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ON A MORE ACCURATE HILBERT-TYPE
INEQUALITY INVOLVING THE PARTIAL SUMS

BING HE, YANRU ZHONG* AND BICHENG YANG

(Communicated by M. Krni¢)

Abstract. By means of the weight coefficients, Hermite-Hadamard’s inequality, the Euler-Mac-
laurin summation formula and Abel’s summation by parts formula, a more accurate Hilbert-type
inequality with the partial sums is given. The equivalent conditions of the best possible constant
factor related to several parameters and some particular inequalities are also obtained.

1. Introduction

Assumingthat p>1, 41 =1, 4, 5,>0,0<3>_ah <co,and 0< T b <
oo, we have the following well known Hardy-Hilbert’s inequality with the best possible
constant factor (cf. [1], Theorem 315):

=

ZE <= > ah Zle- (1)

m= 1n*1m+n Sln(ﬂ:/p) m=1

The more accurate extension of (1) was provided as follows (cf. [1], Theorem 323):

==

b amby T < P -
bl . 2
mg‘ g‘ m+n—1 sin(n:/p) mg‘lam gl " @

Since m}rn < +}q 1> inequality (2) deduces to (1).
In 2006, by introducing parameters A; € (0,2], A; + A, = A € (0,4], an extension

of (1) was provided by Krnic et al. [2] as follows:

>y

m=1n= 1 m+n
1 1
S q
(I-21y) 1-2)—1
Bhi o) | 3 mr 00 tap || 3 =t (3)
m=1 n=1
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where, the constant factor B(A;,A;) is the best possible, and

oo Z‘M—l
B(M,V) ::‘/0 W(jt (u,v > 0)

is the beta function. For A =1, 4; = é, A = }—), inequality (3) reduces to (1); for
p=q=2, A =A= %, (3) reduces to Yang’s inequality in [3].

Recently, applying inequality (3), Adiyasuren et. al. [4] gave a Hilbert-type in-
equality involving partial sums as follows: For 4; € (0.1]N(0,A) (A € (0,2]; i=1,2),
AM+A=A4A,

1
q

1 1
oo P oo
< MAB(41,42) (Z pkl_lAZ) (Z ”_qh_le> ) 4)

n=1

where the constant factor 1;A,B(A1,A,) is the best possible, and the partial sums A,, :=
" ai and B, :=Y]_ by (m,n e N={1,2,---}), satisfying

0< Y mPhIAR < oo
m=1
and N
0< Y n 97 1B1 < oo,
n=1
Inequalities (1), (2) and the integral analogues play an important role in analysis
and its applications (cf. [5]-[15]).
In 1934, a half-discrete Hilbert-type inequality was given as follows (cf. [1], The-
orem 351): If K(¢) (r > 0) is a decreasing function, p > 1, ;—74—% =1,0<0¢(s) =
Jo K@)t < oo, a, >0, 0< 37 ah < oo, then

, - P
/0 xP2 (2 K(nx)an> dx < (Z)” 2 ar. Q)

n=1

Some new extensions of (5) were provided by [16]-[20].

In 2016, by means of the techniques of real analysis, Hong et al. [21] considered
some equivalent statements of the extensions of (1) with the best possible constant
factor related to a few parameters. The other similar works were provided by [22]-
[32].

In this paper, following the way of [4, 21], by means of the weight coefficients,
the idea of introduced parameters, Hermite-Hadamard’s inequality, the Euler-Maclaurin
summation formula and Abel’s summation by parts formula, a more accurate extension
of (4) is given. The equivalent conditions of the best possible constant factor related to
several parameters and some particular inequalities are considered.
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2. Some lemmas

In what follows, we suppose that p > 1, 1 >t L=1,2€(0,1], 2 €(0,4]N(0,2),
mel0,d], k() =Br—2A) (i=1,2), FRare Ak b =tk h o
M1+ M2. For ay,by, >0 (m,n € N), the partial sums Am = Z,_Mz and B,, = Zk_l by
satisfy A,, = o(e'"""M)), B, = 0(¢!""™)) (1 > 0; m,n — oo),

0< Y mPh7 1Al <ooand 0 < Y n 97 BI < oo,

m=1 n=1

LEMMA L. (cf. [5], 22.3) (i) If (~1)'Lg(t) >0, 1 € [m,e) (m € N) with
gV (e0) =0 (i =0,1,2,3), Pi(r), Bi (i € N) are the Bernoulli functions and the
Bernoulli numbers of i-order, then

o By
/0 qu_l(t)g(t)dtz—sqz gm) (0<g, <1 g=1,2,). ©)

