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BOUNDS FOR THE PERIMETER OF AN
ELLIPSE IN TERMS OF POWER MEANS

ZAI-YIN HE, M1AO-KUN WANG, YUE-PING JIANG AND YU-MING CHU *

(Communicated by N. Elezovic)

Abstract. In the article, we provide several precise bounds for the perimeter of an ellipse in terms
of the power means, and present new bounds for the complete elliptic integral of the second kind.
The given results are the improvements of some earlier results.

1. Introduction

Let a,b,c € R with ¢ #0,—1,—-2,--- and x € (—1,1). Then the Gaussian hyper-
geometric function F'(a,b;c;x) [1-9] is defined by

abcx:i )x"7 (1.1)

n!

where (a,0) =1 for a £ 0, (a,n) =a(a+1)(a+2)---(a+n—1)=T(a+n)/T(a) is
the shifted factorial function and I'(x) = [;°#* 'e~'dt (x > 0) is the gamma function
[10-17].

It is well known that the Gaussian hypergeometric function F(a,b;c;x) has wide
applications in mathematics, physics and many other natural sciences. In particular,
many special and elementary functions are the particular or limiting cases of Gaussian
hypergeometric function, for example, the complete elliptic integrals 7 (r) [18-21]
and &(r) (0 <r< 1) [22-25] of the first and second kinds

7/2 d n
nN=[ —— X0")=7,
b e ’
r):/oﬂ/z\/Tsinz(t)dt, 5(0*):; ¢(17)=1
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can be expressed by the Gaussian hypergeometric function F(a,b;c;x). Indeed,

2

- (1
%(r)=gF<; ; ,r2> —%Z (5. ) (1.2)

and

g(r):EF< 1 1’1’ 2) _2( )2(%)71 2 (1.3)

2 2'2 2.5 (n!)
The perimeter L(x,y) of the ellipse with semi-axes x,y and eccentricity e =

' 1—(y/x)? give the formula

/2
L(x,y) :4/0 ! (xzcosz(t)+yzsin2(t))1/2dt (1.4)

/2 5 11 )
:4x/ \/1—e€2sin”(1)dt = 4x& (e) = 2nxF _5’5;1;6 .
0

In the past century, the bounds, formulae and methods for estimating and computing
the perimeter of an ellipse have attracted the attention of many researchers. Vuorinen
[26] conjectured that

L(x,y) > 21M35(x,y) (1.5)

for all x,y > 0 with x # y, where

x’l—l-y7L v
Ml(xvy) = < > ) (2, 7é 0)7 MO(x7y) = \/x_y (16)

is the A th power mean [27-30] of x and y. Inequality (1.5) was proved by Barnard,
Pearce and Richards in [31].
In [32], Alzer and Qiu proved that the inequality

L(x,y) <27M; (x,y)

holds for all x,y > 0 with x # y if and only if A <log2/(logm —1log2) = 1.5349..-
Recently, the authors in [33, Theorem 2.3] and [34, Theorem 3.1] proved that the
double inequality

T [23M1 (x7y)_5M—l (x7y)_2M2(x7y)} T [21M1 (x,y)—ZMo(x,y)—?aM_l (x,y)}

<L(x,y)<

8 8

(1.7)

takes place for all x,y > 0 with x £ y.
It is the aim of the article to improve the the upper and lower bounds for the
perimeter L(x,y) of an ellipse given in (1.7).
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2. Lemmas

In order to prove our main results, we need several lemmas which we present in
this section. In what follows, we denote v/ 1 —r2 by 7.

LEMMA 2.1. (See [35, Theorem 1.25]) Let 6,7 € R with c <1, ®,¥ :[0,1] —
R be two continuous functions on the interval [0, 7] and differentiable on (G,7) such
that W' (u) # 0 for all u € (0,7). Then both the functions [®(u) — ®(0)]/[¥(u) —
Y(0)] and [®(u)—D(1)]/[¥ (1) — ¥ (7)] are (strictly) increasing (decreasing) on (0, 7T)
if the function @ (u) /¥ (u) is (strictly) increasing (decreasing) on (0, 7).

