) = (8-3)12—0)> (B (@) B (o) =6,
(Jazszs| 0" (@) (e~ (@) = 2= 1)} (2-0) > (B2 (@) B (o) =0,
(Jassss 02 (@) (Jass — 2 () = 2~0)}(2-0) > (B (@) B (@) =1}

Therefore, <7 is exponential type locally strictly double diagonally dominant tensor.
Furthermore, we obtain that <7 is positive definite by Theorem 3.4.

4. New eigenvalue localization sets for general tensors

In this section, as a significantly important application of exponential type locally
generalized strictly double diagonally dominant tensors, we will investigate into eigen-
value estimation of general tensors based on the relationship between the exponential
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locally generalized strictly double diagonally dominant tensors and H -tensors. Next,
several new eigenvalue localization regions for tensors will be given. Before proposing
our results, we review the existing eigenvalue localization sets for tensors.

In 2005, Qi [1] have given an eigenvalue inclusion set for real symmetric tensors,
which was an extension of the Gersgorin’s eigenvalue inclusion theorem from matrices
[3]. It is evident that this result can also be extended to general tensors.

THEOREM 4.1. [1, Theorem 6] Let o7 = (aj,iy..i,,) € C"™", n>2. Then

o(/) CT(/) = | JTi(),
ieN
where o(<7) is the set of all the eigenvalue of </ and
Ti(o) ={z€C: [z—aii| <ri()},ri() = Y, ity |-

i, im€EN,
=0

i ---im

To obtain tighter sets than I'(.), Li et al. [6] generalized the Brauer’s eigenvalue
localization set of matrices [3] and presented the following Brauer-type eigenvalue lo-
calization sets for tensors.

THEOREM 4.2. [6, Theorem 2.1]Let &7 = (aj,iy-.i,,) € Clmxnl > 2. Then

o(od) CH ()= |J Hij(),

i,jeN
J#
where
Hi () =1z2€C: (|z—aii| —r () |z—a;..;| <|aij..i|ri()
J i i il
and '
()= Y laiyein| = ri() = |aij.j.
Gty -veipy =0,
Ojiy iy =0

At the same time, to reduce computations, Li et al. [6] gave an S-type eigenvalue
localization set by dividing N = {1,2,---,n} into disjoint subsets S and S, where S
was the complement of S in N. The details are as follows:

Given a nonempty proper subset S of N, we denote

AN :={(ia, i3, ,im) : each ijeNforj=2,---,m},
AS :={(ip,i3, -~ ,ip) : each ijeSforj=2,---,m},

and then o
AS = AN\AS.
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This indicates that for a tensor &7 = (a;,i,...;,,) € C"*"), we have that for i € S,

(et = () + 1 (),

where s —
A A
ri (JZ{) = Z ‘aiiz'"im 7ri (JZ{) = Z |aii2"'in1 |
(i27"'7in1)€AS7 (iz,-",im)GF
iy iy =0

THEOREM 4.3. [6, Theorem 2.2] Let o/ = (ajiy.i,,) € C"™", n>2, and S be
a nonempty proper subset of N. Then

o)) = U Ai)|U|l U Hi()

i€S,jes i€§,jes

After that, some new S-type eigenvalue localization sets for tensors based on pre-
vious partitioning method for index set was proposed by Li et al. [21], Huang et al [20]
and some other investigators, and it was proved that those new sets are more precise
than T'(«7), # (&) and #5(<7).

THEOREM 4.4. [20, Theorem 3.1] Let <7 = (ajiy.i,,) € Clm=nl 0 >2 and S be
a nonempty proper subset of N. Then

o@)cYS(z)=| U Y« |U|l U Y|,

i€S,jes i€S,jes
where

Y/ () ={2€C: |2 = 1i) (2= Ajocj) = Qi jUjieci| < 2= o1 () + || () ).

1

THEOREM 4.5. [21, Theorem 4] Let o7 = (aj,iy.i,,) € Clmxnl =2 and S be a
nonempty proper subset of N. Then

o) )= U o |Ul U el

i€S,jes i€S,jes

() = {z€ C: (j2—aal) (le— il =5 () < il ) ()},
Q?,(d) = {z € C: (Jz—aj..i|) ('Z_aj...j| —rf(d)) < ri(d)rfs(ﬂ)}.

