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BOUNDING THE SANDOR-YANG MEANS FOR THE COMBINATIONS
OF CONTRAHARMONIC AND ARITHMETIC MEANS

WEI-MAO QIAN, HUI-ZUO XU, ZAI-YIN HE AND YU-MING CHU*

(Communicated by A. Witkowski)

Abstract. In the article, we prove that 1y = 1/2+/21/@P)e(m=)/(4r) —1/2 1, = 1/2+/6p/(12p),

Bn=1/2+ \/(1 +/2)V2/p [el/P —1/2 and 1y = 1/2+/3p/(6p) are the best possible param-
eters on the interval [1/2,1] such that the double inequalities

Awy)

CPltyu+ (1 —)v,tyv+ (1—1)u] AV P (u,v) < Q(u,v)e 7] -

< CPlou+ (1 —n)v,nv+ (1 —1)ulAY P (u,v),
(u,v)

CPltsu+ (1—13)v,13v+ (1 — £3)ulA" P (u,v) < A(u,v)e 7 7
< CPltgu+ (1 —t4)v,14v+ (1 — 14)u] AP (u,v)
hold for all u,v >0 with u # v and p € [1/2,00), where A(u,v) = (u+v)/2, Ou,v) =
(W2 +v2)/2, C(u,v) = (> +v?)/(u+v), T (u,v) = (u—v)/[2arctan((u—v)/(u+v))] and
N S (u,v) = (u—v)/[2sinh ™ ((u—v)/(u+v))] are respectively the arithmetic, quadratic, con-
traharmonic, Seiffert and Neuman-Sandor means of u and v, and sinh™! (x) = log(x+ /2 + 1)
is the inverse hyperbolic sine function.

1. Introduction

A real-valued function M : (0,00) X (0,00) — (0,0) is said to be a bivariate mean
[3]if
min{x,y} < M(x,y) < max{x,y}

forall x,y € (0,00).

It is well-known that the bivariate means have wide applications in mathematics
and other natural sciences [1, 4, 6, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32, 33, 36, 38], they have attracted the attention of many
researchers [7, 8,9, 10, 11, 39, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 52, 53, 54, 55, 56,
58, 59, 60].
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Let x,y > 0. Then the Schwab-Borchardt mean SB(x,y) [34, 35] of x and y is

defined by
arccos (x/y)? X<y,
SB(u,v) =< x, xX=y,
cosh~ 1 (x/y)’ x>

where cosh™!(x) = log(x +v/x2 — 1) is the inverse hyperbolic cosine functions. Carl-

son [5] proved that
2

SB(x,y) = /w 7 .
0 (t+y)Vi+x?

We clearly see that the Schwab-Borchardt mean SB(x,y) is strictly increasing in

both x and y, and nonsymmetric and homogeneous of degree one with respect to its

variables x and y. Many symmetric bivariate means can be derived from the Schwab-
Borchardt mean, for example,

u—v

ﬂ(u,v) = m = SB[A(M,V),Q(M,V)], (11)
u—vy
e/Vy(u,v) = M —SB[Q(M,V),A(M,V)} (12)
and
u—v
L (u,v) = Togu _Togy = SB[A(u,v),G(u,v)]

are respectively the Seiffert mean, Neuman-Sdndor mean and logarithmic mean of two
positive numbers u and v, where

u+v u?+v2

G(u,v) =vuv, Au,v)= 7 Ou,v) = 5

(1.3)

are respectively the geometric, arithmetic, and quadratic means, and sinh ! (x) = log(x+
x2+ 1) is the inverse hyperbolic sine function.
In 2012, Sandor [40] introduced a new symmetric mean of two positive numbers
u and v defined by

X(M,V) :A(u’V)eG(u,v)/SB[G(u,v),A(u,v)])—1'

In 2017, as an example of a family of two-parameter hyperbolic means, Yang [51]
showed that SY (x,y) = ye"/SB*¥)~1 is a nonsymmetric mean of x and y, and intro-
duced two Sandor-type symmetric means as follows:

