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Abstract. In this paper, we present a new iterative algorithm for finding a common element of
the set of solutions of a split variational inequality problem, the set of fixed points of an infinite
family of nonexpansive mappings and the set of solutions of a variational inclusion problem in
Hilbert spaces. Under some mild conditions imposed on algorithm parameters, we prove that the
proposed iterative algorithm have strong convergence.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively.
Let C be a nonempty closed convex subset of H .

In this article, our study is related to a classical variational inequality problem
(VIP) which aims to find an element x" € C such that

(Bx",x—x") >0, VxeC, (1.1)
where B: H — H is a given operator. It is well known that x* € VI(B,C) if and only
if xf = Pe (xj - ij), where { > 0, in other words, the VIP is equivalent to the fixed
point problem (see [2]).

Variational inequality problem (VIP) was introduced by Stampacchia [14] and
provide a useful tool for researching a large variety of interesting problems arising
in physics, economics, finance, elasticity, optimization, network analysis, medical im-
ages, water resources, and structural analysis. For some related work, please refer to
References ([12], [13], [15]-[22]).

The another motivation of this article is the split common fixed point problem
which aims to find a point u € H; such that

u € Fix(T) and Au € Fix(S). (1.2)

The split common fixed point problem can be regarded as a generalization of the split
feasibility problem. Recall that the split feasibility problem is to find a point satisfying
ueC and Auc€Q, (1.3)
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where C and Q are two nonempty closed convex subsets of real Hilbert spaces H
and H,, respectively and A : H| — H> is a bounded linear operator. Inverse problems
in various disciplines can be expressed as the split feasibility problems and the split
common fixed point problem. Problem (1.2) was firstly introduced by Censor and Segal
[26]. Note that solving (1.2) can be translated to solve the fixed point equation

u=_S(u—rtA"(I-T)Au), 1> 0.
Whereafter, Censor and Segal proposed an algorithm for directed operators. Since then,
there has been growing interest in the split common fixed point problem ([23], [25],
[271, [29]-[33D)-
Now, we recall that the variational inclusion problem is to find an element x* € C
such that

0 € D(x") +R(x"), (1.4)

where D : C — H is a single-valued mapping, R : C — 2¥ is a set-valued mapping and
0 is the zero vector in H.

The set of solutions of the problem (1.4) is denoted by I(D,R). If H = R™, then
the problem (1.4) becomes the generalized equation introduced by Robinson ([3]). If
D =0, then the problem (1.4) becomes the inclusion problem introduced by Rockafellar
([4]). It is known that the problem (1.4) provides a convenient framework for the uni-
fied study of optimal solutions in many optimization related areas including mathemat-
ical programming, complementarity problems, variational inequalities, optimal control,
mathematical economics, equilibria and game theory, etc. Also, various types of varia-
tional inclusions problems have been extended and generalized, for more details, refer
to ([6]-[11]) and the references therein.

In this article, we will study the following split variational inequality problem of
finding an element x? such that

X e Fix(S)(\VI(B,C)(I(D,R) and Ax" € (| Fix(T,)(\VI(F,0).  (L.5)
n=1
Subsequently, we construct a new algorithm for solving the split variational inequality
problem (1.5). Strong convergence theorems are established under some mild assump-
tions.

2. Preliminaries

In this section, we collect some tools including some definitions, useful inequali-
ties and lemmas which will be used to derive our main results in the next section.

Let H be areal Hilbert space with inner product (-,-) and norm || - ||, respectively.
Let C be a nonempty closed convex subset of H. Let T : C — C be an operator. We
use Fix(T) to denote the set of fixed points of T, that is, Fix(T) = {u|u = Tu,u € C}.

First, we give some definitions related to the involed operators.

DEFINITION 2.1. An operator T : C — C is called to be nonexpansive if ||7Tu —
Tv|| < |Ju—v|| forall u,vecC.
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DEFINITION 2.2. An operator 7 : C — C is called to be firmly nonexpansive if
| Tu—Tv||> < ||u—v||>— ||(I—T)u— (I—T)v|*> for all u,v € C, or equivalently,

(Tu—Tv,u—v) > || Tu—Tv|? (2.1)

for all u,v e C.

DEFINITION 2.3. An operator T : C — C is called to be o -averaged, if there
exists a nonexpansive operator U such that 7' = (1 — a)[ + oU , where [ is an identity

mapping.

