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STABILITY INEQUALITIES INVOLVING
GRAVITY NORM AND TEMPERATURE

JIATIN WEN, TIANYONG HAN AND JUN YUAN™

(Communicated by Q.-H. Ma)

Abstract. In the centered surround system $() {P,T'}, where T is an ellipse and its eccentricity
e € [0,1), and P is one of the foci of T, we establish the following stability inequalities:
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where ||F|| is the coefficient of variation of the gravity norm |F|| and the coefficient /2 of
e/v/1—e? is the best constant. We also demonstrate the applications of the inequalities in the
temperature change research, and obtain an approximate temperature coefficient of variation
formula and an approximate temperature mean variance formula as follows:
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VarT ~ 1.2897992775023233 - - x ———_ x R=2.
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1. Introduction

Stability is an essential attribute of any random variable [1, 2, 3, 4, 5, 6, 7, 8]. The
variance [2, 3, 4] and the coefficient of variation [5, 6] are important stability features of
a random variable, their research and applications are important topics in mathematics
and physics, especially the theory of satellite.

It is well known that there are eight planets in the solar system, i.e., Mercury,
Venus, Earth, Mars, Jupiter, Saturn, Uranus and Neptune, which are the moons of the
Sun. In space science, we are concerned with the stability of the radiation energy [9, 10]
of the Sun since which will directly affect our daily life. Since the radiation energy is
related to the gravity [11] of the Sun and the temperature on a planet is dependent on
the radiation energy, so we are special concerned with the stability of the gravity norm
of the Sun.

In space science, we need to know that the law of temperature change on a planet,
especially the temperature coefficient of variation. Unfortunately, it is very difficult
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that to measure the temperature coefficient of variation on a planet. Therefore, it is of
theoretical significance that to study the temperature coefficient of variation on a planet
by means of the mathematics.

At present, the research of the climate change on the Earth is a hot topic in the
world. Since the rain and the air humidity are related to the temperature and our daily
life is dependent on the rain and the air humidity, it is of application value that to study
the temperature coefficient of variation on the Earth.

In this paper, our motivation is to study the stability of the temperature on a planet.
To this end, we first introduce the basic concepts on the stability and the surround
system, as well as we illustrate the background and the significance of these concepts
in space science. Next, we establish several identities and inequalities involving the
centered surround system N {P,T'} [12, 13, 14, 15, 16, 17]. Next, we prove a sfa-
bility inequalities in the centered surround system 5@ {P,T'}. Finally, we demonstrate
the applications of our results in the temperature change research, and obtain an ap-
proximate temperature coefficient of variation formula and an approximate temperature
mean variance formula.

In recent years, Jiajin Wen etc. systematically studied the theory of surround sys-
tem and obtained some results which have the application value, see [12, 13, 14, 15, 16,
17]. One of the theoretical significance of this paper is that use the computer to deal
with some complex computational geometry problems, and the another is to establish
the geometric and physics theories on satellite motion. The application value of this
paper is to analyze the stability of the temperature on a planet, especially the Earth.
A large number of mathematics, physics and computer theories are used in this paper,
especially the computational geometry, numerical analysis and the inequality theories,
and the series [18] is the crucial one.

2. Basic concepts and main result

Let Q C R™ be a measurable set where R = (—c0,00), and let X € Q be a contin-
uous random variable and its probability density function p : Q — (0,e0) be integral,
as well as let the function ¢ : Q — (0,0) be integral. Then the functionals

_ . Var
Ep £ / p@, Varg 2 E@? — (E)?, Varg £ /Varg and ¢ £ ];:p(p
Q

ey

are the mathematical expectation, variance, mean variance and the coefficient of vari-
ation of the random variable ¢ (X), respectively [3, 4, 5, 6, 18].

The coefficient of variation ¢ is an important stability feature of the random vari-
able @(X). If the mean variance Var¢ is very small and the mathematical expectation
Eg is very large, then the coefficient of variation @ is very small. Conversely, if the co-
efficient of variation ¢ is very small, then the mean variance Var is very small or the
mathematical expectation E@ is very large. This is the significance of the coefficient
of variation @ in the analysis of variance.

The theory of satellite is important in space science. In [12, 13, 14, 15, 16, 17,
19], the authors systematically studied the theory of satellite and obtained some results
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which have the application background. But in space science, the centered surround
system s@ {PT} [12, 13, 14, 15, 16, 17] has its special properties, that is, where the
I" is an ellipse and P is one of the foci of the ellipse [19]. Therefore, it is necessary for
us to do further research on this centered surround system.

Let the particle A € R? be regarded as the Earth, and let its motion trajectory be
the ellipse

2y
Fé{xi—kijRz:—z—F—:l,x,yeR,a>b>0}, 2)
a? b2
where and in the future 0 = (0,0), i= (1,0), j = (0,1), and let the particle P = —ci,
where ¢ = va%? — b? > 0, be regarded as the Sun which is a focus of the ellipse ', and
the eccentricity of the ellipse T'is e £ ¢/a € [0,1). Then the set S {P,T} £ {P T} is
a centered surround system [12, 13, 14, 15, 16, 17].

Let the masses of the Earth A and the Sun P be m > 0 and M > 0, respectively.
Then, according to the law of universal gravitation, the gravity of the Earth A to the
Sun P is

~ GmM(A—P)
la— P

where G is the gravitational constant in the solar system. Without loss of generality,
here we assume that GmM = 1.
We say that

; 3)

1
2
|4 =P

is the gravity norm of the gravity F. When the Earth A traverse one cycle along its
orbit T, the mean of the gravity norm ||F|| is

¥l = )

— 1 1
¥l = (5)

Tl rA-p|?
where the |T'| £ ¢ ds is the length of the ellipse T
In [3, 15, 20], the authors extended the classic gravity F and defined the A -graviry
as follows: AP

-4 (6)
la— P!

