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QUANTITATIVE VORONOVSKAYA TYPE RESULTS
FOR A SEQUENCE OF STANCU TYPE OPERATORS

P. N. AGRAWAL, ANA MARIA ACU AND NEHA BHARDWAJ

(Communicated by I. Rasa)

Abstract. In this paper, we give some approximation properties of a sequence of operators de-
fined by Stancu [21]. Its quantitative Voronovskaya type results are obtained with the aid of
the second moduli of continuity. In order to study non-multiplicativity of these operators some
Griiss-Voronovskaya type theorems are established.

1. Introduction

For f € C|0,1], the space of all continuous functions on [0, 1] endowed with the
norm ||f{|., = supyepo,1) [ £ (x)], Stancu [21] investigated the remainder of the approxi-
mation formula by means of a sequence of generalized Bernstein operators, depending
on two parameters r,s € NU{0} and defined as:

n—sr

Sn,rs (f;x) = 2 Pn—sr,a (x) i Ps.B ()C)f <
B=0

o+ Br

), where sr < n. (1.1)

a=0

Note that if » = s = 0, the operators (1.1) include the Bernstein polynomials
B, (f;x) given by

(i) = 3 puaf (1),

where py i (x) = x(1—=x)""%, 0 <x <1 is the Bernstein basis.

n
k
Bernstein polynomials were modified by Kantorovich [16] as follows

n k+1/n+1
Kol = () S e [ (0, x€ (0.1

in order to approximate f € L,[0,1],1 < p < eo. Ditzian and Zhou [9], studied the
saturation and direct-converse theorems for these Bernstein-Kantorovich operators.
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In the literature, many researchers have studied approximation behavior of Kan-
torovich variants of several sequences of linear positive operators (see [7], [10], [17],
[23], [24] etc.). In [19], Miclaus studied some approximation properties of Bernstein-
Stancu type operators based on Polya distribution. In [3], Agrawal et al. introduced a
Kantorovich modification of the operators considered by Lupas and Lupas [18] based
on Polya distribution along with bivariate generalizations of these operators and studied
their approximation properties. Cheng [8] approximated functions of bounded variation
using the sequence of Bernstein polynomials. Also, Bojanic and Cheng ([5], [6]) used
probabilistic approach to study the rate of approximation of Bernstein polynomials for
functions of derivatives of bounded variation. Many researchers have discussed the de-
gree of approximation with derivatives of bounded variation (cf. [4], [14], [15] etc.)
and the references therein.

In [2], Acu and Gonska obtained a quantitative Voronovskaya-type result in terms
of second moduli of continuity for the Kantorovich operators and also discussed the
non-multiplicativity property. In [22], for f € C|0,1], endowed with the sup-norm,
M. Talpau Dimitriu introduced a Kantorovich variant of the operators (1.1) and proved
some global smoothness preservation results. Denote by K, s the operator introduced

in [22]:
n—sr Ny
K rs fx 2 Pn— sroc Eps / <%>dl‘ (1.2)

In this article, we study a quantitative Voronovskaya type result for the opera-
tors (1.2) in terms of the second moduli of continuity. To show their non-multiplicative
character, Chebyshev-Griiss inequality is obtained and then two Griiss-Voronovskaya
theorems are discussed.

In our further consideration, C denotes a constant which may not be the same at
each occurence.

2. Auxiliary results

Let ¢;(t) =¢',i ={0,1,2,3,4}.

LEMMA 2.1. For the operators Sy s (f;x), we have

Snms (eo;x) =1
Sn,r,s (el;x) =X
x(1—x)(rPs—rs+n)

k)

Snrs(€2;x) = 4+ "

Surs (€3;%) = x° —|— {3x —x)n? +x(1 —x)(3r%sx — 3rsx — 2x+ 1)n

x(2r sx? =3P sx+ s — 2rsx® + 3rsx — rs)} ;



1521

VORONOVSKAYA TYPE RESULTS FOR A SEQUENCE OF STANCU TYPE OPERATORS

1
Srs (€a3x) = x* + 7 {6x3(1 —x)n® —x*(1 —x)(6r%sx — 6rsx — 11x+7)n?
— x(1—x)(8r3sx? =47 sx+6r25x* —6r%sx— 14rsx> 4+ 10rsx—6x>4-6x— 1 )n
Fxsr(1—r)(1—x)(3r2sx® — 3r2sx — 6r°x% — 3rsx® + 6r2x + 3rsx

