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SHARP ESTIMATES FOR m–LINEAR p–ADIC HARDY

AND HARDY–LITTLEWOOD–PÓLYA OPERATORS

ON p–ADIC CENTRAL MORREY SPACES

YANGKENDI DENG, DUNYAN YAN AND MINGQUAN WEI ∗

(Communicated by V. Dmitrievič Stepanov)

Abstract. In this paper, we consider the mapping property of both m -linear p -adic Hardy op-
erator H p

m and Hardy-Littlewood-Pólya operators T p
m on p -adic central Morrey-type spaces

Bp1,λ1 (Qn
p)×···×Bpm,λm (Qn

p) . The obtained bounds turn to be sharp when λ1 p1 = · · ·= λm pm .

1. Introduction

In recent years, the applications of p -adic analysis in the fields of quantum me-
chanics, probability theory, dynamics and other mathematical physics have attracted
widespread attentions [13, 14].

For a prime number p , let Qp be the field of p -adic numbers, which is defined as
the completion of the field of rational numbers Q with respect to the non-Archimedean
p -adic norm | · |p . This norm is defined as follows: |0|p = 0; if any nonzero rational
number x is represented as x = pγ (m/n) , where m , n are integers which are indivisible
by p , and γ is an integer, then |x|p = p−γ . It’s easy to show that the norm satisfies the
following properties:

|xy|p = |x|p|y|p, |x+ y|p � max{|x|p, |y|p}.

From the standard p -adic analysis, we see that any nonzero p -adic number x ∈ Qp

can be uniquely represented in the canonical series x = pγ ∑∞
j=0 a j p j , where γ ∈ Z ,

a j ∈ {0,1, · · · , p−1} and a0 �= 0, so we have |x|p = p−γ .
Let Q∗

p = Qp \ {0} and Zp = {x ∈ Qp : |x|p � 1} .
The space Qn

p , which is called n -dimensional p -adic field, consists of points x =
(x1,x2, · · · ,xn) , where x j ∈ Qp , j = 1,2, · · · ,n . The p -adic norm on Qn

p is

|x|p := max
1� j�n

|x j|p,x ∈ Qn
p.
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Denote by
Bγ(a) = {x ∈ Qn

p : |x−a|p � pγ}
the ball with center at a ∈ Qn

p and radius pγ , and

Sγ(a) := {x ∈ Qn
p : |x−a|p = pγ} = Bγ(a)\Bγ−1(a)

the sphere with center at a ∈ Qn
p and radius pγ .

Since Qn
p is a locally compact commutative group under addition, it follows from

the standard analysis that there exists a Haar measure dx on Qn
p , which is unique up to

positive constant multiple and is translation invariant. We normalize the measure dx by
the equality ∫

B0(0)
dx = |B0(0)|H = 1,

where |E|H denotes the Haar measure of a measurable subset E of Qn
p . By simple

calculation, we can obtain that

|Bγ(a)|H = pγn, |Sγ(a)|H = pγn(1− p−n),

for any a ∈ Qn
p . For more information about the p -adic field, we refer readers to [12]

and [14].
The famous Hardy’s integral inequality yields that

‖H f‖Lq(R+) � q
q−1

‖ f‖Lq(R+),

where 1 < q < ∞ and the classical Hardy operator H is defined by

H f (x) :=
1
x

∫ x

0
f (t)dt,

in which f is a nonnegative integrable function on R+ , and the constant
q

q−1
is the

best possible (see [8]). That is,

‖H‖Lq(R+)→Lq(R+) =
q

q−1
.

In [5], the n -dimensional Hardy operator was introduced by Faris. For any non-
negative locally integrable function f on Rn ,

H f (x) :=
1

Ωn|x|n
∫
|y|<|x|

f (y)dy, x ∈ Rn \ {0},

where Ωn is the volume of the unit ball in Rn . The norm of H on Lq(Rn) obtained
by Christ and Grafakos is

‖H ‖Lq(Rn)→Lq(Rn) =
q

q−1
,



ESTIMATES FOR OPERATORS ON p -ADIC CENTRAL MORREY SPACES 1449

which is equal to that of the classical Hardy operator (see [4]). In [7], Fu et al. intro-
duced the m-linear Hardy operator, which is defined by