F;

where A € (0,00), F, =F, and the |[F;|| = |[A—P|| ™ is the A-gravity norm of the
A -gravity F, . They also defined the mean A -gravity norm of the A -gravity F; as

follows: 1 {
F é__f_____7 7
Il = 0 e a7 v
where
[F = ]F ||—L L (8)
I e AP

is the mean gravity norm of the gravity F.
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In the solar system, the gravity of the particle A to the another particle P is F,
while for other galaxy in the universe, the gravity may be F; where A € (0,2) U
(2,4-00). For example, in the black hole of the universe, we conjecture that the gravity
is F), [15], where A € (0,2) is very small. This is the significance of the A -gravity F;
in space science.

In [3], the authors defined the planet system in an abstract Euclidean space [21, 22]
and the A -gravity function in the planet system, and obtained some results which have
the application background. In [15], the authors obtained the following isoperimetric
inequality [23, 24]:

A
—_— 2r

where the T is a smooth and convex Jordan closed curve in R? [25, 26]. Equality in
(9) holds if and only if T is a circle and P is the center of the circle.

In [16], the authors improved and expanded the inequality (9), and obtained the
following isoperimetric inequalities:

5 e? o2 S 16—1 2 2\ 2
14+ = il = ) (Z 10
(*zfr 1—e2><r|) S IFlF< <+ in Xl—ez><rl)’ (10

where T is an ellipse and P is one of the foci of the ellipse, and e € [0, 1). Equalities
in (10) hold if and only if T is a circle and P is the center of the circle.

In [17], the authors proved that : For the centered 2-surround system S J{PT,l},
we have the following isoperimetric inequalities:

exp(ﬁfrlogﬁa) N 1 [
2

It It It I
. > sec — + cot —- T log | tan — T + sec — (11)
exp (m frlogrp>

T T

[ In [ In
sec o +c0t—10g (tan |11'c‘ +sec — )} when 0 < ZAPAL <t

N\12
(Fh7) 1 [
T T Tl

(12)

where T = 2.49342812654089..., and 7/2 is the unique real root of the following
equation:
d?[sec @ + cot O log(tan O + sec O)]
de?

=0,6¢(0,7), (13)
2
and T is a smooth and convex Jordan closed curve in R?. Equalities in (11) and (12)
hold if and only if T is a circle and P is the center of the circle.
In the centered surround system S {P,T'} , we may also think that the |[F|| as a
random variable, which follows a uniform distribution, that is , the probability density
function of the ||F|| is p: T — (0,e), p(A) = 1/|T'|. Then, by (1), the mathematical
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expectation E||F||, variance Var||F||, mean variance Var||F| and the coefficient of
variation ||F|| of the random variable ||F|| are

- N S - Var||F|
B =TT Ver | = T — (TFT) . Var ]| = Vo [ and [F] = 0

(14)
respectively. This is the significance of the A -gravity F; in the analysis of variance.

In general, the coefficient of variation ||F|| can not be expressed by the elementary
functions since which involves the elliptic integral [27]. In order to facilitate the appli-
cations, in this paper, we will find the sharp lower and upper bounds of the coefficient
of variation ||F||.

Our main result is as follows.

THEOREM 2.1. (Stability inequalities) Ler S@) {P,T'} be a centered surround

system, where T is an ellipse and its eccentricity e € [0,1), and P is one of the foci of
T'. Then we have the following inequalities:

4r e —= e
Zx —— <||F|| < V2 x , 15
\V Ts T [F| = (15)

where the coefficient \/2 of e/\/1 —e2 in (15) is the best constant.

In Section 5, we will display the applications of Theorem 2.1 in space science.

3. Preliminaries

In order to prove Theorem 2.1, we need to introduce some preparatory knowledge
as follows.
For the ellipse T in (2), we say that

a|ll’
Rr =/ % (16)
is a quasi-radius of the ellipse T".

We remark here that, by the isoperimetric inequalities [15, 23, 24]:
r)?

ar

and the p-mean inequality [15, 20, 28, 29, 30, 31, 32, 33]:

rwab = AreaD(T") <

B:
2n

1 2 2 b2
< \/—/ (azsin29+b2cos2 6)d6 = @t
21 Jo

1 21
7 / vV a2sin? @ + b2 cos? 0dO
0

2 )
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2 2
bg\/a\/ﬁéRr<\/a\/a; <a. (17)

Equations in (17) hold if and on if a = b. Therefore, the quasi-radius Rr is a mean of
the positive real a and b.

In order to prove Theorems 2.1, we need to establish several identities and inequal-
ities as follows.

According to the theory of mathematical analysis, we have the following Lemmas
3.1 and 3.2.

we have

LEMMA 3.1. (See Lemma 1 in [16]) Let f: R — R be a periodic function with
the period T > 0. Then we have

T+t T
F)dx = /O F0dx, Vi € R. (18)

t

LEMMA 3.2. (See Lemma 2 in [16]) For any continuous function g : [0,1] — R,
we have

2n
/0 g (cos?0)do = g/2 g (cos?0) do. (19)

T Jo

1
2n

LEMMA 3.3. (Mean gravity norm formula) Under the hypotheses in Theorem

2.1, we have
2 z 1 2 2
_/2 +e“cos 93/2d0 ' 20)
TJo (1—e2cos?)