—6rx* — 12 4 6rx — 6x* — r 4 6x — 1}.
As a consequence of Lemma 2.1, we have

LEMMA 2.2. For the operators Sy s (f;x), there hold the following equalities:

x(1=x)(rFPs—rs+n
(l) Sn,r,s ((l —x)z;x> = (l )( n2 + );
s —rs+n)x(1—2x)(1—x
(ii) Snrs ((t—x)g;x> = ( + )n(31 2x)(1 );
(ifi)  Sn,rs ((l‘ —x)4;x> = % {3x(1 — )2+ (6x(1 —x)(r2s—rs— 1)+ Dn

+sr(1 —r)(3r2sx? — 3r2sx — 6r°x% — 3rsx® 4+ 6r°x + 3rsx — 6rx* — 1% + 6rx
—6x> —r+6x—1)}.

Consequently,
LEMMA 2.3. Foreach x € [0,1], we have

lim 1Sy, s ((t —x)%5x) = x(1 —x);

n—00

lim 728, .5 ((t —x)*x) = x(1 —x)(1 — 2x);
n—oo

lim 128, (1 —x)*x) = 362 (1 —x)%.

n—oo

REMARK 2.4. For n € N and x € [0,1], from Lemma 2.2 we have

1-75) 222

where ¢ (r,s) = 7(1“1’_1').

LEMMA 2.5. For the operators Ky s (f;X), we have

Kn,r,s (eO;x) = 1;
2nx+1
K, 1X) = ;
n,r,s (61 x) 2(l’l+1)
1
Ky s (e2;x) = CESIE (nzx2 —x(x—2)n— 1252 + rPsx + rsx? — rsx + 3) ;
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1
Kn,r,.\' (63;)6) = W {4n3x3—6x2(2x—3)n2

—2x (6r2sx —6r2sx—6rsx> 4+-6rsx—4x>+9x— 7)n—|—8r

— 123 sx% + 43 sx — 6r°sx* — 8rsx® + 6r2sx + 18rsx* — 10rsx + 1}

5(an)4 {—10°(3x—4)n’

—5x? (6r2sx2 —6r2sx—6rsx>4+-6rsx—11x*4+24x— 15) n?

+ 5)c(8r3sx3 — 12752 4 6r%5x° + 4 sx — 18r%5x% — 14rsx® + 12/%sx

+30rsx® — 16rsx — 6x° + 16x° — 15x + 6)n + 15/%%x* — 30/%s%x°
—30r*sx* — 30352 4 5ntx* 4 1575252 + 60rtsx® + 60757 x 4 1525°x*
—35r%sx — 30135242 4+ 207 sx° — 3025%x° + 5t sx — 30/ sx? 4+ 15725%x2

+30rsx* + 10773 sx — 10725x% — 80rsx> + 10r2sx + 75rsx> — 25rsx + 1} .

Kn,r,.\' (64;)6) =

As a consequence of Lemma 2.5, we have

LEMMA 2.6. For the operators K, (f:x), there hold the following equalities:

(l) Kn,r,s ((l —x);x) = Ztn__f)lc)’

(i) m( 2,x>

(iii) Ky rs ( ) {IOx x) (1= 2x)n 4 8r3sx3 — 12r3sx? + 12125x°

{ (s rstn-n+

+4r3sx — 1872 2—20rsx —|—6r sx+30rsx? — 10rsx+ (1 — 2x) (202 = 2x + 1) } ;

1
(iv) Kirs ((t —x)4;x> = ST {15x2 (1 —x)%n% — 5x(1 — x)(67sx> — 6r%sx — 6rsx>

+675x —20x% +20x — 5)n+ 15r%s2x* — 30r45%x° — 30r sxt — 30r3s2x4 +15r*s%x2

+60r*sx> 4 60r352x3 — 403 sx* 4 15r252x* — 35r*sx® — 3013 52x2 + 8073543
—30r25%x% — 3072 sx* 4 5r*sx — 50r35x2 4 1512 5%x% + 60r25x> 4 100rsx* 4+ 1073 sx

—40r25x% — 200rsx> + 10r2sx +125rsx% — 25rsx + 10x% — Sx+ 1 + 5x* — 10x3}

Consequently,

LEMMA 2.7. For each x € [0,1], we have

1-2
lim K s (£ —x)1%) = ———
n—o0 o 2
lim 1K, s ((t —x)%x) =x(1 —x);
5
lim n?K, s (¢ —x)3;x) = Ex(l —x)(1 —2x);

lim (
(

lim 72K, .

n—oo
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REMARK 2.8. For n € N and x € [0,1], from Lemma 2.6 we have