DEFINITION 2.4. An operator T : C — C is said to be quasinonexpansive if
| Tx —x"|| < [Jx—xT|| forall x € C and xT € Fix(T), or equivalently,

1
(x—Tx,x—x") > §||x— Tx|? (2.2)
forall x € C and x' € Fix(T).

REMARK 2.5. Obviously, if Fix(T) # 0, then nonexpansive operators are quasi-
nonexpansive operators.

DEFINITION 2.6. An operator 7 : C — C 1is said to be strictly quasinonexpan-
sive if || Tx —xT| < |jx —xT|| forall x € C and x' € Fix(T).

REMARK 2.7. It is well known that an averaged operator T with Fix(T) # 0 is
strictly quasinonexpansive. For more details, Please refer to [1].

DEFINITION 2.8. Anoperator F': C — H is said to be « -inverse strongly mono-
tone if (Fx— Fx",x —x") > a||[Fx— Fx'||? for some constant o > 0 and all x,x" € C.

Usually, some additional smoothness properties of the mapping are required in the
study of the convergence of fixed point algorithms, such as demi-closedness.

DEFINITION 2.9. An operator T is said to be demiclosed at w if, for any se-
quence {u,} which weakly converges to u*, and if Tu, — w, then Tu* =w.

Recall that the projection from H onto C, denoted Pc, assigns to each u € H, the
unique point Pcu € C satisfying

llu— Peu|| = inf{|ju—v|:veC}.
Pc can be characterized by

(u— Peu,v—Peu) <0 (2.3)
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forall u € H,v € C, and Pc: H — C is firmly nonexpansive, that is,
(u — v, Peu— Pev) > ||Pou— Pev||?
or || Peu— Pev||* < [lu—v||* = |(I = Pe)u— (I— Pe)v?

forall u,ve H.
For all u,v € H, the following conclusions hold:

lew+ (L =0)[? = el + (1 =) [VI[> = 2(L =) Ju =], 1 € [0,1],

A+ v||* = [Ju]* 4+ 2(u,v) + ||v]]?
and
A+ v))2 < fJull® +2(v,u+v).

In the following text, we employ the following notations:

e 1, — u stands for that {u,} converges weakly to u;

e u, — u stands for that {u,} converges strongly to u;

e Fix(T) means the set of fixed points of T';

e m,(u,) means the set of cluster points in the weak topology, that is,

O (un) = {u: Jun; — u}.

LEMMA 2.10. ([24]) Let H be a Hilbert space and C(# 0) C H be a closed
convex set. If F : C — H is an o -inverse strongly monotone operator, then
e = vFx = (v = yFy)|I? < = y[I> + ¥(y —20) | Fx = Fy|]?, Wx,y € C.

Especially, I — yF is nonexpansive provided 0 < y < 2c.

LEMMA 2.11. ([9]) Let C be a nonempty closed convex of a real Hilbert space
H. Let T : C — C be a nonexpansive mapping. Then I — T is demiclosed at zero, that
is, if x, = x € C and x,, — Tx,, — 0, then x = Tx.

Let {T,};._, : C— C be an infinite family of nonexpansive mappings and 41,15, ...
be real numbers such that 0 < A; < 1 for each i € N. For any n € N, define a mapping
W,, of C into C as follows:

Un,nJrl :Ia
Un,n - A‘nTnUn,n+l + (1 - An)Ia
Un,n—l = 2fn—lTn—lUn,n + (1 - 2fn—l)la

Unj = MTiUp g1+ (1= )1, (2.4)
Uni—1 =M 1Ti—1Up e+ (1 = L)1,

Unp =2 TU, 3+ (1 - ),
W, = Un71 = )L]TlUng + (l — kl)l
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Such a mapping W, is called the W -mapping generated by 7,,,T;,—1,...,T; and A, A1,
..., A1. We have the following crucial lemma concerning W, in ([5]):

LEMMA 2.12. Let {T,};;_, : C — C be an infinite family of nonexpansive map-
pings such that (;_; Fix(T,,) # 0. Let A, Aa,... be real numbers such that 0 < A; <
b <1 foreach i > 1. Then we have the following:

(1) For any x € C and k > 1, the limit lim,_... U, jx exists;

(2) Fix(W) = ;= Fix(T,,), where Wx = limy, oo Wyx = lim, .o Uy, 1 X, Vx € C;

(3) For any bounded sequence {x,} C C, limy_.. Wx, = limy,_co Wy,

LEMMA 2.13. ([28]) Assume that {0y} is a sequence of nonnegative real num-
bers such that
Oyl < (1 - Yn)an + 6"7 neN,

where {y,} is a sequence in (0,1) and {d,} is a sequence such that
(1) X1t = o5
(2) limsup,_,., % <0 or X5 |0n] < oo
Then 1imy .. o, = 0.