—2
[Fl| =R

Proof. Since

I'={xi+yj:x=acosO, y=bsin0, 0 €[0,2x]},

we have
|A—P| = \/(acose +¢)? + (bsin@)?
— Va2 cos? 0 +2accos 6 + ¢ + b2sin® O
= \/a2 c0s2 0 +2accos 0 + c2 + (a? — c2)sin* 6
= Va? +2accos8 +c2cos? @ = a+ ccosd
=a(l +ecosh),
that is,

|A—P||=a(l+ecosB). (21)
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Since

de de de

2 2
ds _ \/<ﬂ) + (d_y) =av/1—e?cos?9, (22)

by (21) and (22), we have

—” H 1 1 a 1 1 d
——>as
[T]Jr JA=PI? — |T] Jr[lA—P]?

s () (8
Tl 2(1+ecosf)* | \dO e
2m am
IF\ / 2(1+ecosh)>
_ /2ﬂ V1—ecosb V1—ecos® o
alT| ’

(I+ecosH) 3/2

that is,

2z \/T—ecosBO
/ ) 23)
a\FI (I+ecosH)

In (23), set 8 = ¥ — m. Since the cosine function cosx is a periodic function with
the period 27, by Lemma 3.1, we have

— 2r \/T—ecosB
[F[| = F/ 3/2d9
all’| (L+ecosH)

B /2”+” V1 —ecos(¥—m) a9 — )
a\FI 1+ecos( — 7'6)]3/2
B /2’”” V1-+ecosd ”
a\FI ecosf})3/2
2t /T+ecostd
- / B e 1)
a\FI (I —ecos®)
B /2” v1-+ecosf 40
a\FI (1 —ecosH) (1—ecos0)?
that is,
2
/ v1+ecos6 _vltecosb o 24)
a\FI —ecos0) 3/2
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By (23) and (24), we get
W_L/Ml V1 —ecosO V1+ecosO
alllJo 2 (1—|—ec0s9)3/2 (1—ec0s9)3/2

1

211 (1—ecos@)*+ (1+ecosh)?
a\FI 2 (I +ecos 6)3/2( —ecos 6)3/2

2 14e’cos’ 0
- / O T de,
alT| —e2cos?0)

2t ] 4e?cos’ 0
/ O T de. (25)
a\FI (1 —e2cos?0)

On the other hand, by (16) and (22), we have
T=a / V- o046 < (|r ) ( / mde) R (26)
According to (25), (26) and Lemma 3.2, we get
2
e

1 2 2
_/ +e?cos’ 0 40
2nJo  (1—e2cos?0)*?

2 % 14¢e%*cos’o
—/ —3/2(19 .
TJo (1—e2cos?0)

That is, formula (20) is proved. The proof of Lemma 3.3 is completed. [

that is,

— Rl:2

= Rp?

LEMMA 3.4. (Mean 4-gravity norm formula) Under the hypotheses in Theorem
2.1, we have

(1—e2cos?0)”/?

S L 22 4.4
[[Fs ( / V' 1—e?cos? dG) [ /2 6 cos” 6 ¢ cos edO]. 27
0
Proof. By (21) and (22), we have

—_ 1 1
Fl = o f o prads
T e A=

ik e () (&) o
Tl Jo  a*(1+ecosB)* | \dO de
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/2” av1—e2cos? 6
\Fl

(14ecos6)*

V1—ecosb

2
a3\l"| /

that is,

In (28), set 6 = ¥ —

(1+ecos0) /2

V1—ecosb

de.
(1+ecos) 72

(28)

2
sl a3|1—‘\ /

7. Since the cosine function cosx is a periodic function with

the period 27, by Lemma 3.1, we have

[Fall =

that is,

By (28) and (29), we get

|14

2t /1 —ecos@
/ S0 e
a\FI (1+ecosH)

/2”+” /1 —ecos(® — ) Ao — 1)

that is,

a3\l"| [1+4ecos(® — n)}7/2
2+ \/T+ecos
= T / 7/2dﬁ
a \FI —ecos V)
/2” \/l—l—ecos 46
a3\l"| (1—ecos0) 727
2t \/T+ecosO
Fy|| / do. (29)
a3|1“\ (1—ecos0) /2
/27t 1| +1—ecosB V1+ecosH
a3\l"| l—i—ecos@)”2 (l—ecose)7/2
271 (1—ecos@)*+ (1 +ecosh)*
a3\l"| 2 (1 +ecos@)7/2( ecos9)7/2
/2” 1+6e2cos?0+et cos46d0
@[T l—ezcosz@)”2 ’
TRl = /2”1+6e cos2 0 +¢* cos49d9. (30)
@[T e2cos20)’/?
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According to (26), (30) and Lemma 3.2, we get

/2”1+6e cos? 0 +e* cos46d6
Tl =

1 —e?cos? 0)7/2

2% 3027 | 4 62 cos> 4 oo
_4</ \/m(w)/ + 6e” cos 9+e7c/(;s Ode
0 (1—e?cos? )
m 2 2 cos2 4.4
= (Y (o [ Vi) | L [0 ey edG]
r 2
2 1E 14662 cos? 404
() (i) [ [ o
0

2r

(1 —e%cos? 0)7/2
T (1—e2cos20)”/?
2 z 2 El 2 2 4 4
:R1:4 <_/2 \/m(w) l_/z + 6e”cos” 0 +-¢e” cos Gdel'
T Jo T Jo

(1—e2cos20)”/?

That is, formula (27) is proved. This ends the proof of Lemma 3.4. [

According to the theory of mathematical analysis, we have the following Lemma
3.5.