H m( f1, · · · , fm)(x) =
1

Ωmn|x|mn

∫
|(y1,···,ym)|<|x|

f1(y1) · · · fm(ym)dy1 · · ·dym,

where x ∈ Rn \{0} and f1, · · · , fm are nonnegative locally integrable functions on Rn .
Similarly, in [15], Fu et al. defined the m-linear p -adic Hardy operator as follows:

DEFINITION 1. Let m be a positive integer and f1, · · · , fm be nonnegative locally
integrable functions on Qn

p . The m-linear p -adic Hardy operator is defined by

H p
m ( f1, · · · , fm)(x) =

1
|x|mn

p

∫
|(y1,···,ym)|p�|x|p

f1(y1) · · · fm(ym)dy1 · · ·dym, (1)

where x ∈ Qn
p \ {0} .

In [15], Fu et al. obtained the sharp estimate of the p -adic Hardy operator on
Lebesgue spaces with power weights. Recently, there are amounts of paper dealing
with sharp strong and weak estimates of the p -adic Hardy type operators on various
function spaces, see for example [2, 9, 11, 10, 6]. Inspired by [15], we will consider the
sharp estimate of the m-linear p -adic Hardy operator on the product of p -adic central
Morrey spaces.

For k ∈ Z , we denote the ball and the sphere in the n -dimensional p -adic field by
Bk = {x ∈ Qn

p : |x|p � pk} and Sk = {x ∈ Qn
p : |x|p = pk} . The p -adic central Morrey

space is defined as follows.

DEFINITION 2. Let 1 � q < ∞ and −1/q � λ < 0. The p -adic central Morrey
space Bq,λ (Qn

p) is defined by

‖ f‖Bq,λ (Qn
p)

:= sup
γ∈Z

(
1

|Bγ |1+λq
H

∫
Bγ
| f (x)|q dx

)1/q

< ∞.

It is clear that Bq,−1/q(Qn
p) = Lq(Qn

p) . If 1 � q1 � q2 < ∞ , by the Hölder’s inequality.

Bq1,λ (Qn
p) ⊂ Bq2,λ (Qn

p)

holds for −1/q2 � λ < 0.

Noting that the definition is very similar to that of central Morrey spaces on Rn ,
which was introduced in [7]. For more about Morrey spaces, we refer the reader to
[1, 16] and the references therein.

The Hardy-Littlewood-Pólya operator, which is the sum of the Hardy operator and
its dual operator, was defined in [3] by

T f (x) =
∫ ∞

0

f (y)
max(x,y)

dy.
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The authors [3] also obtained the norm of the Hardy-Littlewood-Pólya operator on
Lq(R+) :

‖T f (x)‖Lq(R+)→Lq(R+) =
q2

q−1
,

where 1 < q < ∞ .
On p -adic field, Fu et al. [15] also defined the m-linear p -adic Hardy-Littlewood-

Pólya operator.

DEFINITION 3. Let m be an integer and f1, · · · , fm be nonnegative locally in-
tegrable functions on Qp . The m-linear p -adic Hardy-Littlewood-Pólya operator is
defined by

T p
m ( f1, · · · , fm)(x) =

∫
Qp

· · ·
∫

Qp

f1(y1) · · · fm(ym)
[max(|x|p, |y1|p, · · · , |ym|p)]m dy1 · · ·dym.

In this paper, we are also interested in the mapping property of T p
m on central

Morrey spaces, which can be seen as a generalization of the results in [15].
In Section 2, we will furnish the estimate of the m-linear p -adic Hardy operator

and the m-linear p -adic Hardy-Littlewood-Pólya operator on the product of p -adic
central Morrey spaces, and then obtain the sharp bound for the particular case λ1p1 =
· · · = λmpm .

2. Main results

This section contains two main theorems and their proofs. Our first result below
discovers the upper bound for the m-linear p -adic Hardy operator on p -adic central
Morrey-type spaces.

THEOREM 1. Let m ∈ Z+ , fi ∈ Bqi,λi(Qn
p) , 1 � qi < ∞ , −1/qi � λi < 0 , i =

1, · · · ,m, 1 � q < ∞ , 1/q = ∑m
i=1 1/qi , λ = ∑m

i=1 λi (It is easy to see that −1/q � λ <
0 ). Then

‖H p
m ( f1, · · · , fm)‖Bq,λ (Qn

p)
� CH ‖ f1‖Bq1,λ1 (Qn

p)
· · · ‖ fm‖Bqm,λm (Qn

p)
, (2)

where

CH =
(1− p−n)m

m
∏
i=1

(1− p−n(1+λi))
.