In particular, for g =1, in view of B, = % we have

— —g / Py (t)g(t)dt <0; (7
for g =2, inview of By = 30, we have
1
0</ Ps(t dt<mg( m). (8)

(ii) (cf. [5], (2.3.2)) If f(t)(>0) € C3[m, ), f)(e0) =0 (i=0,1,2,3), then we
have the following Euler-Maclaurin summation formula:

S k) = [ f)d TP ()t 9
S0 = [ s+ g+ / (1) (1) ©)
/mpl(t)f/ :—_f 6/ Ps( /// (10)

LEMMA 2. For s € (0,3], s; € (0, %]O(O,s), ks(s;) =B(s;,s—s;) (i=1,2), define
the following weight coefficient:

\ X S "—772 S2 ! N 11
Osz,m)i= (m=m)*™ 3 (mn s m €N). (1

We have the following inequalities:
0< ks(s2)<l _O<W>> < @(s2,m) < k(s2) (mEN), (12)

where, we indicate that

1 =
0 - /””1 du> 0.
((m—n1)52> ks(s2) Jo (I1+u) u
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Proof. For fixed m € N, we set the following real function:

(t _ 772)'Y271

m—n+1p (t>m).

glm,1) =
In the following we divide two cases of s, € (0,1)N(0,s) and s; € [1,3]N(0,s) to
prove inequalities (12).
(1) 52 € (0,1)N(0,s). Since

(=1)igD(m,1) >0 (t>np; i=0,1,2),

2

t_
m=n» We have

by Hermite-Hadamard’s inequality, setting u =

O (s2,m) = (m—m;)" 2 ig(m,n) < (m—mp)* % /:)g(mj)dt

oo uszfldu oo uxzfldu
< / -
0

Lo P [ k().
Lo (Twp Sl Ty

On the other hand, in view of the decreasingness property of series, setting u =

—m H
m—ny > We obtain
O (sp,m) = (m—m;)° ™ 2 g(m,n) > (m— nl)“'f“'z/l g(m,t)dt
n=1
/°° w2 ldu ks(s2) /,L—Tr’;zl w2 du
= = Y —_
e E Y N (A
1
— k(s (1—0<%>> >0,
S( ) (m _ Th)‘sz
1 1 l:i sp—1
where, 0((mfm)"2) ) Jom ﬁﬂ)sdu > 0 satisfying
1-my — 1-my
0< /min1 ! du< |" " urdu = 1 ( = )Sz (m eN).
0 (14u)s 0 sp \m—mn;

Hence, we obtain (12) for the case (i).
(i) s2 € [1, %} N(0,s). By (9), we have

oo

S, glmm) = [ glmaydr+ 3¢ 1)+ [P mo)ar,

=00

= [ g(m,t)dt —h(m),.
2

where, h(m) is indicated as

h(m) = r;g(m,t)dt—%g(m,l)—/lel(t)g’(m,t)dt.
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so—1
We obtain — % g(m,1)= “Uem)?  and integrating by parts, it follows that

2(m—n+1)°
1 1 (f—le)“'Z*l
g(mat>dt :/ ——dt
) m (m—Tl -l-t)s
_1 /1 At —m)*
s2 Jny (m—m+1)°
L Gmm)? s ot (o m)nar
_S2 (m_n+t)s n $2 Jm, (m_n+t)s+l
_ 1 (=m)” s /1 d(r—ng)*!
T (m=n+1 " s(sa+1) Jn, (m—n 1)t
1 (1—m)* s (t—ma)2t! f
so(m—n+1)0 " sy(sa+1) (m—m )t
s(s+1) /1 "
t—1) " dt
+52(52+1)(m—1‘l+1)-"+1 T,z( m)
_ 1 (1-m)» s (1—mp)2*!
— kY] (m_n+l)5 52(S2+1) (m_n+l)5+1
s(s+1)(1 —mp)2+?
s2(s2+ 1) (s2+2)(m—n+1)5+2°
We find
— (- sp—2 _ sp—1
—g'(m,t) = O II( 772)5 _ s(t—m) —
(m—n-+1) (m—n+1)
o (1 —52)([ _ 772)5‘272 S(t _ 772)'Y272 B s(m _ Tll)(t _ nz)xz—2
(m_n"f't)s (m—n—i—t)s (m_n+t)s+l
_ Gt l-s)(—m)2 7 sim—mi)(r—m2)2 "2
(m—TH—t)S (m_n+t)5+l ’

and for s, € [1,3]N(0,s), it follows that

il {7(,_n2)srz} >0

dil(m—m+1)] ~ 7
d o (1—mp)? .
)= 0 ;1=0,1,2,3).
V' G ] > 06> )