LEMMA 3.5. (See Lemma 5 in [16]) For any positive integer n, we have

2 (3 5 (2n—1)!
z n _ 1
/0 cos™ 0do anl 31

where

Cn)'=2x4x6x%x---x(2n)and 2n—1)'=1x3x5x---x(2n—1). (32)

LEMMA 3.6. Forany e € [0,1), we have

2 r2 2N U o1
E/o V1—e2cos20df=1—¢ ’;4’12_16( ), (33)

where the sequence {u,}, _ is defined as follows:

S . 1\ (@n+Dl@n—1)n
{I/Ln}n:O LUy = l7un :]];[1 (1 — m) = [(2’1)”}2 s Vn 2 1. (34)

Proof. By 0<e<1,0< e2c0s? 0 < 1 and the Newton formula

“ |
(1+x)”:1+2;]'[(u+1—k)x", Vx e (—1,1), (35)
n=1"" k=1
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we get
V1—e2cos?f = (1 —e2cos? 9)1/2
=1+ i %ﬁ (%4— 1 —k) (—e?cos’0)"
n=1"" k=1
=1- ez}i 7(2212;)3”)”&("1) cos> 0
- T
that is -
V1-ecos2=1— eznzl %ezm_l)cosz" 0. (36)

By (36) and Lemma 3.5, we get

e (2n—1DN 2 (3
/ V1—e2cos20d0 =1—e Z (”7))62@—1) (E/z cos>" Gde)
0

= (2n—1)(2n)!!
—1-¢ 2 %62@—1)%
=1- ezni e 1)1(2n - (2n +[2i1!)(!2612— DI 5y
= 1_6224#’4"_ 162(n71).

That is, (33) is proved. The proof of Lemma 3.6 is completed. [

LEMMA 3.7. Forany e € [0,1), we have

2 /72[ 1+e%cos? O
0

4n—|—1 2
—————d6 =1+ ne", (37)
T (1 —e%cos? 0)3/2 2

12n+ 1
where the sequence {u,},  is defined by (34).

Proof. By the Newton formula (35), we get

1+¢eZcos?O

(1 —e%cos? 0)3/2

=2(1 —e?cos? 6)_3/2 —(1 —e?cos? 0)_1/2

1 £ 3
_1+2nz'1”'k 1(—54—1— )( e cos 9)
2

n=

1 n

H(—%+1— )( ¢ cos? 0)"
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(2n+1) ”
2 n 1 2n
1+42e E 2n T )cos™ 0

2 < (Zn_l)” 2(n—1 2n
—e EWG( )cos™ 0

n=1
2n+ DN —(2n—1)N
(2n)!

22n+1)2n— 1" —=2n—1)! 5, _
_ 2 2(n—1) 2n
=1+e E G e cos™ 6

2D cog2n g

=1+¢° Z 2
n=1

(4n+1)2n— 1N
i 22 n+ ) :1' ) 201 cos2 g
n

that is

1+ e2 cos? < (4n+1)2n—1)!
reewt ey G Dlanngng. @y
(1 —e2cos? 9)3/2 (2n)!t

By (38) and Lemma 3.5, we get

| (4n+1)2n—1)N 2 (3
_/ +e?cos’ 0 _LtefeosT® o4 22 n+1)(@2n—1) e2(n=1) (E/2c0s2”9d9>
0

(1—e?cos? 0)3/2 (2n)!
= 1+e2n§1 (4n+ (12)537'_ 1)”62(,,_1) (2(712;;!)”
= l—i—e2 3 ;ZIi(Zn—H) [%rez(n—l)
S A
4 < 4n+1 120,

2+l

That is, the identity (37) holds. This ends the proof of Lemma 3.7. [

LEMMA 3.8. Forany e € [0,1), we have

5 14+6e2cos?0+e*cost o i 16
— do =1 1+—n(2 3 2n 39
/ e +nzl{ +qen(2n+ >] . (39)

where the sequence {u,},  is defined by (34).
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Proof. By the Newton formula (35), we get

1 +6€%cos’ 6 +e*cos* 0
(1 —e2cos? 6)7/2
~ (1—é?cos? 9)2+8 (*cos’6—1)+8
- (1 —e%cos? 0)7/2

=(1 —e2cos? 6)_3/2 —38(1 —e2cos? 6)_5/2 +8(1 —e?cos? 6)

—L+2 in(——+L—)(ecm9)
1+EII]C_+1—)(ecm9)]
1+ 2 H (—%H—k) (—e2cos29)"]

© ] m

H (2k+1) (e*cos*0)" —8 Y — 'H(2k+3)(e2c0s29)n
Nzl a1 2l

ﬁ 2k+5) (e cos 9)

~7/2

_|_

I
+
Mx

3
I
_

72&:)3” (e*cos?0)" 8 2 2’13:37(2?2:)1”)” (e*cos?0)"
(2n+3)(2n+5) (2n—|—1)!!
s1 2n)!!
8(2n+3) 8(2n+3)(2n+5)] 2n+ 1)1
T 511 } (2n)!!

M IIMX

Il
4

3
Il
_

(62 cos’ 9)"

+
oo
gk

3
Il
—

(62 cos? 6) "

3
Il
—_

I
_|_
M3

16 (27’1"‘1)” m 2(n_1)
{1+15n(2n+3)] Gl cos™ Be ,

=
—_

Il
_|_
(3]
M8

that is

1+ 6e?cos? 6 +e*cos* 6

(1 —e%cos? 0)7/2

2 nn
=1+¢é Z {1 + —n 2n+3)} %cosz" g1,

(40)
By (40) and Lemma 3.5, we get

dé

2 /% 1+ 66?2 cos? 0 + e* cos* 6
0

T (1—62C0829)7/2

- 16 (21’1"‘1)” 2 % m 2("71)
= 1+e %[1+15n(2n+3)} 2 (TC/O cos 0d9>e
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(2n+DUEn—DI 5,
[(2n)1]2

[H— —n 2n+3)} X"

[1 + 3" 2n+3)}

<3
2

That is, the identity (39) is proved. The proof of Lemma 3.8 is completed. [

LEMMA 3.9. Forany e € [0,1), we have

Var||F|| = R* D e Y wijuig,
n=1 i+j=n, i,j=0

where the sequence {u,},  is defined by (34), and

R 1 16 ., . 4i+1 4]+1
= ——1 2j4+3)| — Y
i = = gp o VY T
Proof. Set
u 16 4n+1
an:——4n2n_1, by, {I+En(2n+3)] Un, CnZZn——l-lum Vn = 0.

