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UNIFORM ASYMPTOTICS FOR THE TAIL OF THE
DISCOUNTED AGGREGATE CLAIMS WITH UTAI CLAIM SIZES
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Abstract. This paper considers a risk model, where the price process of the investment portfolio
is described by a geometric Lévy process. When the claim sizes are UTAL the paper obtains the
uniform asymptotics of the tail probability of the discounted aggregate claims and the finite-time
ruin probability for the claim sizes with dominated varying distributions. The obtained results
extend some existed results.

1. Introduction

In this paper, we consider a risk model, where the claim sizes {X,,n > 1} are a
sequence of nonnegative and identically distributed, but not independent random vari-
ables (r.v.s) with common distribution F. The inter-arrival times {6,,n > 1} constitute
another sequence of independent and identically distributed (i.i.d) nonnegative r.v.s.
The claim arrival times 7, = Y7, 6, n > 1 and 7 = 0 constitute a renewal counting
process

N(t)=sup{n>0:1,<t}, =0,

which represents the number of claims up to time ¢ and it has a finite mean function
A(t) = E[N(t)] — o as t — oo. We assume that the price process of the investment
portfolio is a geometric Lévy process {ef*,# > 0} with Lévy process {R;,¢ >0}, which
begins with zero and owns independent and stationary increments. This assumption
about the price process has been extensively applied in mathematical finance. One can
see [8]-[19].

Suppose that {X,,,n > 1}, {6,,n > 1} and {R;,# > 0} are mutually independent.
We use

D(t) =Y Xpe Rl o (1.1)
k=1
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to present the discounted aggregate claims up to time ¢ > 0, in which the indicator
function of event E is denoted by 1g. The discounted value of the surplus process with
stochastic return on investments of an insurance company is described as

1
Ur) = x+/ c(s)e Reds —D(r), foranys >0,
0—

where x > 0 denotes the initial risk reserve of the insurance company and ¢(z) is the
density function of premium income at time 7. Assume that the premium density func-
tion ¢(¢) is bounded, i.e. there exists some positive constant H such that 0 < ¢(r) <H
for all # > 0. For this renewal risk model, the finite-time ruin probability up to time
t > 0 can be defined as

v (x,1) =P< inf U(s) < O|U(0) :x) .
s€[0,t]

In this paper, we consider the asymptotics for the tail probability of the discounted

aggregate claims, which hold uniformly for each 7, such that A(¢) is positive. For this,

asin [14], define A={r:0<A(t) <o} ={r:P(6; <t)>0}. Iflett =inf{r : A(z) >

0} =inf{r: P(6; <t) > 0} then

In order to simplify the investigation, we assume that 7 = 0. Forany T € A, set AT =
[0,T].

In this paper, all limit relationships hold as x tends to e, unless noted otherwise.
For two positive functions m(x) and n(x), we denote m(x) 3 n(x) or n(x) 7z m(x) if
limsupm(x)/n(x) < 1;if limm(x)/n(x) = 1, then write m(x) ~ n(x); if limm(x)/n(x)
=0 then write m(x) = o(n(x)). For a distribution V on (—eo,o0), let V(x) =1 —V(x)
be its tail.

This paper mainly discusses the upper tail asymptotic independent claim sizes. A
sequence of {&,,n > 1} is called to be upper tail asymptotic independent (UTAI) if for
any x € (—eo,00) and n > 1, P(&, > x) > 0, and it holds for any i # j > 1 that

dim P& > x| >y) =0
min{x,y}—eo
(see [10]).

In the following, we introduce some subclasses of heavy-tailed distributions. A
distribution V on (—eo o) is called to be heavy-tailed distribution, if for any A >
0, [“_eMV(dy) = e. A distribution V is said to belong to the dominated varying
distribution class, which is denoted by V € &, if forany 0 <y < 1,

limsupV (xy)/V (x) < .

A distribution V on (—eo,c0) is said to belong to the long-tailed distribution class,
which is denoted by V € .2, if for any y € (—oo,0),

limV(x+y)/V(x) =1.
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For a distribution V on (—ee,c0), we denote its upper Matuszewska index by

— Vv
with V. (y) := liminf ) oy 1,
y== logy v V(x)

and Ly = 11F117*(y). By these definitions, we know that V € & < V,(y) > 0 for some
y

y> 1 & J) <o (see [1]).

Reviewing the history of research in the discounted aggregate claims, when R, = rt
for some r >0 and all ¢ > 0, there are many researchers investigating ruin probabilities,
such as [2], [6], [11]-[14], [17], [18], [20], [21] and so on.