LEMMA 2.2. The following statements are true:

(1) The function r — r'* ¢ (r) is strictly decreasing from (0,1) onto (0,7/2) if
w=1/2.

(2) The function r — [é"(r) - r’%)((r)} /1% is strictly increasing from (0,1) onto
(/4,1).

(3) The function r — [(l + r’2> H(r)— 2@@(r)] /r* is strictly increasing from (0, 1)
onto (1/16,00).

(4) The function

4= - (80 = H ()] =P LA () = E0)]
o(r) = ,: 2.1)

is strictly increasing from (0,1) onto (371/32,00).

Proof. Parts (1)-(3) can be found in the literature [35, Theorem 3.21(7) and Exer-
cises 3.43(26) and (29)].
Next, we prove part (4). It follows from (1.1)-(1.3) and (2.1) that

e\ (%’”4‘2) (%7""‘1) 2(n+2) S (27""‘1)2 2(n+2)
_826 CESNCES > !
S (—pntl)(5.n+1) 2(n+2)
P e
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5y (3:142) (514 1) i) i (27”+1)( )(5”+3)r2(n+2)
= (n+2)!(n+1)! o [(n+1)1)?
_ i (3.n+3) (%v”+2) 2(n+3) i (3:n+2) (2»”+1)(5”+8)r2(n+3)
= (n+3)ln+2)! s [(n+2)12
=3i (3.n+1)(3,n+2) (n43)
= (n+3)!(n)! ’
which leads to (1 )(1 )
g (Bt (Ent2)
o(r)= 5 20 CESIOL r. (2.2)
Therefore,
3 (31)(4,2) 3n
+ 2 2 o
0 (07) =753 32
&2 (e 2
o(17) = 111}17 (8 5r ),/“if(ri6 (8 r)é”(r) .

and ¢(r) is strictly increasing on (0, 1) follows from (2.1) and (2.2). O

LEMMA 2.3. Let k € N. Then

SVA(KR +19k+20)  Va(k+1)(k+2) 1
32(2k+1)(k+3)  24(2k+ 1)2k+1 k+1/4
for k> 8.
Proof. Let
y(k) =[9007k> + (344257 — 147456)k* + (3694507 — 1032192)4° (2.3)

+ (7742257 —2248704)k*+ (5310007 — 1548288)k-+900007—331776]22(*1)

1
+647(k+1)(k+2) (k+3) <k+1> [k3+6k2+11k+6—15(k2+19k+20)2k} .

Then elaborated computations lead to

SVA(K+19k+20) \/ﬁ(k+1)(k+2)r_ (ﬁ)z (2.4)

32(2k+ 1)(k+3) 242k 1)2k+1 )

_ v (k)
9216(k + 3)2(2k -+ 1)2(4k 4 1)22(k+ 1)

Note that

344257 — 147456
O = 28.2743 ... > 28, # — 393.0667---> —395,  (2.5)
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369450 — 1032192

— — 1284.6940 > 1280, (2.6)
7742257 — 2248704
”l = — 1835.9557 > 1835, 2.7)
5310007 — 1548288
”100 — 1198.9769--- > 1195, (2.8)
900007 — 331776 12
O 2 490.3266--- > —495, —=F _75398...<8,  (2.9)
100 5
2 = 2568 log2 (2.10)
log2 log?2
> 256 1+01i'(x—8)+ 98 2 (x—8)>

2!
> 256+ 177(x — 8) +60(x — 8)?

for x > 8.
We clearly see that

28k —395k* + 1280k> 4 1835k> + 1195k — 495 > 0 (2.11)

for k > 8. Indeed, it is not difficult to verify that (2.11) is valid for k =8 and k=9,
and

28k — 395k* + 1280k > 0

for k > 10.
It follows (2.3) and (2.5)-(2.11) that

w(k) >[9007k> + (34425 — 147456)k* + (3694507 — 1032192)k”
+ (774225 —2248704)k>+ (5310007 — 1548288 )k+900007 —331776] 2%+
1
— 9607 (k+ 1) (k+2)(k+3) <k+ Z) (K> + 19k +20)2¢