Then ay = bg = cp = 1. By Lemmas 3.3, 3.4, 3.6, 3.7 and 3.8, we have
Var|[F|| = Rp*@ (),

where

Q
=~
o
&

z z 22 4 b
:<%/2mde> 3/21+6CCOS 9+C7C(2)S Ode
T Jo T Jo (1—e2cos2 )"/
,r 2
2 [T 14+¢e*cos’O
TJo (1—e2cos?0)

= i 62n 2 aibj — i 62n 2 CiCj

n=0 i+j=n, i,j=0 n=0 i+j=n, i,j=0

= 2 62n 2 (aibj — CiCj)

n=0 i+j=n, i,j=0

Il
M
(¢}
S

1 16 4i+1 4j+1
- 1+—](2]+3)]— : —}
n=0 i+j§i,j>0{ 4i2 —1 [ 15 2i+1 2j+1

S 1 16 ., . 4it1 4j+1
2n

=2 X T I+ 121+3]_. }

n=1  it+j=n, i,j;o{ 4i2 —1 [ 15 ( ) 2i+1 2j+1

(41)

(42)

(43)

(44)
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= 2 62” 2 Wi jUuillj,
n=1

i+j=n, ,j0
that is,
2
= E e E Wi juilt;. (45)

n=1 i+j=n, i,j=0
By (44) and (45), we see that the identity (41) holds. This ends the proof of Lemma
39. O
LEMMA 3.10. For any positive integer n, we have

2 4 2n+1

—<uUp < =X ——, 46

R P (46)
where the sequence {u,}, _ is defined by (34).

Proof. Recall the following famous Euler formula:

oo 2

X
inx = 1—-——= ), ¥xeR. 47
sinx xnl:[1< 7t2n2> x @7

In (47), set x = 1/2, we get

= 2
lim w4y = 1 — )= = 48
et ”gr"l"H< 4k2) n:l( 4n2> T @
Since the sequence {u,}, _, is strictly decreasing, by (48), we get

. 2
U, > limu, = —.
n—oo T

This proves the first inequality in (46).
We define a new sequence {uj;},_; as follows:

*A 4n+1

4
By (48), we have
4
lim u, = —. (50)
n—oo T
By means of the command Expand[ ] of the Mathematica software, we have
ty _4n+5 2n+l 1 _16n3+36n2+24n+5>
wi  2n+3" 4dn+1 4(n+1)2|  16n3+36n2+24n+4
Hence the sequence {u);}, " , is strictly increasing. Therefore, by (50), we have
5 4n + 1 4 4 2n+1
Touw <yt = <lmu'=—=u,< — . 51
g TS T e S T T S e Gb

That is, the second inequalities in (46) is also proved. This ends the proof of Lemma
3.10. O
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LEMMA 3.11. For any positive integer n, we have
2 C ..
Eun_l <uiuj Ly, Vi, jri+j=nandi,j>0, (52)
where the sequence {u,},  is defined by (34).

Proof. By Lemma 3.10, inequalities (52) is true when n = 1. In what follows we
assume that n > 2.
When i =0 or i = n, we have

o 1 N 1 15 2
Up = Ujllj = 1— m Up—1 =2 1— m Up—1 = Run,1 > ;I/Lnfl.

Hence inequalities (52) holds. Now we assume that 1 <i<n—1.
Since the sequence {u;};_ is strictly decreasing, by Lemma 3.10, we have

2
Uillj = Up—illj > Eu,- > Eun_l'

Hence the first inequalities in (52) holds.
Now we prove the second inequalities in (52) also holds as follows.
Since u;ju; = uju;, without loss of generality, we can assume that

1<i<j@l<i<g©1<i<[3}7

where the [o] is the Gauss function [21].

We define a new sequence {vi}l[nz/oz I as follows:

n/2 A A .
{v,-}l[:/o} V0 = Uy, Vi = iy = uity—j, Vi > 1.

Then "
1<i<H:>1<i<

5 =0<2i<2(n—i+1),

[NSRE

and

Vi o Uilly— 1-1/(2i)?
Viel  Wimip—ip1 1—=1/2(n—i+1)]?

<1,w:1<i<[9].

Hence the sequence {vi}l[.i/ 12 ]

-1 -1
3 1 3 1 . . _[n
uiuj:vigvlzulun,lzz l—w un<Z 1_4_1 un:u,,,m:lgzg[ﬂ.

is strictly decreasing. So we get

That is, the second inequalities in (52) also holds. This ends the proof of Lemma
3.11. O
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LEMMA 3.12. Let n be a positive integer. Then we have

o
I ~Lioen) =
A (; 2i-1 2 Og”> N

and
+110 <i ! <1+110 Vn>1
= X A , v =2 1,
M08 = & 2 °8"
where {
ns §Y+log2 =0.9817550130107103- - -,
and

n
y2 lim (2 - 10gn> =0.5772156649015301 - --

n—o0 .
i=1

is the Euler’s constant.

Proof. We define an auxiliary sequence as follows:

n

w A 1 1
{xa )y X :izzi 5~ 5 logn.
Then { {
_ - _ 2
Yl =X = 5] 5 llog(n+1) —logn] = ¢(n),
where .
21,00 R £ — =1 1)—1 .
¢:[l,0) =R, ¢(1) T 5 llog(r +1) —logr]
Since
dp 2 1/ 1 1
d (2e+1)2 2\r+1 ¢
2 1
(2t+1)2  2t(t+1)
1
. ——— T
AN S

the function @ : [1,00) — R is strictly increasing. Hence
Xpt1—Xp = @(n) < lim @(n) =0, Vn > 1.

That is, the sequence {x,},_, is strictly descending.

