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Abstract. Generalized trigonometric functions and generalized hyperbolic functions can be con-
verted to each other by the duality formulas previously discovered by the authors. In this paper,
we apply the duality formulas to prove dual pairs of Wilker-type inequalities, Huygens-type
inequalities, and (relaxed) Cusa-Huygens-type inequalities for the generalized functions. In ad-
dition, multiple- and double-angle formulas not previously obtained are also given.

1. Introduction

Generalized trigonometric functions (GTFs) and generalized hyperbolic functions
(GHFs) are natural mathematical generalizations of the trigonometric and hyperbolic
functions, respectively. They have been applied not only to generalize 7 and the com-
plete elliptic integrals, but also to analyze nonlinear differential equations involving
p-Laplacian (see monographs [3, 6] and survey [15], and the references given there).

Although GTFs and GHFs have been actively studied, they have been treated sep-
arately (e.g., [3,5,7,9, 14, 15]). In our previous work [8], the duality formulas that can
transform GTFs and GHFs into each other are proved. As an application, we were able
to construct generalized inequalities of the classical Mitrinovi¢-Adamovié inequalities
to GTFs and GHFs such that they are dual pairs to each other in the sense explained in
the next section.

In this paper, following [8], we will generalize the old and vigorously studied
Wilker inequalities, Huygens inequalities and (relaxed) Cusa-Huygens inequalities to
GTFs and GHFs. In fact, previous works, e.g., [5, 7,9, 14, 15], have made various
generalizations of these inequalities, but the trigonometric and hyperbolic versions are
not in dual pairs. On the other hand, the pairs we create in the present paper are dual to
each other.
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This paper is organized as follows. Section 2 summarizes the definitions of GTFs
and GHFs and their properties, including the duality formulas obtained in [8]. Here, the
conditions imposed on the parameters contained in these functions are more extended
than usual. This extension reveals the duality between both generalized functions. In
Section 3, we generalize the classical Wilker inequalities, Huygens inequalities, and
(relaxed) Cusa-Huygens inequalities to GTFs and GHFs. It should be noted that the
pairs of inequalities obtained there are dual to each other. In Section 4, as a further
application of the duality formulas, we provide multiple- and double-angle formulas
for GTFs and GHFs. Although some formulas have already been obtained in previous
studies (cf. [12] and Table 1 in Section 4), we give formulas for parameters for which
no formulas were previously known.

2. Preparation

In this section, we summarize the definitions and some properties of GTFs and
GHFs (see [8] for more details). The relationship between GTFs and GHFs can be
seen by making the range of parameters in the functions wider than the conventional
definition.

Let us assume g

q+1<p<°°, 0<g<oo, 2.1

and
y dt

Fpq(y) 3:/0 m7

We will denote by sin, 4 the inverse function of F), 4, i.e.,

y€[0,1).

; -l
sinp gx 1= F, 4 (x).

Clearly, sin, 4x is monotone increasing on [0,7,,/2) onto [0, 1), where

) L
ﬂp7q.:2Fp7q(1):2‘/O m

_J(@2/9)B(1=1/p,1/q), 1<p<ee,
hat) q/(g+1)<p<1,

and B is the beta function. In almost all literature dealing with GTFs, the parameters
p, q are assumed to be p, g > 1, but we here allow them to be p, g < 1. Note that the
condition ¢/(¢+1) < p < 1 implies that sin, 4 is monotone increasing on the infinite
interval [0,0) and no longer similar to sinx, but to tanhx (Figure 1).

Since sin, 4 € C1(0,7,4/2), we also define cosp 4 by

COSpgX 1= (sinp 4x).

Then, it follows that

cos§7qx + sin?wx =1. (2.2)
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Figure 1: The graphs of sinp gx: p>1 (left) and q/(q+1) < p < 1 (right).

In case (p,q) = (2,2), it is obvious that sin, 4, cos,, and m,, are reduced to the
ordinary sin, cos and 7, respectively. Therefore these functions and the constant are
called generalized trigonometric functions (GTFs) and the generalized 1, respectively.
It is easy to check that u = sin, 4x is a solution of the initial value problem of p-
Laplacian

(Ju'|P~=2u’) + @qu‘zu =0, u(0)=0,4'(0)=1, (2.3)

which is closely related to the eigenvalue problem of p-Laplacian.
In a similar way, we assume (2.1) and

Gruly) = [ — 0
p,q()’)~—/0 m’ y €[0,00).