3. Main results

Throughout the present article, let H; and H, be two real Hilbert spaces. Let
C(#£0) C Hy and Q(+ 0) C H; be two closed convex sets. We use (-,-) to denote the
inner product and || - || stands for the corresponding norm.

Next, we show two lemmas for quasinonexpansive operators. These lemmas will
be very useful for our main theorem.

LEMMA 3.1. Let T : C — C be strictly quasinonexpansive operator, and let T, :
C — C be quasinonexpansive operator. Suppose that Fix(T{)Fix(T») # 0. Then
Fix(T)) \Fix(T) = Fix(T, ).

Proof. Fix(Ty)NFix(T») C Fix(T1T») is obvious. We only need to prove that
Fix(T\T;) C Fix(Ty)( | Fix(T3).

Let x* € Fix(TiT>) and z € Fix(T)(\Fix(T3). We consider the following two cases:
(i) Tox* € Fix(Ty). Then Tox* = Ty Tox* = x*. Therefore, x* € Fix(T;) "\ Fix(T}).
(ii) Tox* ¢ Fix(Ty), and hence x* ¢ Fix(T3). Since Tj is strictly quasinonexpan-
sive, we have that [[x* —z|| = |1 Tox* — z|| < || Tox® —2|| < ||x* —z]|, which yields a
contradiction. [

REMARK 3.2. As a matter of fact, in Lemma 3.1, assuming that 7} : C — C is
quasinonexpansive operator and 7, : C — C is strictly quasinonexpansive operator, the
conclusion still holds.
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LEMMA 3.3. Assume that {@,} is a sequence of nonnegative real numbers such
that
Opy1 < (1—04)®, + 0,0,, n>1,

where {0} is a sequence in (0,1) such that ;| 0, = oo. Then limsup,,_,.. 6, > 0.

Proof. By contradiction, we suppose that

lim sup 6, = —k <0,

n—00

which implies that there exists large enough positive integer N such that J, < —% for
all n > N. Note that

W1 < (1—04)@,; + 04,0,

= Wy + 04, (6, — @) (3.1)
<@ oy K
)

forall n > N. Thus,

K n
Opt1 < ON+1 — 5 2 .
i=N+1

Taking limsup,,_... in the last inequality, we have

. K «
0 <limsup @y < Byii1— 5 D, 04 = —oo,
H—yeo 2

which yields a contradiction. Consequently, limsup,,_,.,0, > 0. O

In the sequel, we state several assumptions and symbols:

(H1): A: Hy — H; is a bounded linear operator with its adjoint A*.

(H2): {T,};;_, : @ — Q is an infinite family of nonexpansive mappings.

(H3): §:C — C is a nonexpansive operator and S5 = (1 — 8)I + &S, where
6€(0,1).

(H4): im0 0, =0 and Y, 0, = oo.

(H5): B:C — H, is a f-inverse strongly monotone operator.

(H6): F : H, — H, is an a-inverse strongly monotone operator.

(H7): D:C — H; is a x-inverse strongly monotone operator.

(H8): R is a maximal monotone operator on H, such that the domain D(R) of R
is included in C.

(H9): Jg = (I+AR)™! is the resolvent of R for A.

(H10): Q= {x|x* € Fix(S)\VI(B,C)NI(D,R) and Ax* € (\r_, Fix(T,) \VI(F,Q)}.
Throughout this paper, we assume that Q # 0.

REMARK 3.4. Itis well known that the resolvent Jg 3 is firmly nonexpansive and
R™'0 = Fix(Jg ) forall A > O(see [1]).
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In the sequel, we present the following iterative algorithm to solve (1.5).