By (8), (9) and (10), setting a:=1—1n, (€ [%, 1]), we obtain

- (t_n2)52—2 s+1—s $7—2
1 P - 2
(s+ 32)/1 1(0) (m—m+1)s 12(m—n+ I)XQ 7
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=3 (t _ n2)52—2
—(m— P —_ 12"
(m—m)s 1 l(t)(m—n—u)”ldt
o (m=m)s o (m-m)sp (1 m)2% "
12(m—n+1)s+1 720 L(m—n+1)tli=1
(m—m+1)s—as g2 (m—m-+1)s
2m—n+1)p1? 720
" s—|—1 (s4+2)a2? 2(s+1)2—s2)a23 (2—5)(3—sp)a>™*
m n+t s+3 (m_n+t)s+2 (m—?’]—l—l)S'H
B S2 2 sasz—l K
B 12(m—n+1)~ 12(m—n+1)st1 720
[(s +1D)(s+2)a2? 2(s+1)2—s5)a23  (2—5)3- 52)a52—4]
(m—mn+1)+2 (m—mn-+1)sH (m—mn+1)° ’
and then we have
a4 sa®23hy  s(s+1)a22h;

h(m)> (m_n+1)s (m_n+1).v+l (m_n+1).v+2’

where, h; (i =1,2,3) are indicated as

a @ (1-s5)d ~5(2-5)B-%)

hy=————
s 2 12 720 ’
4 2 1)(2 —
hy == B _a__i(s—f— I S2)7 and
sa(s2+1) 12 360
hy = at s+2

s2(s24+1)(s2+2) 720

For s, € [1, 3]N(0,s) (s €(0,3]), a € [2,1], we find

2
a
h1>ﬁ2[ — (6a+ 1)s2+ 124 — 5"
In view of
d 303
%[S%—(6a+l)S2+12a2}=6(4a—sz)>6(4x1—§>>O,
and

d
—[s3 — (6a+ 1)s; + 1247
dsy

3 3 11
:252—(6a+1)<2x§—(6><Z+1>:3—7<0,
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we obtain

hy > (3/4) [<3>2_<6X1+1>s2+12<%>2}_i

12(3/2) L\2 4 120
3 1
=18 1200
4a> 1 1 3\214(3/4)* 1 1
() > (s
h2>“(15 12) 90~ \2 15 12) 90
_3 -1
T80 90
4 9% 1 27 1
L T N A B

105 7207 105 144 1120 144
and then i(m) > 0, which follows that

oo

Y g(m,n) < [ g(m,t)dr.
n=1 M

On the other hand, we also have

rgg(m,n) = /;og(m,l‘)dt—F %g(m,l) +/1°°Pl(t)g/(m,t)dt
Z/lwg(m,t)de(m),.

where, H(m) is indicated as
1 00
H(m) = S¢(m,1) +/ Py(1)g (m,1)dr.
1
We have obtained that % g(m,1) = 2(;:277711)‘ and

(s+1—s)(—m2)2"%  s(m—m)(t—m)2>

g'(m,1) = — m—nt1) (m—n+1)+1

For 5, € [1,3]N(0,s) (s € (0,3]), by (7), we obtain

< (t—m)2?
—(H—l—sz)/1 Pl(t)mdt>0,

oo _ sp—2
s(m— 771)/1 Pl(f)%df

—s(m—m)a>"?  [—s(m—n+1)+asla??
R(m—n+1p+ 12(m—n+ 1)+

52—2

—sa n sa 2!
R2m—n+1) 12(m—n+1)5*!