Moreover, if λ1p1 = · · · = λmpm , the constant CH is the best possible.

Proof. The proof of the case when m = 1 is similar to and even simpler than that
of the case when m � 2, so for simplicity, we will only discuss the case m � 2.
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(I) When m = 2.
Set

gi(x) =
1

1− p−n

∫
|ξi |p=1

fi(|x|−1
p ξi)dξi, x ∈ Qn

p, i = 1,2.

On the one hand, we have

H p
2 (g1,g2)(x)

=
1

|x|2n
p

∫
|(y1,y2)|p�|x|p

g1(y1)g2(y2)dy1 dy2

=
1

(1− p−n)2

1
|x|2n

p

∫
|(y1,y2)|p�|x|p

2

∏
i=1

(∫
|ξi|p=1

fi(|yi|−1
p ξi)dξi

)
dy1 dy2

=
1

(1− p−n)2

1
|x|2n

p

∫
|(y1,y2)|p�|x|p

2

∏
i=1

(∫
|zi|p=|yi|p

fi(zi)|yi|−n
p dzi

)
dy1 dy2

=
1

(1− p−n)2

1
|x|2n

p

∫
|(z1,z2)|p�|x|p

2

∏
i=1

(∫
|yi|p=|zi|p

|yi|−n
p dyi

)
f1(z1) f2(z2)dz1 dz2

=
1

|x|2n
p

∫
|(z1,z2)|p�|x|p

f1(z1) f2(z2)dz1 dz2

=H p
2 ( f1, f2)(x).

On the other hand, by the Hölder’s inequality, we obtain

‖gi‖Bqi,λi (Qn
p)

=sup
γ∈Z

(
1

|Bγ |1+λiqi
H

∫
Bγ

∣∣∣∣ 1
1− p−n

∫
|ξi |p=1

fi(|x|−1
p ξi)dξi

∣∣∣∣
qi

dx

)1/qi

�sup
γ∈Z

(
1

|Bγ |1+λiqi
H

(
1

1− p−n

)qi ∫
Bγ

(∫
|ξi|p=1

| fi(|x|−1
p ξi)|dξi

)qi

dx

)1/qi

�sup
γ∈Z

(
1

|Bγ |1+λiqi
H

(
1

1− p−n

)qi

×
∫

Bγ

(∫
|ξi|p=1

| fi(|x|−1
p ξi)|qi dξi

)(∫
|ξi|p=1

dξi

)qi−1

dx

)1/qi

=sup
γ∈Z

(
1

|Bγ |1+λiqi
H

1
1− p−n

∫
Bγ

(∫
|zi|p=|x|p

| fi(zi)|qi dzi

)
|x|−n

p dx

)1/qi

=sup
γ∈Z

(
1

|Bγ |1+λiqi
H

1
1− p−n

∫
Bγ

(∫
|x|p=|zi|p

|x|−n
p dx

)
| fi(zi)|qi dzi

)1/qi

=‖ fi‖Bqi,λi (Qn
p)

, i = 1,2.
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The above two formulas yield that

‖H p
2 ( f1, f2)‖Bq,λ (Qn

p)

‖ f1‖Bq1,λ1 (Qn
p)
‖ f2‖Bq2,λ2 (Qn

p)
�

‖H p
2 (g1,g2)‖Bq,λ (Qn

p)

‖g1‖Bq1,λ1 (Qn
p)
‖g2‖Bq2,λ2 (Qn

p)
.

So the operator H p
2 and its restriction to the functions g satisfying g(x) = g(|x|−1

p )
have the same operator norm on Bq,λ (Qn

p) . In the following, we may assume that

fi ∈ Bqi,λi(Qn
p) , i = 1,2, which satisfy that fi(x) = fi(|x|−1

p ) , i = 1,2.
By changing of variables again, we get

‖H p
2 ( f1, f2)‖Bq,λ (Qn

p)

=sup
γ∈Z

(
1

|Bγ |1+λq
H

∫
Bγ

∣∣∣∣∣ 1
|x|2n

p

∫
|(z1,z2)|p�|x|p

f1(z1) f2(z2)dz1 dz2

∣∣∣∣∣
q

dx

)1/q

=sup
γ∈Z

(
1

|Bγ |1+λq
H

∫
Bγ

∣∣∣∣
∫
|(z1,z2)|p�1

f1(|x|−1
p z1) f2(|x|−1

p z2)dz1 dz2

∣∣∣∣
q

dx

)1/q

=sup
γ∈Z

(
1

|Bγ |1+λq
H

∫
Bγ

∣∣∣∣
∫
|(z1,z2)|p�1

f1(|z1|−1
p x) f2(|z2|−1

p x)dz1 dz2

∣∣∣∣
q

dx

)1/q

.