> [9007k° + (344257 — 147456)k* + (3694507 — 1032192)k°
+ (7742257 —2248704)k*+ (5310007 — 1548288)k+900007 —331776] 22(+1)
— 9607 (k4 1)*(k+2) (k+ 3) (k> + 19k + 20)2*

and
v (k)
100 x 2k+2 (2.12)
344251 — 147456 369450 — 1032192
5 4 3
> |9k’ + 100 kT + 100 k
. 7742257 — 2248704k2 . 5310007 — 1548288k+ 90000 — 331776 ok
100 100 100
127

= = (ke D) (k+2)(k+3)(k + 19k +20)
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> |28k> — 395k* + 1280k> 4 1835k> + 1195k—495} [256 +177(k — 8) +60(k — 8)?
—8(k+1)2(k+2)(k+3) (k> + 19k +20)

—=1680(k — 8) + 48448 (k — 8)° + 528501 (k — 8)° +2783460(k — 8)*
+ 8154255 (k — 8) 4 16135583 (k — 8) + 15415465 (k — 8) + 4028864 > 0

for k > 8.
Therefore, Lemma 2.3 follows from (2.4) and (2.12) together with the fact that

5Vm(k> +19k+20)  /m(k+1)(k+2)
32(2k+1)(k+3) 24(2k + 1)2k+1

fork>8. O

LEMMA 2.4. Let n € N and ¢, be defined by
o= (%,n) {(n—|—2)!—|— [32 (%,n) (n+2)—3(n+ 1)!(5n—|—24)]2"} (2.13)
+3G,n> (n+2)12",
Then co=ci=cy=c3=c4=cs=c¢=0and ¢, >0 forn>17.

Proof. 1t follows from (2.13) that

49116375 0. ca— 33153553125

co=cl=C=c3=c4=C5=c6=0,c7= 1 >0, cg

(2.14)

Next, we use mathematical induction to prove the remain results. Let n > 8 and

assume that ¢; > 0 for k = 8,9,---,n. Then it follows from (2.13) and the induction
hypothesis that

3 (%n) (n+2)12" > Gn> [3(5n+24)(n+l)!2"—32(n+2) (%n) 2"—(n+2)!}
and

- (2.15)
_ (%n—i— 1) {(n+3)! + [32 (%n—i— 1) (n+3) —3(n+2)!(5n+29)]2n+1}

3
+3 (Zn+ 1) (n+3)12"!

=2 (n—i—%) (n+3) {3 (%n) (n+2)!2”} + (%n+ 1) (n+3)!

1 1
+32 <§,n—|— 1) (%,n—i— 1) (n+3)2"t -3 <§,n—|— 1) (n+2)!(5n+29)2" !
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1 3 . 30\,
>2 ik n—l—Z (n+3)[3(5n+24)(n+1)12"—32(n+2) ik 2" —(n+2)!

+ (%n) KH %) (n+3)!+32 <n+ %) (%n+ 1) (n+3)2"!

-3 <n+ %) (5n+29)(n—|—2)!2"+1}

_ (%;;) s {32 <n+ %) (n+3) (%rH— 1) 3 <n+ %) (5n+29)(n+2)!

+3 (n—i—%) (n+3)(5n+24)(n+1)!

_19 <n+%> (142)(n+3) (%n> - (n+3221$?+1)]

- (1 )2"“ [(n+1)!<§(n2+19n+20)— (”+1)(”+2>(”+3))

2" ontl

—24(n+1)(n+3)<%,n)}
_24(2n+1)(n—|—3)(%’n)(n+1)12n+1
NZ3
lS\/ﬁ(n2+19n+20) YA+ 1)(n+2) T+

322n+1)(n+3) 242n+1)21 T(n+1)

Therefore, ¢, > 0 for n > 9 follows from Lemma 2.3, (2.14), (2.15) and the Wallis
inequality [36]

for n > 1 together with the mathematical induction. [
LEMMA 2.5. Let r € (0,1) and f(r) be defined by

" 32 [2@@(1") —r’{%(r)] +577 4 2V1+ 223 ;
) = . (2.16)
2(\/1+r2+r’2—r’—1>

Then f(r) is strictly decreasing from (0, 1) onto

({64— (23—2\6) n] / [2 (ﬁ— 1) n] ,3/4).