A(u,y)

SYap(u,v) =SY(A(u,v),Q(u,v)) = Q(u,v)e 7t (1.4)

ouy)
SYou(u,v) = SY (Q(u,v), A(u,v)) = A(u,v)e ¥ 7l ",

(1.5)
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In what follows, we call SYap(u,v) and S¥pa(u,v) Sdndor-Yang means.
Let u,v >0, 7€ [1/2,1], p €[1/2,00) and

CA(t, psu,v) = CPltu+ (1 —t)v,tv + (1 — AP (u,v), (1.6)
where >
u-+v

c = 1.7

(1,9) u+v (1.7

is the contraharmonic mean of u and v. Then from (1.6) and (1.7) we clearly see that
CA(t,1/2;u,v) = Qtu+ (1 —t)v,tv + (1 —t)u], (1.8)

CA(t,1;u,v) =Cltu+ (1 —t)v,rv+ (1 —1)u] (1.9)

are respectively the one-parameter quadratic and contraharmonic means, and the func-
tion + — CA(t,p;u,v) is strictly increasing on [1/2,1] for fixed p € [1/2,e) and
u,v>0 with u #v.

Recently, the Sdndor-Yang means have been the subject of intensive research.

Zhao, Qian and Song [57] proved that o =1log2/[1+log2—+/2log(14v/2)] = 1.5517- -

B=5/3, A =4log2/(4+2log2 —m)=1.2351--- and y =4/3 are the best possible
constants such that the double inequalities

M (u,v) < SYpa(u,v) < Mg(u,v), My (u,v) < SYag(u,v) < My (u,v) (1.10)
hold for all u,v > 0 with u # v, where

u" +v"

= (5 )l/r (utv), Mo(uv) = viw = Glu,)

is the rth power mean of u and v.
It is well known that the inequalities

H(u,v) = M_i(u,v) < Mo(u,v) = G(u,v) < M (u,v) (1.11)
= A(u,v) < Ma(u,v) = Qu,v) < C(u,v)
hold for all u,v > 0 with u # v, and the function r — M, (u,v) is strictly increasing for

fixed u,v >0 with u #v.
From (1.3), (1.6) and (1.7) we clearly see that

CA(1/2,psu,v) = A(u,v), (1.12)
0(u,v) 1>
AL, pru,v) = A > 0, 1.1
AL piun) =at) | 2] 7> o (1.13)
forall u,v >0 with u # v and p € [1/2,00).
Inequalities (1.10)—(1.13) lead to
CA(1/2,p;u,v) = A(u,v) = M (u,v) < S¥ap(u,v) (1.14)

< SYpa(u,v) < Mp(u,v) = Q(u,v) < CA(1, p;u,v).
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Motivated by inequality (1.14), it is natural to ask what are the best parameters #| =
t1(p), b =t2(p), 3 =1t3(p) and 14 =t4(p) € [1/2,1] such that the double inequalities
CA(t1, p;u,v) < SYap(u,v) < CA(t2, p;u,v),
CA(t3, psu,v) < SYpa(u,v) < CA(ts, psu,v)
hold for all u,v > 0 with u # v and p € [1/2,0)? The aim of this article is to answer

this question.

2. Lemmas

In order to prove our main results, we need introduce and establish three lemmas
which we present in this section.

LEMMA 2.1. (See [2]) Let xi,x; € R with x| < x, F,G: [x1,x2] — R be con-
tinuous on [x1,x;] and differentiable on (x1,x;) with G'(x) # 0 on (x1,x;). Then the

functions
F(x)—F(x;) F(x)—F(x2)
G(x)—G(x1)"  G(x)—G(x2)

are (strictly) increasing (decreasing) on (x1,x) if F'(x)/G'(x) is (strictly) increasing
(decreasing) on (x1,x7).