We will denote by sinh, , the inverse function of G4, i.e.,
sinh, 4 x 1= G;}I(x).

Clearly, sinh,, , is monotone increasing on [0, 7,,/2) onto [0,0), where r is the posi-
tive constant determined by

1 1
+—-=14-, ie., r Pq

1
oty 7 " pgtp—q
Indeed,byl‘f'tq:l/(l_sq)’
© b ds r
lim G, ,(y) = - N
yl_I}olo p7q(y) /0 (1_|_t11)1/l7 /O (l_sq)l/r 2

The important point to note here is that for a fixed ¢ € (0,00), if r = ry(p) is regarded
as a function of p, then

(2.4)

rq is bijective from (g/(q + 1),e°) to itself, and (2.5)
rq(rq(p)) = p- (2.6)
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Figure 2: The graphs of sinh, gx: r <1 (left) and r > 1 (right).

In particular, 7., has been defined under (2.1). If » > 1, i.e., p < ¢, then sinh, 4 is
defined in the bounded interval [0, 7,4/2) with lim, .z, /> sinh;, 4x = o and no longer
similar to sinhx, but to tanx (Figure 2).

Since sinh,, , € C'(0,7,4/2), we also define cosh, ; by

cosh, 4 x := —(sinh, 4x).

4
dx
Then, it follows that

cosh?  x—sinh? x=1. 2.7)

In case (p,q) = (2,2), it is obvious that sinh, 4, cosh,, and the interval [0,7,,/2)
are reduced to sinh, cosh and [0, o), respectively. Therefore these functions are called
generalized hyperbolic functions (GHFs). Just as sinp ,x satisfies (2.3), u = sinh, ,x
is a solution of the initial value problem of p-Laplacian

-1
P2y — L=V 02— o w0y =0, w'(0) = 1.
p
We generalize the tangent and hyperbolic tangent functions in two ways. These

functions are often generalized as

sinj, 4 x
tan ,x:= —24= tanh, ,x:=
COSp ¢ X cosh, 4 x

sinh, , x

(e.g., [3,4,5,6,7,9, 14, 15]). However, for practical purposes, the following modified

functions are more convenient than the functions above:

sin, ,x
p’/q , tamh, x:= IR

cosh/d x coshy/d x

sinhy, 4x

tamy, ,x :=
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These modified functions were first introduced in [8, 12] with the symbols 7,4, 7,4,
respectively. Note that if p = g, then tam,, ,x = tan, ,x and tamh,, ,x = tanh, ,x.

In [8], we proved the following duality properties between GTFs and GHFs. This
property remains important in the present paper.

THEOREM 2.1. [8] Let p and q satisfy (2.1) and r be the positive number
defined as (2.4). Then, for x € [0, 4/2),

. sinh, ,x
siny g x = —4~ — tamh,., x
P4 /4 )
coshy/y x
1
COSp g X = 7)’/1?’
cosh,y x

tam, , x = sinh,4 x.

THEOREM 2.2. [8] Let p and q satisfy (2.1) and r be the positive number
defined as (2.4). Then, for x € [0,7.4/2),

sing g x

r/q

COS/ly X
1

r b
cosr/f X

sinh, ,x = = tamyg X,

cosh, 4 x =

tamh,, ,x = sin; 4 x.

REMARK 2.3. In [8], we have supposed g to be 1 < g < eo. However, the proofs
therein are perfectly valid in the case 0 < g < o as well. The same is true for Theorem
2.4 below.

Theorems 2.1 and 2.2 tell us the counterparts to GHFs of the properties already
known for GTFs, and vice versa. For example, Theorem 2.1 immediately converts
(2.2) into (2.7) (with p replaced by r); that is,

cosh ,x+sinf x =1 (2.8)
into
coshy. ,x —sinh? x=1; (2.9)

and Theorem 2.2 (with (2.6)) does vice versa. Hence, it follows from (2.5) that (2.8)
and (2.9) correspond one-to-one. In this sense, we say that inequalities (2.8) and (2.9)
(i.e., (2.7) with p replaced by r) are dual to each other.