Proof. Let

R
r

Si(n) [25(")—/21/(")] +577 420147223,
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gl(r):2<\/1+r2+r’2—r’—1>,

fz(r):16[(go(r);r;/2x(r)}+ ¢11+—,2 .
)= o=+ 52,

/3 2
fﬂ”ZI&‘{O+r2j{0%4gvﬂ‘k1fiﬁﬂ’
gz(r)Zl—ﬁ~

Then from Lemma 2.2(1), (2), (3), (2.16) and the derivatives formulas

A (r) &) —r*# ()  dé(r)  Er)—H(r)

dr rr'? ’ dr r
we get
£1(01) = % (n—f) +542-23=0, g(0%)=0,
f£(07) = % xTi1-5=0, 82(07) =0,
16
AOT) =2 x{e=1=0, &0 =0,
A0 _AD-AO) A0 AO AO-HOH
M= 00 " a0 -a0) &0 on  an-ao) 7P
A0 A0 _BO-50 A6 B 2 )is
G0 " ml) sl -s0) Gu el @I
where @(r) is defined by (2.1).
Therefore,
Oy =1— S 33 oy 2 64— B2V _ () 0yg.
T 3T R - 2(V2-m

and f(r) is strictly decreasing on (0,1) follow from Lemma 2.1, Lemma 2.2(1) and
(4), (2.16)-(2.18) and the L’Hbpital’s rule. [l

3. Main results

THEOREM 3.1. The double inequality

2121 — 64 64— (23 -2\2)m

3(6++2)m — 64
8(\/2—1) Ml(xvy)_ 8(\/5—1)

8(VZ-1)

M()(X,y)— Mfl(x7y)

3.1)
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21r—64 431 3r r T
—M L —M ——M, ——M_ ——M
8(\/5—1) 2(x7y)< ()C,y)< 16 1(x7y) 16 ()(X,y) 16 l(x7y) 16 2(x7y)

holds for all x,y > 0 with x # y.

Proof. 1t is not difficult to very that inequality (3.1) is equivalent to

64— (23 —2v2)m  BL(x,y)+5M_1(x,y) +2M>(x,y) — 23M; (x,y) .

3
2(\/5— 19);4 2[M2(x’y)+M—1(x7y)_MO(X,Y)—Ml(x,y)} e 3.2)

Without loss of generality, we assume that x >y > 0. Let r = (x —y)/(x+y) €
(0,1). Then from (1.4), (1.6) and the Landen identity [35, Appendix E, Formulary (16)]

P ( 27 ) 28(r) — > (r)

)

1+r 1+r
we have
8 2x [26’(r) - r’{}if(r)}
—L = M_ =x(1—
—L(x,) P : 1(6,y) =x(1—r),
x1+r2 X xr’
2(x7y) 1+r y l(xvy) 1+r7 0(X7y) 1+r
and .
EL('XLY)+5M—1(x7y)+2M2(x7y)_23M1(xay> :f(r), (33)

2[M2(xvy) +M*1(x7y) —M()()C,y) —-M, (x,y)}

where f(r) is defined by (2.16).
Therefore, inequality (3.2) follows from Lemma 2.5 and (3.3). O

REMARK 3.2. Let o0 = [64 - (23 - 2[2) n} / [2 (fz— 1) 77:] —0.2417 - and
B =3/4. Then inequality (3.1) can be rewritten as

o F21M1 (x,y) — 2Mo(x,y) = 3M_ (x,)]
8
TR [23M (x,y) — SM_1(x,y) — 2Ma(x,)]
8
B" [21M; (x,y) — 2Mg(x,y) —3M_(x,y)]

m[23M(x,y) — SM_1(x,y) — 2M>(x,y)]
+(1-P) - -

(3.4)

< L(x,y)

From (3.4) we clearly see that the upper and lower bounds for the perimeter of an
ellipse given in Theorem 3.1 are better than that given (1.7).
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THEOREM 3.3. Let A =55/230 =5.1222--- x 1078 and u = (43 —/2)/64 —
2/m=0.013158---. Then the double inequality

T (y) — Mo () — M () — Mo (x,y) — 2u7x Y 8 (3.5)
16 1 y 16 olX,y 16 X,y 16 2(X,y u x2 .