Ko rs ((t - x)z;X> < prs) ;

where p (r,s) = W

Let I be a compact interval and ay(@;h) := sup{ )Zk —1) (3 )(p(x+ih)‘ :

|8 < hyx,x+ih € I; the modulus of smoothness of order k. Piltinea [20] gave a

very remarkable result regarding the order of approximation by any sequence of linear
positive operators for a function f € C[0, 1], in terms of the moduli of continuity of first
and second orders as stated below:

THEOREM 2.9. [20] If L, : C[0,1] — C[0,1] is a sequence of positive linear
operators, then for f € C[0,1], x € [0, 1] and each 0 < h < 2, the following inequality
holds:

L (F:3) = £ ()] < 1 (e0i) = 111 )]+ § [ 1 — ) 1 (£:)
+[(neo) () + st (1 = 0%5) | 0 (58

As a consequence of Theorem 2.9, we get

THEOREM 2.10. Forall f € C[0,1] and all n > 4, we have

) Snsf =l < (14 25 ) 0 (15 74 ).

i) Knrsf = fll < sz (i) + (14 225 ) 00 (15745 ).

Proof. Using Theorem 2.9 and taking i = n4/2, respectively h = (n+ 1)’1/2,

the proof is straight forward. Hence, we omit the details. [J

3. Griiss Voronovskaya type theorems for the operators S, ;.

In this section, we investigate the non-multiplicative character of the Stancu type
operators defined in first section.

THEOREM 3.1. Let f,g € C*[0,1]. Then

1im 7(Sy,r5(f8:%) = Sprs(f12)  Sus(g:2)] = x(1 — 1) (x)g (x).
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X /!
Proof. Let X :=x(1 —x). Denote Ay s f := Sprsf —f — 2—f . We have
n

n [Sn,r,.\'(fg;x) - Sn,r,.\'(f;x) : Sn,r,s (g’x)}

= 1 A (79) — 80 (F5) — S 0 50+ 2 (010
+g”(X))% (f(x) = Spnrs(f3x)) | - 3.1)

But lim nA, ,s(f;x) = 0. Passing to the limit in (3.1) we get
Nn—oo

lim 728y, 1.5 (f8:X) — Sn.rs(f3X) - Snrs(g:%)] = x(1 —x)f/(x)g/(x). U

n—oo

Let y € C?[0,1]. Denote

1 1 1 1
P —C ', i 2
(v,n) {ﬁwl (V/ \/ﬁ)+wz<l!/ ﬁ>+nf | }
THEOREM 3.2. Let f,g € C*[0,1]. Then, forall x € [0,1] and n € N,

Hn{Sn,r,s(fg) - Sn,r,sf . Sn,r,sg} _Xf/ng.x,

<C {P(fg;n) + 1 f =P (g;n) + llgllP(f3n) + %} ’

where X = x(1 —x).
X /! .
Proof. Denote A, ,sf := Sprsf — f— 2—f . We can write
n

X
Sn,r,s(fg) - Sn,r,sf : Sn,r,sg - ;f/gl
= An,r,s (fg) - fAn,r,sg - gAn,r,sf+ [g - Sn,r,sg] [Sn,r,sf - f] (32)

Using the generalized Voronovskaya type theorem [ 13, Theorem 3], for any y € C? [0,1],
we have

Surs (32 = W () = 35 (10 2%5) v/ )

S ((1=)"sx )

Snrs E(tx)z;x; 6571“’1 (v":h)
) S"’r’s<(t_x)4;x> |

+ Z+S"’r’s <(’_x)2;x> 1612

< Surs ((t —x)2;x>

o (y";h)
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Using Lemma 2.2 and choosing h = we get

R

o
X1l —X r2s_rs n

Sunlin) — o) - =y

< %{%(91 (u/”;%) + (w”;%> }

where C is a positive constant depending on » and s, but independent of 7.
Multiply by n both sides,

e
< C{%wl (Vf”; %) + (w”; %) } :
Therefore,
(i) = [ 15— y)] - 2w
e &
=y )

el fn () () 5} e

From Theorem 2.10 we get

L+rslr—1\ 1, , C
Snrs - g 1 - o | = wé—.
I5new=wil < (14 =) D <
From relation (3.2) we obtain
7 {Sn.r5(£8) = Sursf - Surss} =X 6|

< C{P(fg;n)+ £ 1l=P(8:1) + [|8l[ P (f31) +%} -

In order to prove the next result, we shall need the following important theorem:

THEOREM 3.3. [1]Let D:Cla,b| — C|a,b] be positive linear and satisfy Dey =
eo. Then, for f,g € Cla,b] and x € [a,b] arbitrary but fixed, one has

ID(fg;x) — D(f;x)D(g;x)|

N GUCER N TR
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where @ (f;t) := sup{ twor(fmtbv—e () .o« <r<v<b —a,u## v} is the least

v—u

concave majorant of the first order modulus @ .