Then using the Minkowski’s integral inequality and the Hölder’s inequality with q/q1+
q/q2 = 1, we get

‖H p
2 ( f1, f2)‖Bq,λ (Qn

p)

�sup
γ∈Z

(
1

|Bγ |1+λq
H

∫
Bγ

∣∣∣∣
∫
|(z1,z2)|p�1

f1(|z1|−1
p x) f2(|z2|−1

p x)dz1 dz2

∣∣∣∣
q

dx

)1/q

�sup
γ∈Z

1

|Bγ |1/q+λ
H

∫
|(z1,z2)|p�1

(∫
Bγ

∣∣ f1(|z1|−1
p x) f2(|z2|−1

p x)
∣∣q dx

)1/q

dz1 dz2

�sup
γ∈Z

1

|Bγ |1/q+λ
H

∫
|(z1,z2)|p�1

2

∏
i=1

(∫
Bγ

∣∣ fi(|zi|−1
p x)

∣∣qi dx

)1/qi

dz1 dz2

=sup
γ∈Z

∫
|(z1,z2)|p�1

2

∏
i=1

⎛
⎝ 1

|Bγ logp |zi|p |
1+λiqi
H

∫
Bγ logp |zi|p

| fi(x)|qi dx

⎞
⎠

1/qi

×|z1|nλ1
p |z2|nλ2

p dz1 dz2

�
∫
|(z1,z2)|p�1

|z1|nλ1
p |z2|nλ2

p dz1 dz2‖ f1‖Bq1,λ1 (Qn
p)
‖ f2‖Bq2,λ2 (Qn

p)
. (3)

It is easy to see that
∫
|(z1,z2)|p�1 |z1|nλ1

p |z2|nλ2
p dz1 dz2 is a finite constant, and we will

prove that it’s equal to CH soon.
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(II) When m � 3,
The proof in this case is similar to that of the previous case. We derive from

formula (3) that

‖H p
m ( f1, · · · , fm)‖Bq,λ (Qn

p)

�
∫
|(z1,···,zm)|p�1

|z1|nλ1
p · · · |zm|nλm

p dz1 · · ·dzm‖ f1‖Bq1,λ1 (Qn
p)
· · ·‖ fm‖Bqm,λm (Qn

p)
.

Let

D1 =
{
(z1, · · · ,zm) ∈ Qn

p×·· ·×Qn
p : |z1|p � 1, |zk|p � |z1|p,1 < k � m

}
;

Di ={(z1, · · · ,zm) ∈ Qn
p×·· ·×Qn

p :

|zi|p � 1, |z j|p < |zi|p, |zk|p � |zi|p,1 � j < i < k � m};
Dm =

{
(z1, · · · ,zm) ∈ Qn

p×·· ·×Qn
p : |zm|p � 1, |z j|p < |zm|p,1 � j � m

}
.

It is obvious that
m⋃

j=1

Dj =
{
(z1, · · · ,zm) ∈ Qn

p×·· ·×Qn
p : |(z1, · · · ,zm)|p � 1

}
,

and Di
⋂

Dj = ∅ .
Let

I j :=
∫

Dj

|z1|nλ1
p · · · |zm|nλm

p dz1 · · ·dzm.

Now, we begin to calculate each I j, j = 1, · · · ,m .

I1 =
∫

D1

|z1|nλ1
p · · · |zm|nλm

p dz1 · · ·dzm

=
∫
|z1|p�1

|z1|nλ1
p

m

∏
k=2

(∫
|zk|p�|z1|p

|zk|nλk
p dzk

)
dz1

=
∫
|z1|p�1

|z1|nλ1
p

m

∏
k=2

(
1− p−n

1− p−n(1+λk)
|z1|n(1+λk)

p

)
dz1

=
(1− p−n)m−1

∏
1<k�m

(1− p−n(1+λk))

∫
|z1|p�1

|z1|n(m−1+λ )
p dz1

=
(1− p−n)m

1− p−n(m+λ ) ·
1

∏
1<k�m

(1− p−n(1+λk))
.