Since the sequence
n

_ ]
{ntoi iy =Y, - —logn
i=1

1023

(53)

(54)

(55)

(56)
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is convergent, and
y£ lim y, = 0.5772156649015301 - - -,
n—oo
where the ¥ is the Euler’s constant, we see that there exists a constant ¢ such that
yn 2 C7 vn 2 l

Hence

x—i ! —llo n>ii—llo n—l >lc Vn>1
T B R T I R A

That is, the sequence {x,} , hasalower bound c/2.
Based on the above analyms we see that the sequence {x,}, , is convergent.

Since
n
lim x,, = lim
n—oo n—oo 1

2n1 n
—}gr; Z——Z———logn

=1t =

1 1

= lim |y, +log2n— = (y, +logn) — = logn

N—o0 2 2

. 1

= lim <y2n — ~yn+log 2)

n—o0 2

1

=Y— E']/+10g2

1
= §Y+log2,

we get
1
lim x, = =y+log2 =7,
n—oo 2

and

n:r}i_llloxn<xn—zm——logn<xl—l Vn >

That is, (53) and (54) hold. This ends the proof of Lemma 3.12. [
The following calculations are based on the Mathematica software since which are

very complex.

LEMMA 3.13. For any positive integer n, we have

¥ - 20n  16n2 . | . 1
Wij>—5——F7F—
R 2 3 15 1+4n 2(—1+2n)

i+j=n, i,j>1
28 32n 1 1

—_—t— - —1 7

+<5+15 n_H)(n—i-zogn), (57)
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and
¥ B 1 20n 166> . | . |
Wij < —m—
iyt 2 3 15  1+n 2(—1+2n)
28 32n 1 1
I ) (1421
+<5+15 n_H)(—i-zogn), (58)

where the w; ; is defined by (42) and the n is defined by (55).

Proof. From j=n—i, and

1 16, 4it1 4j+1
= 1 22 3)| - S
Wi 4i2—1[ +15/Gi+ >] 2it1 2541
1 16 4it1 dn+l—4i
- N+ Zm=-)n+3-2)|-
(2i+1)(2i—1){ T3 =2 | - S X Ty

we see that there exist functions A(n), B(n), C(n), D(n) such that
B(n) = C(n) D(n)
A
O o A o P g
By means of the command Limit[ ] of the Mathematica software, we get
68

VieR. (59)

Wi

A(n) = ih_{gwi’j =15 (60)
1
B(n) = lim (2i — 1w = 75 (1 16n— 32n%), (61)
i—5
107  8n  16n° 1
C(n) = lim (2i+ 1)w;j= —— + — e 62
(n) H"fl%( W= 5 3T s T ) (62)
1
D(n)= lim (2n+1-2i)w;;=2— ——. 63
= R =2 ©
Hence 2
167 8n 16n 1
C(n)+D(n)——30 —l-?—f— 5 ATl (64)
and 28 320 1
n
B(n)+C(n)+D(n)= —+—— (65)

By (59)—(65) and the command Expand[ ] of the Mathematica software, we get
Y Wi
i+j=n, i,j>1
n—1
B(n C(n D(n
=Y |ag 4 2L S Dl
: 2i—1 2i+1 2n+4+1-2i

=1 1 n=1 1 n—1 1
DA +B() Y —— 4 C1) Y =+ D(n) Y,
(n = DAG)+Bn) 2, 557 +C0) 25 4P X5
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n—1 n—1 1 n—1 1
(n 221—1 2121'+1“L (n);2i+l
n—1 1 n—1 1
=(m-1A B c D
(n=DAG) +B(r) 3, 77— +[Cln) + D] T, 5
= (n—1)A(n)+ B(n) iL—; +[C(n)+D(n)] i;—l
B =2i—-1 2n—1 “2i—1
B(n) L |
= (n—1)A(n) — =——=—[C(n) + D(n)] + [B(n) + C(n) + D(n)] Y, =—
2n—1 H2i-1
_ 68(n—1) 1—1l6n-32n> £+8_n+16n2_ 1
B 15 30(2n—1) 30 3 15 n+l
(B3 Ly !
5 15 n+l)&2i—1
1 20m 16n2+ 1o 1 28 32 1 2 1
2 3 15 1+n 2(—1+2n) 5 15 n+1)52i—
that is,
T W __1_@_16n2+ L 1
. 2 3 15  1+n 2(—1+2n)
28 32n 1 \ & 1
+<?+F_n+1>12i—1' (66)

We remark here that, if n=1, then ¥, ;_, ; i>1 Wi £ 0, and (66) also holds.
Since 8 32 {
n
—F———>0,V
TS R

by (66) and Lemma 3.12, we see that inequalities (57) and (58) hold. This ends the
proof of Lemma 3.13. [

LEMMA 3.14. For any positive integer n, we have

32n(n+1)

157 Z wijuinj < n(n+1), (67)

i+j=n, i,j>0

where the w; j is defined by (42) and the sequence {u,}, _ is defined by (34).

Proof. From

4i+1X4j+l
2i4+1" 2j+1°

1 16 .

we see that
1<i,j<n—1,n>22=w;; <0. (68)
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By Lemma 3.11 and (68), we have

2
Un Z Wi j < Z Wi jUillj < Eun,1 Z Wi js Vn 2 1. (69)

i+j=n, ij>1 i+j=n, i,j>1 i+j=n, ij>1

We remark here that, if n = 1, then inequalities (69) can be rewritten as 0 <0 <0,
which also hold.