In addition, Zhao et.al [10] obtained the following eigenvalue inclusion region for
tensors on the basis that H -tensors have no zero eigenvalues.
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LEMMA 4.1. [10, Lemma 2] Let ./ = (aj,iy...i,,) € CI" . If o is a H-tensor,
then 0 ¢ o(<7).

THEOREM 4.6. [10, Theorem 11] Let <7 = (ajyiy...i,,) € CI"™" 0 > 2. Then

o) C () = () ®°(),
SCN

where

¢S<m>=<u¢w>)u U o)),

€S i€S,jes

@} () ={z€C:|z—aj..| <ri(),i €S},

() = {z€C: (lz=aiil =¥ () (I = ajjf| = (7)) < () ()}

Now, we will present a eigenvalue localization set for tensor on basis of Theorem
3.1

THEOREM 4.7. Let o = (aj,iy..i,) € C"" n > 2. Then

o@)c¥()=| U %) U( U ‘Pf,j<d>>71<i,j<k,

iGNo-u 7i7éj lgo—u?éo—vgk
where

V(o) ={z€C: |z—ajiil <ri(),i € No,,i # j},

~ A].Vo'u ﬁ AIJYO'V
"Pi,j(ﬁ{): zeC: <|Z—a,‘l‘...i|—06il (JZ{)) <|Z—ajj...j|—06j (JZ{))
AI_VCFu m—1 ANG"
<<ﬁil (d)> ﬁjj (d)viENijeNO'\mlgGM?éGvgk .

Proof. For every eigenvalue A € o(</), we take
'% = (biliZ"'im) = )LI_ %

Then

()= B5 " () Wi € N.

Noy,
A

0€ o(B).ri(el) = (B0l ()= (B).5

1

We assume A ¢ (), then there exists a nonempty subset No, C N, Ng, (N, =
0,1 <i# j<ksuchthat A ¢P; (). Therefore, we obtain

|Z—Cl,','...i| > r,-(szf’), iENgu,Vi#j,
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AN ou ﬁ AIYO-V AN Ou m—1 N
(Z—aiimi|—% i (;27)) <|z—ajj...j—aj’ (%)) > <ﬁl ! (437)) (),

where i € Ng,,j € Ns,,1 < 0, # 0, <k.
Equivalently, we have

|b,‘,‘...,“ >r,-(<@), iENgu,Vi#j,

1

1
Al_\’ ou m—1 AIY ov AI-V ou m—1 AIY ov
(|bﬁ...i—a,-' <%>) (|b,-,-...,-—o<,»f (%’))><ﬁ,-' (@)) " (),

where i € Ng,,j € No,,1 < 0y # 0, < k.

According to Theorem 3.1, & is an H -tensor. Furthermore, by Lemma 4.1, we
get 0 ¢ 0(%). This leads to a contradiction. Therefore, A € o(«7). The proof is
completed.

REMARK 4.1. Itis worth noting that Theorem 4.7 is established for every N5, C
N,1 <i<k2<k<n. Inother words, no matter how to divide the set N, V(o)
captures all the eigenvalues of tensor 7.

If k=2, thatis Ng, @Ng, =N, 0 ={1,2}, then we have the following results
by the Corollary 3.1.

COROLLARY 4.1. Let o = (aj,iy..i,,) € C"" n>2. Then
o) C¥ (o) = U @) U( U ‘i’i,j(%))
i€NG, i=1,2,i] 1<0u#0,<2

N Noy,
Ai

If k=n and N; = {i}, thatis N = Ny, ®No, B~ - DNe, . then o =0,p" =

4

ri(«7),i € N, there is the following conclusion at this time by the Corollary 3.2.
COROLLARY 4.2. Let o = (aj,iy..i,,) € C"" n>2. Then
o()C ()= | Zij(),
i,jeN
J#

where
1 1
Dii(A) = {z €C:z—aji|mT|z—aj.;| < (ri(«)) ™ rj(d)} :
There is no doubt that the following result is established.

THEOREM 4.8. Let o = (aj,iy..i,) € C"" n > 2. Then

o(o/) C () CT().
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Obviously, this new eigenvalue localization region is more precise than Theorem 2.1
[1] from Theorem 4.8. Not only so, we show that W(.</) is tighter than some existing
results.