Similarly, we can obtain

I j =
(1− p−n)m

1− p−n(m+λ ) ·
1

∏
1�k�m,k �= j

(1− p−n(1+λk))
j−1
∏
k=1

pn(1+λk)

, j = 2, · · · ,m.
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Then, we have ∫
|(z1,···,zm)|p�1

|z1|nλ1
p · · · |zm|nλm

p dz1 · · ·dzm

=
m

∑
i=1

Ii =
(1− p−n)m

m
∏
k=1

(1− p−n(1+λk))

= CH ,

so (2) is proved.
Finally, when λ1q1 = · · · = λmqm , we can get λq = λ1q1 = · · · = λmqm .
We set fi(x) = |x|nλi

p . It is easy to see that

H p
m ( f1, · · · , fm)(x) = CH |x|nλ

p ,

and then

‖H p
m ( f1, · · · , fm)‖Bq,λ (Qn

p)
= CH

(
1− p−n

1− p−n(1+λq)

)1/q

.

By direct computation, there holds

‖ fi‖Bqi,λi (Qn
p)

=
(

1− p−n

1− p−n(1+λiqi)

)1/qi

,

so

‖H p
m ( f1, · · · , fm)‖Bq,λ (Qn

p)

‖ f1‖Bq1,λ1 (Qn
p)
· · ·‖ fm‖Bqm,λm (Qn

p)
= CH .

We are done. �

Our second result is mainly about the estimate of T p
m on p -adic central Morrey-

type spaces.

THEOREM 2. Let m ∈ Z+ , fi ∈ Bqi,λi(Qp) , 1 � qi < ∞ , −1/qi � λi < 0 , i =
1, · · · ,m, 1 � q < ∞ , 1/q = ∑m

i=1 1/qi , λ = ∑m
i=1 λi (also −1/q � λ < 0 ). Then

‖T p
m ( f1, · · · , fm)‖Bq,λ (Qp) � CT‖ f1‖Bq1,λ1 (Qp)

· · · ‖ fm‖Bqm,λm (Qp), (4)

where

CT =
(1− p−1)m(1− p−m)

(1− pλ)
m
∏
i=1

(1− p−(λi+1))
.

Moreover, if λ1p1 = · · · = λmpm , the constant CT is the best possible.
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Proof. We will only discuss the case m � 2, since m = 1 is much simpler.
(I) When m = 2.
By the change of variables yi = xzi , i = 1,2, we have

‖T p
2 ( f1, f2)‖Bq,λ (Qp)

=sup
γ∈Z

1

|Bγ |1/q+λ
H

(∫
Bγ

∣∣∣∣
∫

Qp

∫
Qp

f1(y1) f2(y2)
[max(|x|p, |y1|p, |y2|p)]2 dy1 dy2

∣∣∣∣
q

dx

)1/q

�sup
γ∈Z

1

|Bγ |1/q+λ
H

(∫
Bγ

(∫
Qp

∫
Qp

| f1(y1) f2(y2)|
[max(|x|p, |y1|p, |y2|p)]2 dy1 dy2

)q

dx

)1/q

=sup
γ∈Z

1

|Bγ |1/q+λ
H

(∫
Bγ

(∫
Qp

∫
Qp

| f1(xz1) f2(xz2)|
[max(1, |z1|p, |z2|p)]2 dz1 dz2

)q

dx

)1/q

.

Then using the Minkowski’s integral inequality and the Hölder’s inequality with
q/q1 +q/q2 = 1, we get

‖T p
2 ( f1, f2)‖Bq,λ (Qp)

�sup
γ∈Z

1

|Bγ |1/q+λ
H

∫
Qp

∫
Qp

(∫
Bγ
| f1(xz1) f2(xz2)|q dx

)1/q 1
[max(1, |z1|p, |z2|p)]2 dz1 dz2

�sup
γ∈Z

1

|Bγ |1/q+λ
H

∫
Qp

∫
Qp

2

∏
i=1

(∫
Bγ
| fi(xzi)|qi dx

)1/qi 1
[max(1, |z1|p, |z2|p)]2 dz1 dz2

=sup
γ∈Z

∫
Qp

∫
Qp

2

∏
i=1

⎛
⎝ 1

|Bγ logp |zi|p |
1+λiqi
H

∫
Bγ logp |zi|p

| fi(x)|qi dx

⎞
⎠

1/qi

× |z1|λ1 |z2|λ2

[max(1, |z1|p, |z2|p)]2 dz1 dz2

�
∫

Qp

∫
Qp

|z1|λ1 |z2|λ2

[max(1, |z1|p, |z2|p)]2 dz1 dz2‖ f1‖Bq1,λ1 (Qp)
‖ f2‖Bq2,λ2 (Qp)