Consequently, using Lemma 2.5 and the Remark 2.8, we obtain

THEOREM 3.4. For the operators Sy s, K s : C[0,1] — C[0,1], the following
uniform inequality holds:

D) 1Snrs (£8) = SursfSursell.. < 2 (f;Z M) @ (g;z M) , n>1,

i) [|Knrs (£2) = Konrs [Konrsgll. < 30 (f;z %) ) (g;z %) :
forall f,g € C[0,1].

4. Griiss Voronovskaya theorems for Kantorovich variant of Stancu operators

In the following result, we establish Griiss Voronovskaya theorem for the operators
defined in (1.2), where f,g € C?[0,1], the space of twice continuously differentiable
functions on [0,1]. Let for any y € C?[0, 1],

1 1 l /! 1
Q(y,n) = T (l// ’—T+1>+“’2<"’ ’—er)

1 / 1 /!
T [ L M

THEOREM 4.1. Let f,g € C*[0,1]. Then,

Hn{Kn,r,s (fg) - Kn,r,sf : Kn,r,sg} —Xf/g/Hm
< C{o(fg.n) +(f.Q(gn) + lgll.Q(f,n)+1/n},

where X :=x (1 —x) and C is any constant depending on r and s but independent of
n.

Proof. We have
1 //_1 /1 1 ! ol
2(Xf) —ZXf +2Xf.

Denote
!

1
Ln,r,sf = Kn,r,.\'f_f_ ﬂ (Xf/) .

For f,g € C?[0,1], we may write

1
Kn,r,.\' (fg) - Kn,r,.\'f : Kn,r,.\'g - ZXf/gl
- Ln,r,s (fg) - an,r,sg - gLn,r,.Vf+ [g - Kn,r,sg] [Kn,r,.\'f - f]
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1
_Kn,r,sf ' Kn,r,sg - ;Xf/g —|—fg + ( (fg) )
+an7r7sg +gLn,r,Sf_ [ - Knmsg} [ n,r,sf - f] . (41)

By simple computation can be proved that the last two lines of the above relation are
equal 0. Hence, (4.1) reduces to

1
Kn,r,s (fg) - Kn,r,sf . Kn,r,.\'g - ZXf/g/
= Ln,r,s (fg) - an,r,.\'g - gLn,r,.Vf+ [g - Kn,r,sg] [Kn,r,.\'f - f] . (42)

Using the generalized estimate [ 13, Theorem 3], of a quantitative version of the well-
known Voronovskaya theorem for a positive linear operators, for any y € C2[0,1], we
have

Ko (03) = () — Ko () ¥/ () — Ko (16~ 0%0) W/ ()

< Knm-\' ((t_x)2;x> n h <( ) ’x> ) (WN h)

nrs )2,)6

/1.
[0 14/ h
4 Kn,r,s((l x2;x 16h2

Hence, using Lemma 2.6 and choosing h = \/% , we have

1—-2x
2(n+1)

Ko s (W3x) =y (x) — v (x)

_m [X(l —X)(ﬂs—rs—l—n_ 1) +§] an)

C 1 I 1 /) 1 )}
< — — f—— f— | 7,
1{ la)1<l// l>+w2<y/ -

where C is some positive constant depending on r and s but independent of 7.
Multiplying by n both sides,

n[Kmns (W;x)—y/(x)]_ %W, ()C)
_ﬁ (X(I—X)(r2s— rs+n— 1) + %) lI/// (X)

1 1 1
" o). 4,
<C{\/m“’1<"”\/m)+“’2<"”\/m>} 4
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Also,
| K (i) — (9] — 3 (X¥)’
< e (i) - )= 50 =20 0
—ﬁ (x(l—x)(rzs—rs—I—n— l)—l—%) v (x)
‘ L2 )4 2 G L (= D)W ()~ ey ()
2(n—|—l)w X CESIE n nrs(r v (x 6(n+1)2w x)|.
(4.4)
Using (4.3) and (4.4), we have
nLn,r,SW||<C{ wl (W, ! )
1 1
("’v—l)wﬂ V) + vl
=CO(y.n). (4.5)

Applying Theorem 2.10, we get for y € C2[0,1]

1 7+ 3rs|r—1| ” C
st g (1 25 vl < 5. ao

Kan AN
[ Knrs W — W, < n+l

Now, collecting the inequalities (4.2), (4.5) and (4.6) , we have

Hn{Kn,r,s (fg) — K psf - Kn,r,sg} —Xf/g/HN
< c{o(fg.n)+|fllQ(g:n)+llgll.Q(f,n)+1/n}.