ALGORITHM 3.5. Let x' € C be a fixed point. Let x; € C be an initial value. Let
{04} be a real number sequence in (0,1). Let y € (0,28), ¢ € (0,2), & € (0,2a)
and A € (0,2x) be four real constants. Assume that the sequence {x,} has been con-
structed. For the current iteration x, , compute

Vn = Xp — Sgpc(l — )/B)xn,

3.2
Zn = Axy — WyPo(I — EF)Ax,,. (3-2)

Case 1. If ||y, +A*z,|| # 0, then continue and construct x,.; via the following
manner

Uy = PC(xn - gfn(yn +A*Zn))7

: (3.3)
Xp+1 = Opx' + (1 - (Xn>JR7)L (un — lDun)
where
[yall* + Izl
= a0 (3.4)
Y0 + A%z ||?

Case 2. If ||y, +A*z,|| = 0, then continue and construct x,.; via the following
manner

X1 = 0"+ (1= 04)Jg 2 (Xn — ADxy). (3.5)

REMARK 3.6. Observing that S5, W,, and W are averaged operators and there-
fore strictly quasinonexpansive operators, in view of Lemma 3.1, we obtain that

Fix(SsPc(I—yB)) = Fix(Ss)(\VI(B,C) = Fix(S)(|\VI(B,C),

Fix(W,Po(I — EF)) = Fix(W,) (VI(F,Q)

and
Fix(WPy(I - &F)) = Fix(W)("\VI(F, Q).

From now on, we will divide our main result into several propositions.
PROPOSITION 3.7. ||y, +A*z,|| =0 if and only if x, € Q,, where
Q, = {¥'|x* € Fix(S)("\VI(B,C) and Ax" € Fix(W,)[ \VI(F,Q)} # 0.

Evidently, Q C Q,.

Proof. Noting that Fix(W,) = (\j_; Fix(T;) (see Lemma 3.1 in [5]), it is obvious
that x, € Q, then ||y, +A*z,|| = 0. To see the converse, assume that ||y, +A*z,|| =0.
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In virtue of Lemma 2.10, we have that SsPc(I — yB) and W,Pp(I — EF) is nonexpan-
sive. Then, for any xFeQ,, inthe light of Definition 2.4, we can derive
0= (yp+A"Z,x, —x")
= (o — SsPc(I = YB)xn, 0 —x')
+ (A" (I — WyPo(I — EF))Axp, X, — x7)
= (tn = SsPe(l = YB)xn, 0 —x')
+ (I = WpPo(I — EF))Axy, Ax, — Ax")
1

(3.6)

> 5 (lxn = SsPe(l = yB)xal|* + || (1= WaPo(I — EF))Axa|*)

N =

(ynll® + llzall?)-
It follows that
[0 — SsPe(I = YB)xal|* + | (I = WaPo(I — EF))Ax,||* =0,

which implies that x, € Fix(SsPc(I —yB)) and Ax, € Fix(W,Po(I —&F)). In view of
Remark 3.6, we have that x, € Fix(S)\VI(B,C) and Ax, € Fix(W,) \VI(F,Q), that
is, x, € Q. This completes the proof. [

PROPOSITION 3.8. The sequence {x,} generated by Algorithm 3.5 is bounded.

Proof. Let X’ € Q, thatis, Po(x’ — {Bx’) :JR’;L()Cb —ADX’) = 8x’ =X for {, A >
0, and PQ(Axb - éFAxb) = T,AX” = AX’ for V& >0 and all n > 1. First, in case 1, by
virtue of (3.6), we can derive that
= 2| = [P (tn = §Ta(yn +A24)) — ¥
< =2 = 6Talyn+A"2) >
< =217+ 625 v+ A 2al* = 25T (3n +A"20), 50 — )
<