When {R;,t > 0} is a Lévy process, [15] studied the risk model where the claim
sizes and the inter-arrival times are two sequences of i.i.d r.v.s and they are mutually
independent. [9] considered a dependent risk model, where the claim sizes and the
inter-arrival times are also two sequences of i.i.d r.v.s, but there exists a dependence
structure between the claim sizes and the inter-arrival times. [19] still considered the
case that the claim sizes and inter-arrival times are independent. When the claim sizes
are UTAI r.v.s with common distribution belonging to the class Z N2, [19] gave the
uniform asymptotics of the tail probability of the discounted aggregate claims.

In this paper, we will still investigate the risk model, where the claim sizes and
the inter-arrival times are independent. We mainly consider the UTAI claim sizes and
extend the result of [19] from the distribution of the claim sizes F € £ N%Z to F € 9.
This will extend the scope of the applications of the main result.

This paper will suppose that the Lévy process {R;,7 > 0} is right continuous with
left limits. Let E[R;] > 0, then R, drifts to e almost surely as # — o. We define the
Laplace exponent for the Lévy process {R;,z > 0} as

¢(z) = IOgE[e_ZRIL 2 € (—o0,00).
If ¢(z) is finite then for any 7 > 0,
E[e®] = 90 < oo

(see, e.g. Proposition 3.14 of [3]).
Now we present the main result of this paper.

THEOREM 1.1. For the discounted aggregate claims (1.1), suppose that the claim
sizes {Xy,n = 1} are UTAI r.v.s with common distribution F € 9. If Ry > 0 almost
surely for any t > 0 then, for each fixed T > 0

/0 t_ P(Xie s > x)A(ds) < P(D(t) > x) < L /0 t_ P(Xie s > x)A(ds)

holds uniformly for all t € AT .
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COROLLARY 1.1. Under the conditions of Theorem 1.1, if F € & then, for each
fixed T >0,

t t
Le [ PO > 020d5) Syen S [ PO > 0A(dy)
0— 0—
holds uniformly for all t € AT .

REMARK 1.1. [19] also investigated the discounted aggregate claims (1.1) for
heavy-tailed claim sizes. When the distribution of the claim sizes F € N %, Theorem
2.1 of [19] obtained the uniform asymptotics of the tail of the discounted aggregate
claims. It is well known that ¥ N2 ; 2, for example the Peter and Paul distribution

Fxy= Y 275 x>o0.
ki2k<x
Then F € 2 but F ¢ £ N 2. For the detailed analysis one can see Goldie [5] and
Example 1.4.2 of [4]. Thus Theorem 1.1 extends the scopes of the distributions of
claim sizes from the class .Z N Z to the class 7.

2. Proofs of main results

Before giving the proof of Theorem 1.1 and Corollary 1.1, we firstly present some
lemmas. The first lemma can be obtained from Proposition 2.2.1 of [1] and Lemma 3.5
of [16].

LEMMA 2.1. For a distribution V on (—oo,), if V € 9 then for each p > J;;,

(1) there exist positive constants C| and Dy such that the inequality & <(C; (f—c) P

(x)
holds forall x >y > Dy ;
2)x " =0(V(x).
The following lemma is attributed to [14].

LEMMA 2.2. For the renewal counting process {N(t),t > 0}, any v >0, and
each fixed T > 0, it holds that
lim sup Ail(l‘)E [NV(Z)I{N(,)>X}] =0.

YT enT

The following lemma can be obtained from Theorem1 of [22].

LEMMA 2.3. Suppose that {&;,k > 1} are UTAI and nonnegative r.v.s with distri-
butions Vi € 9, k > 1, respectively. The random weights {Oy,k > 1} are a sequence
of nonnegative r.v.s and are independent of {&,k > 1}. For some fixed integer n > 1,
let E@i < oo, 1 <k < n forsome p> max{]&;€7 1 < k< n}. Then it holds that

»
M=
L

P(®k€k>x)jp<i®kék >X> iL;liP(@kék > x),

k=1 k=1

where L, = min {ka,l <k< n}
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Proof of Theorem 1.1. By (3.1) of the proof of Theorem 2.1 of [19], we get that
there exists some positive constant C;, such that for sufficiently large x and all # € AT,

/ [_ P(X1e™® > x)A(ds) > GFX)A(). 2.2)

For each integer m > 1, all € AT and x > 0,

P(D(t) >x)=P (Z Xie R Lig<n > x)
k=1

Il
/_\ ||Ms

(ZXke Ul <y > X,N(t) = n)

n
) P (Z Xee B > x,N(1) = n)
n= m+1 k=1

For I, by Lemma 2.1 and (3.3) of the proof of Theorem 2.1 of [19], for any
p> J;f , it holds uniformly for all 7 € AT that

L 3CF@)E (N0 Lngysm] »
which combining with (2.2) and Lemma 2.2 yields that

b
lim limsup su
e ol B T P(Xie R > x) A (ds)

bL
< lim limsup sup ———F—
moe e enr CF (X)A(2)

a .
< & lim sup AN (V@) Ly

=.11+12.