. (5)

It is easy to see that
∫
Qp

∫
Qp

|z1|λ1 |z2|λ2

[max(1, |z1|p, |z2|p)]2 dz1 dz2 is a finite constant, and we

will prove that it’s equal to CT later.
(II) When m � 3,
The proof in this case is similar to that of the previous case. Like the formula (5),

we can get

‖T p
m ( f1, · · · , fm)‖Bq,λ (Qp)

�
∫

Qp

· · ·
∫

Qp

|z1|λ1 · · · |zm|λm

[max(1, |z1|p, · · · , |zm|p)]m dz1 · · ·dzm‖ f1‖Bq1,λ1 (Qp)
· · · ‖ fm‖Bqm,λm (Qp).
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Let

E0 =
{
(z1, · · · ,zm) ∈ Qp×·· ·×Qp : |zk|p � 1,1 � k � m

}
;

E1 =
{
(z1, · · · ,zm) ∈ Qp×·· ·×Qp : |z1|p > 1, |zk|p � |z1|p,1 < k � m

}
;

Ei ={(z1, · · · ,zm) ∈ Qp×·· ·×Qp :

|zi|p > 1, |z j|p < |zi|p, |zk|p � |zi|p,1 � j < i < k � m};
Em =

{
(z1, · · · ,zm) ∈ Qp×·· ·×Qp : |zm|p > 1, |z j|p < |zm|p,1 � j � m

}
.

It is obvious that
m⋃

j=0

Ej = Qp×·· ·×Qp,

and Ei
⋂

Ej = ∅ . Let

Jj :=
∫

Ej

|z1|λ1 · · · |zm|λm

[max(1, |z1|p, · · · , |zm|p)]m dz1 · · ·dzm.

Now, we begin to calculate Jj , j = 0, · · · ,m .

J0 =
m

∏
i=1

∫
|zi|p�1

|zi|λi
p dzi =

(1− p−1)m

m
∏
i=1

(1− p−(λi+1))
.

J1 =
∫
|z1|p>1

|z1|λ1−m
p

m

∏
k=2

(∫
|zk|p�|z1|p

|zk|λk
p dzk

)
dz1

=
(1− p−1)m−1

m
∏
i=2

(1− p−(λi+1))

∫
|z1|p>1

|z1|λ−1
p dz1

=
(1− p−1)mpλ

m
∏
i=2

(1− p−(λi+1))(1− pλ)
.

Similarly, we can deduce that

Jj =
(1− p−1)mpλ

∏
1�i�m,i�= j

(1− p−(λi+1))(1− pλ)
j−1
∏
k=1

pλk+1

, j = 2, · · · ,m.

Then, it yields that ∫
Qp

· · ·
∫

Qp

|z1|λ1 · · · |zm|λm

[max(1, |z1|p, · · · , |zm|p)]m dz1 · · ·dzm

=
m

∑
j=0

Jj =
(1− p−1)m(1− p−m)

(1− pλ )
m
∏
i=1

(1− p−(λi+1))
= CT ,
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so (4) is proved.
Finally, when λ1q1 = · · · = λmqm , there holds λq = λ1q1 = · · · = λmqm .
We set fi(x) = |x|λi

p . It is easy to see that

T p
m ( f1, · · · , fm)(x) = CT |x|λp ,

which implies

‖T p
m ( f1, · · · , fm)‖Bq,λ (Qp) = CT

(
1− p−1

1− p−(1+λq)

)1/q

.

It is not hard to calculate that

‖ fi‖Bqi,λi (Qn
p)

=
(

1− p−1

1− p−(1+λiqi)

)1/qi

,

so

‖T p
m ( f1, · · · , fm)‖Bq,λ (Qp)

‖ f1‖Bq1,λ1 (Qp)
· · · ‖ fm‖Bqm,λm (Qp)

= CT .

Thus, we complete the proof. �
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