437 3 Tn T 2\
<L0r) < 2y 19)— S Mo 3) LM (53) M)~ 2 (1-2 )

holds for all x >y > 0.

Proof. Lett € (0,1) and Q(r) be defined by

Q()::—;Ml(l \/IT)——MO(I Vi—1 )——M 1(1,V1=1) (3.6)

—3—2M2(1 Vi—1)— ( ;;1 z)

Then from (1.1), (1.6) and the power series formula

~—

w(_qvn
1—-1)7= "
(1-0=3 =
we get
11 = (=Ln) 4 ) 1& (3 n+1)
Fl—=,=;1;t) = 2’ 22 (3,7 2’ AVANAV AN
(3t) =5 e =15 5 S
43

3_2M1(1 V=i )__MO(I Vl_) 71(17V1_t)_3_2M2(17V1_t)

— (1 VT=1) = 50— <l—£> —i<1_lz>1/2

43

T4 T & 1) = (nt1)!

2+§<—z77n+1>n+1]_

H’E 47”"’1) n+1]

7

16

! iwm]__

2 & (n+2)!

5 G, ]

2n+l

_1+_[4326( 27n+1) o 620( ;f;rl) "

8i (_§7n+2) n+1_2i (_i’n—'_l) tn+1:|

t
2)! = 21 (n+ 1)!

n=0 (n+
43(=3.n+1) 6(—g.n+1) 28(=3.n+2) 2(—3n+1)
( .

n+1

e’ n+1)! (n+1)! (n+2)! 2+ (n+1)!

-2
PR
B 64Z
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& (3om) [(n42) =3(5n+24)2" 43 (.n) (n+2)2"

=1 tn+1
2 128(n+2)12"
and
) 1 n 3 n
(Z:") [(n+2)—3(5n+24)2}+3(1,n) (n+2)2" .,
1) = t 3.7
o =2 128(n+2)12" S
+li (é7n)(2’n+l)tn+l i Cn tn+1
24 [(n+1)1? € 128(n+1)!(n+2)120 7
where ¢, is defined by (2.13).
It follows from Lemma 2.4, (2.13), (3.6) and (3.7) that
Q(t) . 7 < Cn n—7
8 n + 2 nt ’
t 128(n+1)!(n+2)12" * ~ 128(n+1)!(n+2)!2
- 0(1) 7 55
1 = — 3.8
ot 18 128(n+1)(nt2)i2n 230’ 38
0} 43-v2 2
lim =2 = 1) = —— 39
Jim =57 = lim 0(1) = ———7 (3:9)

and Q(¢)/t® is strictly increasing on (0,1).

Letr=1 —yz/xz. Then inequality (3.5) follows from (1.4), (3.6), (3.8), (3.9) and
the monotonicity of the function Q(¢)/t® on the interval (0,1). O

Let 7€ (0,1), x=1 and y =# = /1 — r2. Then from (1.4), (1.6), and Theorems
3.1 and 3.3 we get Corollary 3.4 immediately.

COROLLARY 3.4. The double inequalities

le/fn—64(1+r,)_64—(23—2\/§)nr,1/2_3(6+\/§)n—64 v
64(v2—1) 32(vV2-1) 16(v2—1) 1+7
_ 1/2 / 1/2
21m—64 (l+r,2> / <8< 437 - 9_3_7: i In P V2¢ ( +r,2> /

322—V2) 128 { S 321+7 128

and

437 N 3T o Tmor V21 1/2 16

R R i =t <1+ ) 2unr® < £(r) (3.10)

431 3w i Im ¥ V271 N 172

271 A Y R /) —22 16
<t -G 21+7 128 ( tr r

hold for all r € (0, 1) where A =55/230=5.1222---x 1078 and u = (43 —/2) /64—
2/7=0.013158--
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REMARK 3.5. From (3.10) we clearly see that the absolute error is less than

1.27 x 1079 if r € (0,1/2] and we use

431 r,) _3_7'Er,1/2 i 7 V2 <l+r/2>l/2

Fs(l 64 321+ 128

to represent the approximation of &(r) due to
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T

2m(u—A)rt < 3k

(W—A)=1.2615---x107°.
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