Since
16 dn+1 1 dn+1
Woutwno = Lt gen(n43) =5 0= e T
_ 3+16n+32n2 L5
B 5 15 22n—1) 2(2n+1)
>0,Vn>1,
we have,
16n  32n% 1 5
Woun +Wno = =3+ — 4 220 n >0, ¥n=1. (70

5 15 2(2n—1) 2(2n+1)
By (69), we have

Z Wi jUuilkj = (WO,n + Wn,O) uoly + z Wi jUiU
i+j=n, i,j=0 i+j=n,i,j>1

> (Won+Wno)Unt+un Y, Wij

it j=n, i,j>1
= Up z Wi js
it j=n, i,j=0
that is
2 Wi jUill; 2 Uy 2 Wi j, Vn > 1. (71)
i+j=n, i,j=0 i+j=n, i,j=0

By (54), (70) and the command Expand[ ] of the Mathematica software, we have

> Wi =Woatwaot Y, wij

i+j=n, i,j>0 i+j=n,i,j>1
> -3+ 1on + 20 1 + >
5 15 22n—1) 2(2n+1)
1 20n 1662 1 1

315 Tta 21tz

28 3w 1 L
—F — - —logn
5705 axa)\1TpE

2
7 520 16n2 1 5
2

ERTINT +1—|—n+2(1—|—2n)

28 3 1 LL
5715 a1 \1Tgeen )
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that is,
Y, wij=ei(n),Vn>1. (72)
i+j=n, i,j=>0

where

0 7 52t+16t2+ 1 N 5 N 28+32t 1 +1lot
” 2715 15 14d 2(ix20 \5 15 i) \1T27%%)

We define an auxiliary function ¢, as follows:

[I>

A o1(2)
t(t+1)

¢ [lvw) —R, ¢(t)

By means of the command Plot[ ] of the Mathematica software, we know that the
graph of the function @(¢), 7 € [1,100], is depicted in Figure 1, and the graph of the
function @,(t~1), ¢ € (0, 1], is depicted in Figure 2.

zzzzz

R

Figure 1: The graph of the function @,(t), t € [1,100].

Figure 2: The graph of the function @2(t~'), t € (0,1].
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By means of the command Solve[ ] of the Mathematica software, we know that
the equation

dea(t)
dr

has no any real roots, and the function @, : [1,0) is strictly decreasing, so we get

=0,1€l,)

— = — >
nna ) - P2 > fim ealn) = 75, Ve > 1,
that is,
16
o1(n)> —n(n+1),Vn>1. (73)

15
According to (71), (72), (73) and Lemma 3.10, we get

16
Z Wi jUilj = Uy Z Wij = un@1(n) > up X En(,H_ 1)
i+j=n, i,j>0 i+j=n, i,j>0

2 16 32
— X — 1)= — 1 1.
>n_><15n(n—|—) 5n n(n+1), Vn >
This proves the first inequality in (67).

Next, we prove the second inequalities in (67) as follows.

By (69), we have

Z Wi juitlj = (WO,n + Wn,O) Uy + z Wi jUillj
i+j=n, i,j>0 i+j=n, ij>1

2
< Wou+Wn0)Un+ =thn—1 Y, Wij
T it j=n, i,j>1

2 1\
(Wo,n +Wnyo) + p (1 - m) 2 Wi.,j] )

i+j=n, i,j>1

that is

> wijuinj <y
i+j=n, i,j=0

2 1!
(WO,n+wn,o)+E<l—W> Y w,-,,-]. (74)

itj=n, ij>1
By (58) and (70), we have

2 1!
(Wo7n+wn,o)+;<1—4—z) 2 Wi

n it+j=n, i,j>1

_3+@+3zn2_ 1 - 2
5 15 2(2n-1) 2n—|—1 Tz

1 20m 16n2+ 1 + 32n 1 1+110
273 15 1+4n l+2n Tt 2 OB
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that is,

2 1\ !
(Won+Wno) + = (1—4—2> Y, wij<@3(n),Vn>1, (75)
T n it j=n, i,j>1

where
16t 32¢2 1 5 2 1\ !
£ 34— 4= Z(1-=
(1) [ 5t 2(2t—1)+2(2t+1)]+7t< 4z2> x

_l_&_ﬁtz_'_ 1 + 1 + ﬁ_kﬁ_L 1+110t
273 15 14r 2(—1+20) \5 715 i+ 2 %%

We define a auxiliary sequence {z,}, , and a auxiliary function @4(z) as follows:

A Un @3 (n)
~nn+1)’

{zn}oi 12

and 1 t+1)
' s (o Ly L osl+])
9s:[Leo) = R, <p4<t>—(1 4,z>t+z 03(1)

By means of the command Plot[ ] of the Mathematica software, we know that the graph
of the function @4(t), 7 € [1,100], is depicted in Figure 3, and the graph of the function
@4(t71), t € (0,1], is depicted in Figure 4.

Figure 3: The graph of the function @4(t), t € [1,100].

Since

ou(n) =24 vneN2{1,2,...m,...}, (76)

Zn
by means of the command Solve[ ] of the Mathematica software, we know that the
equation
Qs(t) =1, 1€ [1,00)
has no any real roots, and
04(2) < 1, Vt € [1,00). (77)
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Figure 4: The graph of the function @4(t=1), t € (0, 1].

From (76) and (77), we see that
Znt1 < Zn, VR €N (78)

Hence the sequence {z,}, _; is strictly decreasing. So we get

un @3(n)
=z, <z1=1,VneN,
n(n+1) s "
e () 64(r— 1)
up@3(n . T—
=z, > limz, = , Vn e N,
nnt1) 7T Tysgr 0 S
Therefore,
64(m—1
O<%n(ﬂ+l)<un(p3(n)<n(n+l)7VneN. (79)

According to (74), (75) and (79), we get

2 1\ !
(Wo.n +wno) + p (1 - m) > Wi,j]

i+j=n, i,j>1

2wy <ty
i+j=n,i,j>0

< up@3(n) <n(n+1), VvneN.

That is, the second inequalities in (67) also holds. The proof of Lemma 3.14 is com-
pleted. [

According to the theory of power series in mathematical analysis, we can easily
get the following lemma.

LEMMA 3.15. For any real number e € [0,1), we have

) 2 2
Zn(n+1)e2”: ©

~ (1 —62)37 (80)
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and
= 2

Y= 81)

1 —e?