)_
)_

LEMMA 2.2. Let p € [1/2,), u,x € (0,1) and

arctan(x)

1
F(u,p;x) :plog(l+ux2)—§10g(l+x2) + 1 (2.1

X

Then the following statements are true:
(1) F(u,p;x) >0 for x € (0,1) ifand only if u > 1/(6p);
(2) F(u,p;x) <0 for x € (0,1) if and only if u < eF+21082=4)/(4p) _ 1

Proof. Tt follows from (2.1) that

F(u,p;07) =0, (2.2)

1 T
F(u7p;l*):plog(l+u)—ilog2—z+l7 (2.3)

oF ; 2p—1
(gyxp x) _ (2p l)i J; i;ctan(x) - £, 2.4)

where
x — arctan(x)

(2p — 1)x3 4+ x?arctan(x)

fx) =
Let fi(x) = x —arctan(x) and f>(x) = (2p — 1)x> 4+ x?arctan(x) . Then we clearly

see that
_ A
f(x)

[1(07) = £(07) =0, f(x) (2.5)
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and elaborated computations lead to

A _ !
folx)  AQrRjaanto] 4 303, 1)x242(3p 1)

(2.6)

Noting that x > arctan(x) for x € (0,1), and

(1+4x2) arctan (x)
d [ X ] _ x*arctan(x) +x — arctan(x) =0
dx B x?

for all x € (0,1). Thus the function x — [(1 +x?)arctan(x)]/x is strictly increasing
and maps (0,1) onto (1,7/2). It follows from (2.6) that the function f](x)/f;(x) is
strictly decreasing on (0, 1). Therefore, f(x) is strictly decreasing on (0, 1) by Lemma
2.1 and (2.5). Moreover, making use of L’Hopital’s rule we get

I C e
f(07) = lim o~ 6 2.7)
_ 4—r
f(m)= ey ir (2.8)

We divide the proof into two cases.

Case 1 u € [1/(6p),1). Then from (2.4) and (2.7) together with the monotonicity
of f(x) we clearly see that the function x — F(u, p;x) is strictly increasing on (0,1).
Therefore, F(u,p;x) > 0 forall x € (0,1) follows from (2.2).

Case2 u € (0,1/(6p)). Then it follows from (2.4), (2.7) and (2.8) together with
the monotonicity of f(x) that either the function x — F(u, p;x) is strictly decreasing
on the whole interval (0, 1) or there exists x* € (0,1) such that F(u,p;x) is strictly
decreasing on (0,x*) and strictly increasing on (x*,1). Consequently, in both cases,
inequality F(u,p;x) > 0 does not hold for all x € (0,1), and F(u,p;x) < 0 for all
x € (0,1) if and only if F(u,p;1) <0, namely u < e("+21022-4)/(40) _1 by (2.3). O

LEMMA 2.3. Let p € [1/2,), v,x € (0,1) and

V14 xZsinh ! (x)

G(v,p;x) = plog(1 +vx2) —
X

+ 1. (2.9)
Then the following statements are true:
(1) G(v,p;x) >0 for x€ (0,1) ifand only if v=1/(3p);
(2) G(v,p;x) <0 for x€ (0,1) ifand only if v < ((1+ \/z)ﬁ/e)l/p— 1.
Proof. Tt follows from (2.9) that
G(v.p;0%) =0, (2.10)

G(v,p;17) = plog(1+v) —V2log(1+V2) +1 2.11)
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and
. — 2 1 71
dG(v, p;x) _ (2p — 1)xV1+x?+sinh™ " (x) [v—g()], (2.12)
dx (14+vx2)V/1 4 x2
where

xV/14x% —sinh ™! (x)
(2p — 1)x3V1+x2 4 x2sinh ! (x)