This completes the proof. [

We shall need the following Lemma in order to give a new Griiss-Voronovskaya
type theorem.

LEMMA 4.2. [12] Let I =[0,1] and f € C*(I),A € Ny. For any h € (0,1] and
v € N there exists a function f, ; . € C?A V(1) with

79 - 52,

(f(j),h> L for 0 < j <A,

(i) Hf}EQH <C-h i (f.h) for 0< j < A+,

(iif) HffEIA)JrV <C-h_(7t+V).w}H_v (f(j—?t v) >f0r7L+V<] 2N+ v,

where the constant C depends only on A and Vv .
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THEOREM 4.3. Let f,g € C'[0,1] and n > 1, then there is a constant C inde-
pendent of n, f and g, such that

[ (Ko rsf 8 = Knsf - Kurs@)} = X 18|,

<C{“’3(f’,n‘%> (g’ ”_%>+Hf/H°°w3(g/’”_é>+H8/|Lw3<f’,n‘é>
+max<||f_°°7a)3<f7 )).max<||g[|m7w3< 6>>}

nz
Proof. Let
x(1—x
D (Fo5) = Ka (£3) — Ko () Ku )~ (90 (). @7
For f,g € C'[0,1] fixed and u,v € C*[0, 1], we have
Vs (f,8:%)] = Vs (f —u+u,g —v+vix)| (4.8)

< Wnrs (F = 14,8 = Vi) | 4 s (1,8 = Vi) [ 4 s (F = ,030) |+ [ s (1, v3.0) |

Let i(x) =x, x € [0,1]. Using [1, Theorem 4.1], there exists 1,6 € [0, 1] such that

K, TS (fg )C) n 7S (f X Kn,r,s( ) f (n)g/ (0) {Kn,r,s (hz;x) - (Kn,r,s (h;x))z}

1 rsx(1—x)(r—1)
{ n+1 TRer 2T e } (4.9)
From (4.7) and (4.9), we get
2 . o
s (5)| < [x(l =) (njlr e 12(:1’2r 1)2 +x(1—x)+ %}
X |1f 1 llg" |
n rsx(1—x)|r—1jn

<2Pu—m+ ']w*wym.@m>

24(n+1)? 2(n+1)?

Using (4.5), for any y € C*[0, 1], we get

(Wl 1w+ v+ v

K (32— v ()] — 3 (Xw) ()

But, for y € C"[a,b],n € N one has (see [11], Remark 2.15)

g

max {[| v} < cmax {1yl v

0<k<n

Therefore,

(xv) (x)

1Ko rs (W3x) =y (¥)]

H } @.11)

< imax{”l// m,’

1
2
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For u,v € C*[0,1], using the same decomposition as in the proof of Theorem 4.1,
the relation (4.11) and Theorem 2.10, we get

1

[ s (0, v5%)| < | Koy s (uvsx) — (uv) (x) — 5 (X(uv)’)’
)] Ko (52) v (2) — 5 (00)'
+ |v( )‘ n,rs (u§x) —M(X) - %(Xul)/

+vx) — Knr\( )HKHH( x) —u(x)]

A Jmax {1 o
From (4.8), (4.10) and (4.12), we get

) n rsx(1—x)|[r—1jn
J, )| < = q9x(1—
s (u,v5x)]| n {x( x) + 24(n+1)2 * 2(n+1)?

AN =)l =)+ el G =) e+ (1€ =)

g (Il a1 0]}

Using Lemma 4.2, for A = 1,v =2, fj,3 = u and g;3 = v, then for all 7 € (0,1] and
n € N, it follows that

|J"7V7S (fvg;x)| < % {(03 (flvh) 3 (g/7h) + %wl (f7h)0)3 (glah) + %(01 (g7h)(03 (flah)}

C
< n—zmax{Hu/Hm, u

HN} (4.12)

C 1 1
g { fon (). ron (1) fomax{ o (e gz on (')}
C / ! / ! ! /
< —{os (F,h) @3 (¢ 0) + || £'l|ooos (&', 1) + [|&[| oo (') §
C , 1 , / 1 /
x| gron () fmax{ ] grn (&) .
Choosing h = n’é , We obtain

s (i)l < %{ws (ron8)en (&on78) + 1 oo (27%)

s (#7t)
s (L1 (1)) e (121 1 né>)}_ .
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