3.7)
b = 2112 + 62 % 1y + A%zl = Tallynll* + llzull?)
b2 (lynll® +1lza]1%)?
<o —=xX||F—¢(l —¢g)————————
R
and consequently,
st =Xl = [ oax™ + (1 = 0)g 2 (10 = ADun) = |
= Jlon(x" =) + (1 = 06) (Jr (ttn — ADuy) = ¥') |
< 0 |lx" =) 4 (1= 00) g 2 (1 — ADuy) = 2| 3.8)
(bY(3.10)) < O |x" — 2|+ (1 — 04,)Juy — ¢ |
(by(3.7)) < ol =l + (1 = 00) w2’
< max{|lx" =2, =[]}
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In case 2, we can obtain that
[Pons 1 =2 = [lonx" + (1= 04)Jg 4 (60 — ADx) = 2|
= flon (" =)+ (1 = 00) (T (5 = ADy) =) |
< o |lx" =2 + (1= 04) |[Ug 4. (xn — ADx) — X (3.9)
(by(3.12)) < oullx" =2+ (1 = o) v — 2’|
< max{|lx" =[], [ = '[1}.
Hence, by induction, we deduce
ot =2 | < max{[lx =2, Jora =2} < -+ < max{[lx" =2, Jbvy — 2]}
Therefore, the sequence {x,} is bounded. O
THEOREM 3.9. Under the assuptions (H1)—(H10), the sequence {x,} gener-
ated by Algorithm 3.5 converges strongly to Pox'.
Proof. Let = PQ)CT. In case 1, observe that
1 2 (10 — ADuy) — |
— U (1 — ADuty) — I 1 (¥ — ADR)
< [ (a—=ADun) = (=AD" ) [P || (I=Jg 1) (= ADitt) = (I=Jg 1) (' =ADx") |
< itg — 2| + A(A —2d)||Du,, — DX’
— |ttn — Jg 5. (tn — ADup) — A (D, — DxX)|?
[yal® + 1212
llyn+ A*zp]|?
— |lun — Jg 2 (4 — ADuy) — A(Du,, — Dxb)||2.

Hence, we get

(3.10)

< o =[P = ¢(1 =) +A (A —2d) | Duy — D¥'||*

i1 2|

= ||O‘n(xT _xb) + (1= 04) (Jg 2 (un — ADuy,) _xb)Hz

< (1= o) g (tn — ADuy) — X ||> + 20 (x" — ¥, 211 — )
[yall* + llzall?
[y + A*z, |2
— |lun — Jg 3 (4 — ADuy) — A(Duy, —Dxb)Hz)

< (1= o) ([ = 2| = (1) +A (% —2d)||Du, — DX'|]

(3.11)
+ 206,,(){r —xb7x,,+1 —xb>

< (1= o) |0 — X°))> + 025" — X, x 1 — X))

l—o (ynll® +llzal*)* | 1—on s
- 1- A (A —2d)||Du, — Dx
Oy g( g) ”yn +A*Zn||2 (oM ( )” H
1—oy

[t — T . (ttn — ADut) — A(Dty, — DX’ ||?].

n
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In case 2, note that

1.2 (0 — ADx) — ||
= |2 (tn — ADxy) = Jp 5 (x — ADx’) |2
< [|(6n — ADx,) — (¥ — ADx)||?
— (I = Jg 2) (%0 — ADx) — (I = Jg 2) (¥ — ADx") |2
< Jxn = X|> + A (A — 2d)||Dx,, — DX’||?
— | — Jg 4 (0 — ADx,) — A (Dx, — DY) ||?

(3.12)

and therefore,

Hxn+l

— |2 = g (x" =)+ (1 = ) (Jr 2 (%0 — ADx) = )|

< (1= o) g (6 — ADx) = X ||> 4 200 (x" — X" 2041 — )
< (1= 04)(||xn = X|> + A(A — 2d) || Dx, — DX’ ||?
— ||xn —JR’;L(xn — ADx,) — A(Dx, —Dxb)||2)

+ 20, (x" =X xpi — ) (3.13)
< (1= o) |Jxw — X |> + o [2(x" — 2,31 — )
1—o

" || — Jg 2 (¥n — ADx) — A (Dx — Dx’)||*
1—o0

+ "\ (A —2d)||Dx, — DX’|)?].

n

Now, let @, = ||x, — x| and

T, =

(lynll? + llzn]*)?

; 1— o,
206" = Xy — ) — s(1—¢)

®n [ Y0+ A*za |2

1—ap, N

— \|ttn — Jg 5 (ttn — ADup) — A (Duy, — DX’ ||
n

l—an b2
+ A(A —2d)||Du, — Dx’||*, case 1, (3.14)

P o, L= 0 b2
2(x" =X xp1 —27) + A(A —2d)||Dx, — DX’ ||

n

1 -0y by |12

- X — Jg 4 (xn — ADx,,) — A (Dx,, — DX’)|| 7, case 2.

n

According to (3.11), (3.13) and (3.14), we can obtain

01 < (1—op)@,+ oymy, n> 1. (3.15)

Evidently, m, < 2(x" —x* x,.1 —x°) < 2||x" —¥"|| x ||xp41 —*°||. Hence, the sequence
{m,} is bounded due to the boundedness of {x,}. Thanks to Lemma 3.3, we obtain
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0 < limsup,,_,., m, < +eo. Therefore, there exists a subsequence {7, } of {m,} such
that

lim sup m, = khj}o Topy - (3.16)

n—00

From now on, without loss of generality, we assume that x,, — £ owing to the
boundedness of the sequence {x,}. Suppose that there exists a subsequence {7, } of
J