Let g1 (x) =xv/1 422 —sinh~' (x) and g>(x) = (2p — L)X’ VI +22 +2%sinh ™ (x).
Then we clearly see that

g(x) =

1(07) = g2(0%) =0, gx)= 510 2.13)

and ®
g1(x 1

= . (2.14)
&) Vixsih @) 50, 1)y 3,

X

Noting that x > sinh~!(x) for x € (0,1), and

d|Y 1-+x2sinh~! (x)
x ~ xV/1+x2—sinh ! (x)

dx X2V 1+ x2
for all x € (0,1). Thus the function x +— [v/1+x2sinh~!(x)]/x is strictly increasing
and maps (0,1) onto (1,v/2log(1++/2)). It follows from (2.14) that g} (x)/g}(x) is

strictly decreasing on (0, 1). Therefore, g(x) is strictly decreasing on (0, 1) by Lemma
2.1 and (2.13). Moreover, making use of L’Hopital’s rule we get

gilxy) 1

>0

Y i 2
g(17) = V2-log(l+va) ., (2.16)

(2p = 1)vV2+log(1+V?2)

We divide the proof into two cases.

Case 1 ve [1/(3p),1). Then from (2.12) and (2.15) together with the monotonic-
ity of g(x) we know that the function x — G(v, p;x) is strictly increasing on (0,1).
Therefore, G(v, p;x) > 0 for all x € (0,1) follows from (2.10).

Case 2 v € (0,1/(3p)). Then it follows from (2.12), (2.15) and (2.16) together
with the monotonicity of g(x) that either the function x — G(v, p;x) is strictly de-
creasing on the whole interval (0,1) or there exists x§ € (0,1) such that G(v, p;x)
is strictly decreasing on (0,x() and strictly increasing on (x,1). Consequently, in
both cases, inequality G(v, p;x) > 0 does not hold for all x € (0,1), and G(v, p;x) <0
for all x € (0,1) if and only if G(v,p;1) < 0, namely v < [(1+ \/f)‘/i/e]l/p— 1 by
@11). O
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3. Main results

THEOREM 3.1. Ler 11,1 € [1/2,1] and p € [1/2,00). Then the double inequality
CA(t1, psu,v) < SYap(u,v) < CA(tz, p;u,v)

holds for all u,v > 0 with u# v if and only if t; < 1/2+ /21/@P)e(x=4)/(4p) _1 /2
and ty > 1/2++/6p/(12p).

Proof. Without loss of generality, we assume that # > v > 0. Let ¢ € [1/2,1] and
x=(u—v)/(u+v)e (0,1). Then from (1.1), (1.3), (1.4), (1.6) and (1.7) we get

CA(tap;uaV> _ _1)2,21°

T = ke’ (3.1)

SYAQ(M;V) _ /1+xzearclan(x)/x71. (3.2)
A(u,v)

It follows from (3.1) and (3.2) that

CA(t,p;u,v)| CA(t,p;u,v)| SYao(u,v)
e ] e o R el B
:plog[1+(2z—1)2x2]—%1og(1+x2)—@+1.

Therefore, Theorem 3.1 follows easily from Lemma 2.2 and (3.3). U

THEOREM 3.2. Let 13,14 € [1/2,1] and p € [1/2,00). Then the double inequality
CA(t3, p;u,v) < SYpa(u,v) < CA(ts, psu,v)

holds for all u,v > 0 with u# v if and only if t3 < 1/2+\/(1+\/§)ﬁ/p/61/1’— 1/2
and t4 2 1/24/3p/(6p).

Proof. Without loss of generality, we assume that u > v > 0. Let # € [1/2,1] and
x=(u—v)/(u+v) € (0,1). Then from (1.2), (1.3) and (1.5) we get

SYQA(”:‘)) — oV 1+x25inh’1(x)]/x71. (3.4)
A(u,v)

It follows from (3.1) and (3.4) that
A ; A ; Y,
| {c (t,p,u,vq g {c (t,p,u,vq o [s QA<u,v>]

SYoa(u,v) A(u,v) A(u,v)
T Zsinh—!
— plogll 4+ (2 — 1)) = Y1 H¥ imh Sy (3.5)