EXAMPLE 4.1. Let o7 € R**4 be a order 4 dimension 4 real tensor with ele-
ments defined as follows;

a1 =10, an»n =38, a3z =7, asus=3,

a3z =aus =1, apn=ani=a =1,

1332 = 1442 = Q1232 = d1234 = A1321 = d1214 = 1,

2333 = aoqaa = 1, a2112 = a2234 = A2113 = a2343 = az123 = 1,
axn =1, azi11 = 1,a3121 = aza34 = az123 = 1,

agn =1, aq11 = l,a4101 = ag334 = 1,

and other elements are a;,;,;i, = 0.

Let S = {1,2}. Evidently, S = {3,4}. By computations, we get that

R () =11, () = 10, () =10, () = L, (@) = 10, (o) =2, () =9,
() = 1,R3() = 6,14(et) = 6,15 () = 1,15 (o) = 6,14 () = 3,18 () = 4,
A() = 5,75 () = 4 A () = 4,8 () = 3,5 (@) = 2,8 () = 4.4 (1) = 1,
ry(t) = 4, rb(6f) = 3,2(t) = 3,18 () = 3, () = 1 (o) = 3, (o) = 1.

By Theorem 4.1(Theorem 6 of [1]), we get

S

o) CI()={zcC:—-1<z<21},

By Theorem 4.3(Theorem 2.2 of [6]), we get

o() CHS()={z€C:-0.7016 < 7 < 20.3739},
By Theorem 4.4(Theorem 3.1 of [20]), we get

o() CYS(o/) ={z€C:—-0.7016 < 7 < 20.3739},
By Theorem 4.5(Theorem 4 of [21]), we get

o() CQ5 (o) ={z€C:—0.4641 < 7 < 19.7823},
By Theorem 4.6(Theorem 11 of [10]), we get

o(d) CP()={z€C:—-0.3723 <7< 19.6847},

Next, we will estimate the eigenvalues of this tensor by applying theorem 4.7 and
compare it with the previous results.
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Let k=3,N = UN“Nl 3,4}, N ={1},N3 = {2}, 6 =(1,2,3). When Ny, =

Nj thatis 0, =1, then we have

|z —a3333| <73(), |z~ agaas] < (),

3 AN M % A2
(Iz—a3333—a3 ) <2—611111|—O€11 (427)) < <ﬁ33 (427)) Bt (),

3 AV M % AV
|Z—6l3333\—0‘3 ) <2—612222|—0‘22 (437)) < <ﬁ33 (437)) B,? (),

% AN M % AV2
<|Z—a4444 ) (Z—611111|—0611 (437)) < <ﬁ44 (437)) B' (&),

% AV AM % AV
(1= ass - ' @) (2=l - 5% @) < (B () B (),

equivalently,
lz—=7/<S5, |z—5[<4

(Jz=7) = 1)3(jz—10]—0) <43 %11, (jz—7|—1)3(|z—8|—0) <4% *7,
(=51 1)} (=10 ~0) < 3411, (Jz—5|— 1)} (e~ 8]—0) <3} 7,

By Theorem 4.7 in our result, we obtain
U Wij@)=%) Ve, (@) ={2<z<12} [ J{1<2 <9} = {1<z<12},
€N, Ji# ]
W1 () ={0.2521 <7< 18.0827}, W¥s,(o7) = {1.3450 < 7 < 14.0861},
W1 (o7)=1{0.0032 < z< 17.1099}, Pso(er) = {1.0000 < z < 13.2227},

U Vi) =931 ()| JV32() | Va1 ()| Va2 (o

I<o,#0,<k

NN

= {0.0032 < 7 < 18.0827}.

From the above, we have

V()= U V@)Ul U ¥ii(«))={0.0032<z<18.0827},

i€NG, i) 1<ou#0,<k

which implies that eigenvalue inclusion region for tensors in Theorem 4.7 is more pre-
cise than some existing results in some situations.

5. Conclusions

We have introduced exponential type locally generalized strictly double diagonally
dominant tensors. This concept is a natural extension of strictly diagonally dominant
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tensors. Moreover, we have shown that exponential type locally generalized strictly
double diagonally dominant tensors must be H -tensors. On this basis, some checkable
sufficient conditions for the positive definiteness of even-order real symmetric tensors
and several new eigenvalues localization sets for general tensors have being presented.
And some numerical examples are given to illustrate the effectiveness and superiority
of our results.
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