Moreover, using our theorems, the authors [8, Theorem 1.3] have shown the gen-
eralization of Mitrinovi¢-Adamovic¢ inequalities. The generalized inequalities will be
applied in the next section, and are discussed now. The classical Mitrinovié-Adamovié
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inequalities are as follows:

sinx
cos'/3x < — <1, x6<0,
by

S

).
inh

sinhx
cosh'/3x < =—= < coshx, x € (0,00).
X

The latter is also called the Lazarevi¢ inequality. Klén et al. [5, Theorems 3.6 and 3.8]
extend these inequalities to the one-parameter case: for p € (1,0),

sin, x b9
cos,l,/(p+1)x< Tp <1, xe€ (077’7)7

sinh, x
coshy/ (P <« 2007

< coshpx, x€(0,00),
where sin,x := sin,, , x and the other functions are defined in the same way. Moreover,
Ma et al. [7, Lemma 2] obtain the inequalities for the two-parameter case: for p, g €

(1,e0),

sin T
cosylg? "< TEE <1, e (o, %) : (2.10)
X
sinh
coshl/(qJrl < Mg < coshy ,x for appropriate x. (2.11)

The proofs of Klén et al. [5] and Ma et al. [7] are similar, and both prove the inequalities
for the trigonometric case and the hyperbolic case separately in the same way.

However, (2.10) and (2.11) (with p replaced by r) are not dual to each other. A
dual pair of Mitrinovié-Adamovié-type inequalities is as follows:

THEOREM 2.4. (Mitrinovié-Adamovié-type inequalities with duality, [8]) Let p
and q satisfy (2.1) and r be the positive number defined as (2.4). Then,

cosyl{"x < L <1, xe (o, %) : (2.12)
x
inh T,
coshp/d4™ x < et cosh?/dx, xe (O, 2q> : (2.13)

Moreover, (2.12) and (2.13) (with p replaced by r) are dual to each other.

REMARK 2.5. If p = ¢, then (2.12) and (2.13) are equal to (2.10) and (2.11);
hence, to the one-parameter ones above.

In our approach in [8], Theorem 2.4 allows us to obtain the inequalities over the
wider range (2.1) of parameters, and (2.13) immediately follows from (2.12) by Theo-
rem 2.1.
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3. Dual pairs of inequalities

In this section, we generalize the Wilker, Huygens, and (relaxed) Cusa-Huygens
inequalities for GTFs and GHFs to a form with duality using our duality formulas (The-
orems 2.1 and 2.2), just as we generalized the Mitrinovi¢-Adamovi¢ inequalities as
Theorem 2.4.

3.1. Wilker-type inequalities

The classical Wilker inequalities are as follows:

. 2
t
<smx) N anx S xe <O,E>,
X X 2

inhx\? tanh
(Sm x) LAY X (0,0).
X X

Klén et al. [5, Corollary 3.19] and Yin et al. [ 14, Theorem 3.1] extend these inequalities
to the one-parameter case: for p € (1,e0),

(sinl,x>‘”+ tan, x S e <07&>’
X X 2

inh P~ tanh
<sm px) . tanhpx 22, xe(0.w).
x x

Moreover, Neuman [9, Corollary 6.3 (6.13)] obtains the inequalities for the two-parameter
case: for p, g € (1,0),

(Sinnqx)q n tan, g x 2. xe (O, @) , (3.1)
X X 2
inh 9 tanh
<sm Pﬂx) + ANpaX o 5 for appropriate x. (3.2)
X X

However, (3.1) and (3.2) (with p replaced by r) are not dual to each other. A dual
pair of Wilker-type inequalities is as follows:

THEOREM 3.1. (Wilker-type inequalities with duality) Let p and q satisfy (2.1)
and r be the positive number defined as (2.4). Then,

(sin,wx)er (tamp7qx>f S2 ae (0, M) , (3.3)

X X 2

(sinhp,qx>p+ (tamhpgx)r >2, x¢ (O, @) , (3.4)
X X 2

Moreover, (3.3) and (3.4) (with p replaced by r) are dual to each other.
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REMARK 3.2. If p =g, then (3.3) and (3.4) are equal to (3.1) and (3.2); hence,
to the one-parameter ones above, respectively.

Proof. We prove (3.3). From the inequality of arithmetic and geometric means
and (2.12) in Theorem 2.4, it follows that

sing, g x p+ tam, 4 x )" - sinyx\ 7/ [ tam,, ,x\"/?
X X - X X
r/2
_, (sin,77,13c>p/2+r/2 1 /
x cosh/d x

i /240/2 1 G —rpla+1)/(2q)
sing, gx \” sing, 4 x
() ()

X

=2.