2 M4 AT
=0. (2.3)
Next we estimate /) . Let H(yy,...,yn,+1) be the joint distribution of random vector
(T1,..., Tor1), n=> 1. Obviously, forall 1 <n<m, t € AT and x >0,
P (2 Xee Ru > x N(1) = n)
k=1

n
S Xee R > x| H(dsy,... dsyi1). (2.4)
{0<s <o Ko<t 1 >1} k=1

By Lemma 2.3 and (2.3), we get that

»
I Mx
L

n
P (Xke_RTk >x,N(t)=n) 3P (Z Xee Ru > x N(1) = n)
k=1
n
3L Y P (XkefR’k >x,N(t) =n)
k=1
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holds uniformly forall 1 <n<m, € AT and sufficiently large x.
Forall € AT and x> 0,

= i iP(XkefRTk > x,N(t) =n)
(i S )2P(Xke Ry > x,N(t) = )
=1 n=m+1 1

Therefore, it holds uniformly for all # € AT and sufficiently large x that
L3h 3L L. (2.5)

For I, it holds for all # € AT and x > 0 that

N
I

i (Xre™ Ry > x,N(t) = n)

M WMX

P (Xpe R > x,N(1) > k)

—

P(Xie ™ >x) A(ds) (2.6)

I
1

and

S n

> P (X >x)P(N(t) = n)

n=m+1k=1
=F(x) Y, nP(N(t)=n)
n=m++1

=F)E [NO1n@sm)] - 2.7)
By (2.2), (2.7) and Lemma 2.2, we have that

I5
lim limsup su
e el B T P(Xie R > x)A(ds)

F()E [N(O)Lin)om
< lim limsup sup WE [ (R) N> }]
T teA” fo P(X1e R > x)A(ds)
F(x)E [N(1)1 ,
< tim limsup sup - VE N OLw>m]
M=% x oo 4 AT CZF(X)A(I)
=0 2.8)

By (2.6) and (2.8), it holds uniformly for all € AT that

I~ /0 t_ P(Xie ™ > x) A(ds). (2.9)
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Thus, by (2.5) and (2.9) it holds uniformly for all # € AT that
/Ot_P (Xie ™R > x) A(ds) S 1 3Ly /Ot_P (X1e ™R > x) A(ds),
which combining with (2.3) gives that
/O i P(Xie™® > x) A(ds) X P(D(r) > x) < Ly /O i P(Xie ™R > x) A(ds)
holds uniformly for all # € AT . This completes the proof of Theorem 1.1. [
Proof of Corollary 1.1. Next, we follow the line of the proof of Corollary 2.1 of

[19] to prove Corollaryl.1.
For the upper bound of y/(x,#), by Theorem 1.1 we know that

v(x,1) <P(D(t) > x) I L;" /t P(Xie ™ >x) A(ds) (2.10)

holds uniformly for all # € AT . Then we will deal with the lower bound of y(x,?). For
any 0 < € < 1 and sufficiently x,

() =P ( inf. {D(s) - /O ) c(h)e—thh} > x)

P(D(t) > x+HT)
P(D(t) > (1+€)x)

/ / P(Xiu> (1+£)x)P(e® € du)A(ds)
- / / E(( ljux/ OO 5 1ples € duya (ds)
1+”/"//Fx/u e s € du)(ds)

ue(0,1]  F(x/u)

i,E(l—Fe)/OiP(Xle R > x) A(ds)

AVAR\

Y

holds uniformly for all # € AT. Note that the facts that the positive Lévy process
{R;,t > 0} has nondecreasing paths and 0 < ¢(r) < H are used in the second step,
and Theorem 1.1 is used in the fifth step. Let € — 0, we have

w(x,t) 2 Lr /()iP(Xle*Rs’ > x) A(ds) 2.11)

holds uniformly for all € AT. Combining (2.10) and (2.11), we finish the proof of
Corollaryl.1. O

Acknowledgements. This work is supported by the National Natural Science Foun-
dation of China (No. 11971343), the 333 Talent Training Project of Jiangsu Province
and the Humanities and Social Science Foundation of the Ministry of Education of
China (No. 18YJC910004).



1408

[1]

[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Y. Cur AND K. WANG

REFERENCES

N. H. BINGHAM, C. M. GOLDIE, J. L. TEUGELS, Regular Variation, Cambridge University Press,
Cambridge, 1987.

Y. CHEN, K. W. NG, The ruin probability of the renewal model with constant interest force and
negatively dependent heavy-tailed claims, Insurance: Mathematics and Economics, 2007, 40 (3): 415—
423.