Therefore, Theorem 3.2 follows easily from Lemma 2.3 and (3.5). O
From (1.8), (1.9) and Theorems 3.1 and 3.2 we get Corollary 3.3 immediately.
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COROLLARY 3.3. Let ts,16,17,18,09,t10,111,t12 € [1/2,1]. Then the double in-
equalities

Oltsu+ (1 —t5)v,t5v+ (1 —15)u] < SYap(u,v) < Qlteu~+ (1 —1t6)v,16v + (1 —16)u],
Oltzu+ (1 —t7)v,t7v+ (1 —17)u] < S¥pa(u,v) < Qltgu+ (1 —13)v,13v+ (1 —13)u],
Cltou+ (1 —19)v,t9v + (1 —t9)u] < SYap(u,v) < Cltiou+ (1 —t10)v,t10v + (1 —t10)u],

C[tllu—l—(l—tn)wtllv—l—(l—tll)u} <SYQA(I/L,V) <C[t12u—|—(1—tlz)v,tlgv—i—(l—tlz)u}
hold for all u,v > 0 with u # v if and only if

15 <1/24+V/2e(®4/2 - 1/220.7747, 15> 1/2+/3/6~0.7886,

1 <1/2+ \/(1 +V2)2V2/e2 —1/220.8990, 15> 1/246/6=0.9082,

to < 1/24\/V2e(F4/4—1/2~0.6878, 119> 1/24+6/12~0.7041,

11 <124/ (1+V2)V2 /e —1/2~0.7643, 115 >1/2+/3/6 ~0.7886.

Letx€ (0,1), pe[1/2,00), u=14x, v=1-x, 11 = 1/24+/21/Cr)e(x—4)/(4r) 1 /2,

ty=1/24+/6p/(12p), 13 = 1/2+\/(1+\/§)\/§/17/e1/17—1/2 and 14 =1/2++/3p/(6p).
Then equations (1.1)—(1.7) and Theorems 3.1 and 3.2 lead to the conclusion that the
double inequalities

1
2 2p 1
1+ plog 1+<<m> p_1>x2‘| _Elog(1+x2)
t ’ !
W) < 1t piog (142 ) - 1o (1+4). (3.6)

1
1+v2)V2\? 1
1+ plog |1+ (%) —1 |4 —Elog(H—xz)

2

1
<1+ plog <1+;—p> —Elog(l—i—xz) (3.7)

. h71
o sin (x)

hold for all x € (0,1) and p € [1/2,e0).
Let p=1/2 in (3.6) and (3.7), then we obtain the following Corollary 3.4.
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COROLLARY 3.4. The double inequalities

1 2 1 ,
1+§log{l+<m—l)x}—Elog(l—f—x)

t 1 )1
<M<l+—log<1+x—>——log(1+x2)’

2 3 2
1 (1+v2)?V2 | 1 )
1+§10g 1+ T—l X —Elog(l—kx)
inh~! 1 2x? 1
sinh_ () < l+§10g<l+%> —Elog(l—kxz)

hold for all x € (0,1).

REMARK 3.5. One of the referees pointed out the functions on the right-hand
sides of (3.6) and (3.7) are strictly increasing on p € [1/2,e0), and while the functions
on the left-hand sides are strictly decreasing on p € [1/2,0). Actually, for fixed a > 0
with a # 1 and x € (0,1), set fi(¢) = log[1 + (¢’ — 1)x?]/t and f>(¢) = log[1 +x?] /1,
then by Lemma 2.1 we easily obtain that f(¢) is strictly increasing on (0,0), and f>(r)
are strictly decreasing on (0,e0). Letting t =1/p in fi(¢),and r =1/(3p), t =1/(6p)
in f>(t), then the assertions about the monotonicity properties of the functions on two
sides of (3.6) and (3.7) with respect to p follow. In conclusion, the upper and lower
bounds in Corollary 3.4 are optimal.
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