52—2

> —Ssa
12(m—n+1)

1653
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Hence, we have

Therefore, we obtain the following inequalities:

/ gmtdt<2gmn< g(m,t)dt.
m

In view of the the results in the case (i), we still can obtain (12).
The lemma is proved. [J

LEMMA 3. For s € (0,3], s; € (0,3]

N(0,s) (i=1,2), we have the following
more accurate Hardy-Hilbert’s inequality:

1
Fl(s))i 4 S =521
< ()P (or)3 3 3 m=m) Pty
1

{i (n—ma) 1= s'*?ﬂ‘lbg}q. (13)

Proof. In the same way, by the symmetry, we obtain the following inequalities for
the next weight coefficient:

0< ks(sl)(l —0<m>>

< (m— si—1
< o(s,n) = (n—mp)" " Z %

< ks(s1) (n €N), (14)
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By Holder’s inequality (cf. [33]), we obtain

© & 1 (m—n;)1=51)/4q,, (n—mnp)1=52)/pp,
> | -

(n— )=/ (m— ) (i=s0/d

1

o @ 1 (m—mn;)1=s1)r/a z
< P
\[Ezmn—mf (=)=

o = 1 (n—m)0- \211/1’
Xlzxmn—n)s GRS
1
P

B {stz,mxm—m)”“ ot }

Then by (12) and (14), we obtain (13).
The lemma is proved. [

|

1655

REMARK 1. In particular, for s=A+2 € (2,3], s; =4 +1 € (1,3]N(1,A +1)
in (13), replacing a,, (resp. b,) by A,, (resp. By), in view of the assumptions of A,,

and B,,, we have

VAN
—
E
>
+
L3S}
—
&
L3S}
_l’_
[a—
~—
~
=
—
ES
>
+
L3S}
—
&>
—_
+
[
N
~—
S

n=1

[ (n—m2) "By
where, A € (0,1], A; € (0, } (0,4) (i=1,2), satisfying the assumption.

LEMMA 4. For t > 0, we have the following inequalities:

Z e—t(m—rll)am <t 2 e—t(m—Th)Am7
m=1
n=1

e =My <y i e !n=mlp

15)

(16)

a7)
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Proof. In view of A,e'("=M) = o(1) (m — o), by Abel’s summation by parts
formula, we find

m=1

= lim Ae —t(m=m1) 4 2 —t(m—m1) _ (m_rll""l)}Am
meee m=1

_ i —t(m—mn1) (m—m+1)}A 1 e Z e—t m— m
m=1 m=1

Since 1 —e™" <t (r > 0), we have inequality

oo

2 e MMy <y i ety

m=1 m=1
namely, (16) follows. In the same way, we obtain (17).

The lemma is proved. [

3. Main results and some particular inequalities

THEOREM 1. We have the following more accurate Hilbert-type inequality:

by (A +2)
SS (mtn—m)* ~ T(A)

Q=

(kpp2 (2 +1))7 (k2 (M + 1)

1

1 1
oo D oo
SDNCE Dt lE(n—m) 2" 'B] (18)
m=1 n=1
In particular, for Ay + Ay = A, we have kj (A1) = B(A1,42),
0< Em PRTIAP <00 () < En 2~1B1 < 0o
m=1 n=1
and the following inequality:
S S e < B o)
Se (mtn—n)t
1 1
oo D oo
x| X (m—m) PhlAp lZ(n—le)_qh_lBZ (19)
m=1 n=1

Proof. In view of the formula that

1 _ 1 = a1 —(m+n—n)t
<m+n—n>l‘r<x>/o v a
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by (16) and (17), it follows that

i am n/ )L ! —(m+n n dt

= 2
:%/ Z mmamzlennz)bdt
| o
- (m—mq)t —M)t
< F()L)/ IR e, Ee Bydt
_ L C 7L+2 -1 7(m+n ne
= r(/l),;rg mBn / dt
TA+2) & & ApmBy rA+2)
_ = Iy.
T 2T R T "
Then by (15), we have (18).
For A1 +4, =2 (€ (0,1]) (4 €(0,3]N(0,A),i=1,2),
kMz(?Lz—i—l):k,1+2(ll+1):B(7Ll+1,7Lz+1)
(A + DT (A+1) — T(A)T(A2)
N T(A+2) I NV

inequality (18) reduces to (19).
The theorem is proved. [J

THEOREM 2. If A| + Ay = A, then the constant factor
(A +2 1 1
o Ko 1) el + 1))
in (18) is the best possible. On the other hand, if the same constant factor in (18) is the
best possible and A — A; < % (i=1,2), then we have Ay + 2, = A.