R. CONT, P. TANKOV, Financial Modelling with Jump Processes, Chapman & Hall/CRC, Boca Ra-
ton, 2004.

P. EMBRECHTS, C. KLUPPELBERG, T. MIKOSCH, Modelling Extremal Events for Insurance and
Finance, Springer, Berlin, 1997.

C. M. GOLDIE, Subexponential distributions and diminated-vatiation tails, Journal of Applied Prob-
ability, 1978, 15 (2): 440-442.

X. HA0, Q. TANG, A uniform asymptotic estimate for discounted aggregate claims with subexponen-
tial tails, Insurance Mathematics & Economics, 2008, 43 (1): 116-120.

P. JOSTEIN, H. K. GIESSING, Ruin theory with stochastic return on investments, Advances in Applied
Probability, 1997, 29 (4): 965-985.

V. KALASHNIKOV, R. NORBERG, Power tailed ruin probabilities in presence of risky investment,
Stochastic Processes and Their Applications, 2002, 98 (2): 211-228.

J. L1, Asymptotics in a time-dependent renewal risk model with stochastic return, Journal of Mathe-
matical Analysis and Applications, 2012, 387 (2): 1009-1023.

K. MAULIK, S. RESNICK, Characterizations and examples of hidden regular variation, Extremes,
2004, 7 (1): 31-67.

J. PENG, D. WANG, Asymptotics for ruin probabilities of a non-standard renewal risk model with de-
pendence structures and exponential Lévy process investment returns, Journal of Industrial and Man-
agement Optimization, 2017, 13: 155-185.

J. PENG, D. WANG, Uniform asymptotics for ruin probabilities in a dependent renewal risk model
with stochastic return on investments, Stochastics: An International Journal of Probability and
Stochastic Processes, 2018, 90: 432-471.

X. SHEN, Z. LIN, The ruin probability of the renewal model with constant interest force and upper-
tailed independent heavy-tailed claims, Acta Mathematica Sinica, 2010, 26 (9): 1815-1826.

Q. TANG, Heavy tails of discounted aggregate claims in the continuous-time renewal model, Journal
of Applied Probability, 2007, 44 (2): 285-294.

Q. TANG, G. WANG, K. C. YUEN, Uniform tail asymptotics for the stochastic present value of
aggregate claims in the renewal risk model, Insurance: Mathematics and Economics, 2010, 46 (2):
362-370.

Q. TANG, G. TSITSIASHVILI, Precise estimates for the ruin probability in finite horizon in a discrete-
time model with heavy-tailed insurance and financial risks, Stochastic Processes and Their Applica-
tions, 2003, 108 (2): 299-325.

K. WANG, Y. WANG, Q. GAO, Uniform asymptotics for the finite-time ruin probability of a dependent
risk model with a constant interest rate, Methodology and Computing in Applied Probability, 2013,
15 (1): 109-124.

K. WANG, Y. Cul, Y. MAO, Estimates for the finite-time ruin probability of a time-dependent
risk model with a Brownian perturbation, Mathematical Problems in Engineering, 2020, Article ID
7130243, 1-5.

Y. YANG, K. WANG, D. G. KONSTANTINIDES, Uniform asymptotics for discounted aggregate claims
in dependent risk models, Journal of Applied Probability, 2014, 51 (3): 669-684.

Y. YANG, Y. WANG, Asymptotics for ruin probability of some negatively dependent risk models with a
constant interest rate and dominatedly-varying-tailed claims, Statistics and Probability Letters, 2010,
80 (3-4): 143-154.

Y. YANG, K. WANG, J. L1U, Z. ZHANG, Asymptotics for a bidimensional risk model with two geomet-
ric Levy price processes, Journal of Industrial and Management Optimization, 2019, 15 (2): 481-505.



UNIFORM ASYMPTOTICS FOR THE TAIL OF THE DISCOUNTED AGGREGATE CLAIMS 1409

[22] L. Y1, Y. CHEN, C. Su, Approximation of the tail probability of randomly weighted sums of dependent
random variables with dominated variation, Journal of Mathematical Analysis and Applications, 2011,
376 (1): 365-372.

(Received June 5, 2020) Yongfang Cui
School of Mathematical Sciences

Suzhou University of Science and Technology

Suzhou 215009, China

Kaiyong Wang

School of Mathematical Sciences

Suzhou University of Science and Technology
Suzhou 215009, China

e-mail: beewky@vip.163.com

Journal of Mathematical Inequalities
v .ele-math.com
jmi@ele-math.com