{m, } in case 1. Note that

lim supy, o7, = lim 7, = lim 7,
k—oo0 oo Kj

lim 20 > l—a,, (g, 112 + Nz, 112)2
= lim2x"—x",x, 1 —x)— — — :
oo nkj+ ankj S S Hynkj +A*anj||2
1— 0. - (3.17)
- Lt — Jr a (ttn. — ADtty ) — A (D, — D) |
ankj J J J J
e b2
+ A (A —2d)||Duy, —D¥|

Ny, .
k]

Due to the boundedness of real sequence {(x' —xb,xnk,ﬂ — ")}, without loss of gen-
J

erality, we may assume lim;_ .. {x' —xb,xnk,ﬂ —xb> exists. Then we have that the
J
following limits also exists

1— oy, (g 117+ Mz 1172
lim Vel — g (3.18)
J—e ankj ||ynkj +A anj l
1—a,, by (12
lim SN, — Jg 2 (tn, — ADuy, ) — A(Duy, —Dx’)|| (3.19)
J—roo (Xnkj ) ! J J J
and
I —oy,
lim LA (A —2d)||Duy, —Dx’|)%. (3.20)
Jj—reo nkj J

It follows from (3.18) that

_ (llym, 1>+ k2 12)?
lim : —5—=0. (3.21)
J—ee ||,Vnkj +A*anj H

By the boundedness of the sequence {y,+A*z,}, we have

Tim |y |12+l |12 = 0. (322)
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which implies that

lim [y, || = lim |lx, —SsPc(l—YB)xn, || =0 (3.23)
J—roo J J—ree J J
and
lim |z, || = lim [|Ax,, —W,, Po(I—&F)Ax, || =0. (3.24)
J—roo J J—ree J J J

Evidently, SsPc(I — yB) : C — C is nonexpansive. Applying Lemma 2.11 to (3.23), we
have

%= S5Pc(I— yB)%. (3.25)

In virtue of Remark 3.6, we can derive that £ € Fix(S)\VI(B,C). It follows from
(3.20) and (3.19) that

lim [|Duy, — D'} =0 (3.26)
and
1 |t — T (g, — 2Dty ) = A (Dt — Dx’)||* =0. (3.27)
Hence, we have that
Jim et — T (g, — ADtty, )| = 0. (3.28)

Note that

l.im ”unk — Xny. H hm ”Pc(xnk» - QTnk.()’nk, +A*an.)) _Pank, ”
Jeo J j j—eo J j J J J

N

lim 6|\ %, (V. + A%z, )|
Jj—eo J J J

g 1P+l 1 (3:29)

A
=0,
which implies that Uny, = %. Since Jg (I —AD) is nonexpansive, applying Lemma
2.12to (3.28), we have
£=Jga(X—AD%),

which implies that £ € I(D,R). In the light of the boundedness of the sequence Py(I —
EF)Ax, and Lemma 2.12, we obtain that

tim |WPo(I — EF)Axy, —Way Poll —EF)Axy, || =0.

This together with (3.24) implies that

,lgrolc ||Axnkj —WPy(I— gF)Axnkj | =o0. (3.30)
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Since WPy(I — & F) is nonexpansive, in view of Lemma 2.12, we have that
Af=WPy(I— EF)A%. (3.31)

Thanks to Remark 3.6, we can also get that A% € Fix(W)\VI(F,Q). Hence, we obtain
that £ € Q.
Next, we assume that there exists a subsequence {rcnkj} of {m, } in case 2, by

Proposition 3.7, we get that Yy, € an_,-’ that is, Xy, € F ix(S)NVI(B,C) and Ay €
Fix(W,,kj_)ﬂVI(F, Q). Hence, we have that £ € Fix(S)\VI(B,C), A% € VI(F,Q) and
Axnkj = Wnijxnkj . Therefore, by virtue of the boundedness of the sequence {Ax,},
applying Lemma 2.12, we have that

lim [|[WAX,, . — Wy, Axy, || = [[WAX, — Axy || =0. (3.32)
i J J J J J

Since W is nonexpansive, by Lemma 2.12, we derive that AX = WAZ, that is, AX €
Fix(W). Observe that

limsup, e, = lim m, = lim 7, _
k—so0 Jreo Kj

= lim2(x" =X x, 41 =)+ l_ank'/l(l—Zd)||Dx —DX|?
oo RUIRs g "Ik (3.33)
O e — A5 )~ A(Dx — DY)
o My T IRA N, "k "k '
» . .