Proof. We now prove that the constant factor A;A,B(41,4,) in (19) is the best
possible. For any 0 < € <min{pA;,qly}, we set a,, = mM ! by = 127%71 (m,ne
N). Since for 4; < § (i=1,2), both f(t) := #1757 and g(r) = 2 are strictly
decreasing with respect to ¢ > 0, by the decreasingness property of series, we have

< C A-E-1 Ja—E-1 mh
Am::ZiZZl‘ ; </o TPt = p—
-t
_e_ noa e _ n q
K2 1</ My = =
0 -3

If there exists a positive constant M < A;A,B(A1, ), such that (19) is valid when
we replace A1 A4,B(41,4,) by M, then in particular, for 17; = 1, = 0, we have

1 1

Sl b . ESIRTAY
I::ZZW<M<Zm phi= 1AP> (Zn k2 lBZ) . (20)

m=1 n=1
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In the following, we obtain that M > A1 A,B(A;, ;) , which follows that M = A A,B(A1, ;)
is the best possible constant factor in (19) (cf. [4]).
By (20) and the decreasingness property of series, we obtain

> M A—1. pA e Ao—1. gh %
/I< —— mPM— Ly pM—E n M1y .
(M =5)(A2—%) mzl Z‘l

M 1—¢
S DR (”2’” )

M ey ) - M(e+1)
S-S5 <+/ "’) e —5)h—5)

By (14), for ny=n =0 (i=12), s=24, s1 =4 — 5 (€(0,5)N(0,1)), we

“:Im

have
o<h () (1-0( %)
< m(xl_f,n) _ e I}Zlnj:rn); <k, (xl——) (neN)
Then we find

By (20) and the above results, we have
€ € M(e+1)
B(AM——,4+—)(l—€0
(B 30+ ) (1 —e0(1) <

(=5 (A=5)

For € — 0T, in view of the continuity of the beta function, we find M > A1, B(A1,12).
Hence, M = A4 1;B(A1,A,) is the best possible constant factor in (19).
On the other hand, since 11 A M + l‘ 7L A l‘ + M ,and A;,A —A; € (0, }
(i=1,2), we find
P A e . W . S JY
P q q p

~ -~ /2 1/2 1 ~ -~
AI7AZ< L+L:§7 0<2'17A'2<A'7
p
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and 11123(/7[1,12) € Ry = (0,00). By (19), we still have

)N LI W W T W

q

m [i("—nz)‘ﬂzlb’z 21

n=1

If the constant factor in (18) is the best possible, then by (21), we have the follow-
ing inequality:

P ol + 1) ka4 1)
< MiAaB(A, A = %kl-ﬂ(il +1),

which follows that

QU=

> 1
kp2(A+1) 2 (kai2(A2 +1))7 (kz o (A +1))9.
By Holder’s inequality, we obtain

A—d A

0 < koA +1) =k pa( + +1)

= /12+/11

p
_/ (1+u) Tl 0 A+2 22)

1
o A=y A M q
u u
<[ / g
l/o (1 +u)r+2 ] lo (1 +u)r+2 "]

o yhat)-1 5[ e ya-1 7

- / Y / o du
0 (1+v)r+2 0 (14u)r+2

= (k2 (P2 +1))7 (kpya (A + 1)1, (23)

Q=

Then we have
1 1 ~
(kry2(l2+1))7 (kp (M +1))7 =Ky 2(A1 + 1),

namely, (23) keeps the form of equality.

We observe that (23) keeps the form of equality if and only if there exist constants
A and B, such that they are not both zero satisfying (cf. [33]) Aur~% = BuM q.e. in.
R, Assuming that A # 0, we have u* %1~% = B/A a.e. in. R, , and then A — A, —
A2 =0, namely, A+, = 4.

The theorem is proved. [
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REMARK 2. )ForA=1,A =14, = % in (19), we have the following inequality
with the best possible constant factor 7

33

Py Mo m+n—

< g [Z (m—mp)~ 1A

m=1

lZ(n—nz)‘%‘lBZ] . (24)

In particular, (a) for n =n; =1y =0, we have

1 1
P oo
(Z n‘%‘lBZ> ; (25)
n=1

1 1
p li ("‘%)gIBZ] R 6)

@ii) For n = ny =1y =0, (19) reduces to (4). Hence, (19) (rep. (18)) is a more
accurate extension of inequality (4).

4. Conclusions

In this paper, by means of the weight coefficients and the idea of introducing pa-
rameters, using Hermite-Hadamard’s inequality, the Euler-Maclaurin summation for-
mula and Abel’s summation by parts formula, a more accurate extension of (4) in-
volving the partial sums is given in Theorem 1. The equivalent conditions of the best
possible constant factor related to several parameters and some particular inequalities
are considered in Theorem 2 and Remark 3. The lemmas and theorems provide an
extensive account of this type of inequalities.
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