LEMMA 3.16. Under the hypotheses in Theorem 2.1, we have

8 e i pp— e 5
X x R=2 < Var|F|| < V2 x ———— x RZ2. 82
1571 (1 —62)3/2 r ” ” (1 —62)3/2 r ( )

Proof. By Lemmas 3.9, 3.14 and 3.15, we get

Var||F|| = R;4 2 e 2 Wi jUil ]
n=1 i+j=n, i,j=0

_ 32n(n+1)
4 2n
2 157

32 2¢?

—Xi
I5m (1-¢2)’
64 e?Rp*
157 (1—¢2)*

_ p-4
=Rp" x

)

and
—4 < 2n —4 2n 262R1t4
Var||F|| = R Ze Z wi juin; < Ze nnt+l)=———
n=1  i+j=n,i,j>0 n—1 (1—¢?)

that is, (82) hold. This ends the proof of Lemma 3.16. [J

LEMMA 3.17. Under the hypotheses in Theorem 2.1, we have

5 e? D 4 e’ s
(H—me)er < <<1+EXI—CZ>XRF' (83)

Proof. By Lemmas 3.3, 3.7, 3.10, 3.15 and (51), we get

2 3 1+e>cos’O
—/ R de
TJo (1—e2cos?)

-2
¥l = Rp
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and

— > 4dn+1 >4, 4 e?
:sz 1 2}’! _ l _ ,
IF] = Ry ( F 2 e ) ( +3 e ) ( +7rxl—ez>

that is, (83) hold. The proof is completed. [l

4. Proof of Theorem 2.1

Now we prove Theorem 2.1 as follows.

Proof. According Lemmas 3.16 and 3.17, we have

8 eRy>
i - YalFl e
W7 R (125
8 e
CVER [+ Enelvi-e

oo

4
[1+ ( -1

\/_
\/7 l—e

_ \/§><76R523/2
——  Var||lF 1-e2
) = YarlFll e = vax

S 2
IFT R (1

)] V1—¢

and

1-e?

that is, inequalities (15) is proved.
By (20), (41) and (70), we have

e Var||F Varl||F
1imF< c 2) — lim vt ”( ¢ 2) — i Y2AIF]
- 1-e =0 R[] \Vi-e) e ]

lime_oe 'Var||[F|| _ lime_oe™ ' Var|[F||
lime-_o [[F] Ry

. 1 —4 oo
lime_o€ \/ RS 1 €2 Sy i, i j50 Wi jUilk
)
Ry

lim e2n 2 Wi U
m S 3

i+j=n, i,j>0

> wijuiu; =/ (wio+woi)u
i+j=1,1,j=0
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YL L x>
B 5 15 202n-1) 202n+1)],, 4

Therefore, the coefficient v/2 of e /V/1—¢2 in (15) is the best constant. This completes
the proof of Theorem 2.1. [

5. Applications

Let S ){P,T'} be a centered surround system, where the T is an ellipse and the P
is one of the foci of the ellipse. Then we may also think that the A € T" as a planet (such
as the Mercury, Venus, Earth, etc.) and P as the Sun, and the ellipse I" as the motion
trajectory of the planet. Assume that the radiation energy of the Sun P to the planet A
is 1, then, according to the optical laws, the radiant energy received by the planet A is
C/ ||A P||?> = C||F||, and the reflect radiation energy of the planet received by the Sun
P is C/||A — P||* = C||F4||, where the C > 0 is a constant of the radiation energy. This
is the another significance of the 4-gravity F4 in space science.

Suppose that the planet A is regarded as a particle, and the temperature on the
planet A at a certain moment is 7 = T (A), and the mean temperature on the planet is
T . Then, based on the above analysis, there exists constant C* > 0 such that

T:T — (0,00), T =C*||F|. (84)

Without loss of generality, here we assume that C* = 1.

In the centered surround system S {P,T'} , we may also think that T = ||F|| as
a random variable which follows a uniform distribution, that is , its probability density
functionis p:T'— (0,), p=1/|T|. Then, by (14) and (84), we have

= |[F||, VarT = /Var|[F| and T = Var —HFH (85)

According to Theorem 2.1 and (85), we have

4r e ~ e
= x <T<V2x : (86)
15 V1-e? V1—e2
By (86), we know that there exists real function y(e) such that
T =x(e) x ——, (87)
1—¢?
where

4
0.9152912328637689--- = _7517 <xle) < V2 = 1.4142135623730951 - -. (88)

Since the error

4
V2 — 1/ -= = 0.49892232950932625 - - -

ShEE
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is not very large, by (88), we see that

1 [4
(&)= 3 (‘/1_7_; +\/§> = 1.164752397618432.--, Ve € (0,1). (89)

According to (87) and (89), we obtain the following approximate temperature co-
efficient of variation formula:

T ~ 1.164752397618432 - - x ——— . 90
T (90)
where T is called temperature coefficient of variation.
Similarly, according to Lemma 3.16, we have
8 e i pp— e 5
X X R <VarT<\/§><7><R . 91
I5n (1-e2)? T (1—e)¥> " oy
Since
8
V2 - = 1.4142135623730951 - -- — 1.1653849926315512 - - -
V1s5r
= 0.248828569741544 - - -
is very small, and
! (x/i + L) =1.2897992775023233
2 V15w ) ’
we have the following approximate temperature mean variance formula:
VarT ~ 1.2897992775023233 -+ x ——— x R(2, 92)
(1—e2)*/?

where Rr = \/a|T'|/(27) € [b,a] is a quasi-radius of the ellipse T, and VarT is called
temperature mean variance.

Based on (90) and (92), we know that Theorem 2.1 and Lemma 3.16 can be used
to study the temperature change on a planet and the climate change on the Earth.
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