Subsequently, we may assume that the limit lim,, .. (x" — xb,xnk 41 —xb> exists. Then,
J
the following two limits also exists:

1—o

. ny .
lim — ||y, = T (o, — ADn, ) = A (D, — D) || (3.34)
J nkj
and
1— (x"k-
lim L2 (A —2d)|| Dx - DX (3.35)
J—ee nkj

By a similar argument as in case 1, we have
Him [} = Jr2 (¥n; — ADx, )| =0 (3.36)

and therefore £ = Jg 3 (t — A Dx) which implies that £ € I(D,R). Consequently, € Q.
In case 1, from (3.3), we get

”xnijrl _xnkj ” = HanijT + (1 - ankj)JRJL (”nkj - AD”nkj) _x"kj H
<y [l = [+ (1= o ) am, — 00, | (3.37)

+ (1= o )| ga (v, — ADut ) = am |
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It follows from (3.28) and (3.29) that
Jim a1 =t [} = 0. (3.38)

In case 2, from (3.5), we have

||xnk-+1 — Xny. H = ”O‘nk»){r + (l - ank-)JR,l(xnk- - A’Dxnk») — Xny . H

J J J J J J J (339)
< ankj ||xT _xnk_,- | +(1— ankj)HJR,l(xnkj - kankj) _xnkj B
By (3.36), we derive that
Jim [l 1 =t [} = 0. (3.40)
Hence, in case 1 or case 2, x,, 1 — £ € Q. Therefore,
J
lim sup 7, < lim (xT —xb,xnk_ﬂ —xb> = <xT —xb,f—xb> <0. (3.41)
N—roo J—roo J

Finally, applying Lemma 2.13 to (3.15), we get x,, — x” = Pox which ends the proof.
O

ALGORITHM 3.10. Let x" € C be a given point. Let x; € C be an initial value.
Let {0} be a real number sequence in (0,1). Let y € (0,28), ¢ € (0,2) and & €
(0,20x) be three real constants. Assume that the sequence {x,} has been constructed.
For the current iteration x, , compute

Yn = Xn — SPc(I — yB)xy,

3.42
2n = Axy — WoPp (I — EF)Ax,. (342)

Case 1. If ||y, +A*z,|| # 0, then continue and construct x,.; via the following
manner

Un = PC(xn - ng(yn +A*Zn))7

(3.43)
Xpil = ox’ + (1 — o) up
where
Hyn||2+ Hanz
— Wl W2l 3.44
Bt Az (49

Case 2. If ||y, +A*z,|| = 0, then continue and construct x,.; via the following
manner

X1 = 06X + (1 — 00)xp. (3.45)
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COROLLARY 3.11. Let

Q= {x*x* € Fix(S)(\VI(B,C) and Ax* € ﬁ Fix(T,) (\VI(F,0)}.

n=1

Suppose that Q # 0. Under the assuptions (H1)—(H6), the sequence {x,} generated
by Algorithm 3.10 converges strongly to PQxT.

ALGORITHM 3.12. Let x" € C be a given point. Let x; € C be an initial value.
Let {0} be a real number sequence in (0,1). Let ¢ € (0,2) be a real constants.
Assume that the sequence {x,} has been constructed. For the current iteration x,,
compute

Yn = Xn — SXy,

(3.46)
Zn = Ax,, — W,Ax,.

Case 1. If ||y, +A*z,|| # 0, then continue and construct x,.; via the following
manner

U = Pc(xXn — GTu(Vn +A*Zn))a

(3.47)
Xpil = ox’ + (1 — ot)up
where
[yall* + llza]?
= 3.48
[t A"z (349

Case 2. If |lyn +A*z,|| = 0, then continue and construct x,+; via the following
manner

X1 = Ox’ 4 (1 — 04)x,. (3.49)

COROLLARY 3.13. Let

Q = {X|x" € Fix(S) and Ax' ¢ () Fix(T,)}.
n=1

Suppose that Q # 0. Under the assuptions (H1)—(H4), the sequence {x,} generated
by Algorithm 3.12 converges strongly to PQxT.
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