Next we show (3.4). Forany x € (0,7, ,/2), we have proved (3.3). Then, Theorem
2.1 gives the dual inequality to (3.3):

tamh, P inh,. "
(am 7qx> N (sm 7qx) )
x x

Owing to (2.5) and (2.6), this means (3.4). [

3.2. Huygens-type inequalities
The classical Huygens inequalities are as follows:
2si t
s1nx+ anx >3, xe (O,E> ’
X X 2
2sinhx  tanhx
_|_

3 0,00).
p; x>,x6(,)

Klén et al. [5, Theorem 3.16] extend these inequalities to the one-parameter case: for
p € (1,0,
sin,x  tan,x T
peingx WX, xe (0.22),
X X 2

psinhyx n tanh, x

>p+1, x€(0,00).
x

Moreover, Neuman [9, Corollary 6.3 (6.14)] obtains the inequalities for the two-parameter
case: for p, g € (1,0),

sin tan T
q 177qx+ p.aX >q+1, xe (O,ﬂ>, (3.5)
X X 2

gsinhp 4 x . tanh, , x

>qg+1 for appropriate x. (3.6)
X

However, (3.5) and (3.6) (with p replaced by r) are not dual to each other. A dual
pair of Huygens-type inequalities is as follows:
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THEOREM 3.3. (Huygens-type inequalities with duality) Let p and q satisfy (2.1)
and r be the positive number defined as (2.4). Then,

sin tam T

P xp’qx + d raX >p+4+r, x€ <07 —§q> , 3.7
sinh, ,x rtamh, ,x b

P xp’q + pd >p+r, x6< ,—;q>. (3.8)

Moreover, (3.7) and (3.8) (with p replaced by r) are dual to each other.

REMARK 3.4. If p =g, then (3.7) and (3.8) are equal to (3.5) and (3.6); hence,
to the one-parameter ones above, respectively.

Proof. Let o, B be

+1 r +1
_ rla ):1+_7 ﬁ:p(c] )

pPq+p—q p q
Since o, f > 1 and 1/a+ 1/ = 1, the following Young inequality holds true for
positive numbers A, B:

—1+2.
r

A+B > (0A)/*(BB)"/P.
Therefore, by this inequality and (2.12) in Theorem 2.4,

. . 1/o 1/B

psin,gx  rtamp, g x psing 4 x rtamy 4 x

P-q P4 >« P4 B -4
X X X X

X r/q
COSplq X

_ (O{p)l/a(ﬁl")l/ﬁ Sinp7qx ( 1 )Uﬁ

> (p+ r)l/“(r+p)l/ﬁ sing, 4 X <s1np7qx

X X

) —p(q+1)/(Bq)

=p+r

Next we show (3.8). Forany x € (0,7, ,/2), we have proved (3.7). Then, Theorem
2.1 gives the dual inequality to (3.7):

ptamh,,x LT sinh,., x

>p+r
by

Owing to (2.5) and (2.6), this means (3.8). [

3.3. Relaxed Cusa-Huygens-type inequalities

The classical Cusa-Huygens inequalities are as follows:

sinx - 24 cosx c (0 7t>

- 9 X '~ |
X 3 2
inh 2 h

sinhx - -+ cos x7 c (0700).
X 3
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Ma et al. [7, Theorems 2 and 3] obtain the inequalities for the two-parameter case: for
p:q€(1,2],

sinp g x - q+cosp,qx, xe <0, M) , (3.9
x g+1 2
. h h
Sifpg X 4 + Costy g X for appropriate x. (3.10)
X q+1

The inequalities for the one parameter p = g € (1,2] are given by Klén et al. [5, The-
orems 3.22 and 3.24]. Unfortunately, these generalized inequalities are shown only for
P, q € (1,2], and (3.9) and (3.10) (with p replaced by r) are not dual to each other.

We hope to find inequalities that hold for p, g satisfying (2.1) and are dual to each
other. Therefore, consider the following relaxed inequalities instead of the classical
Cusa-Huygens inequalities:

sinx - /2 +cos?x c <0 n)
>ur ST i
x 3 ) 72 )
sinhx - 2+c;)sh2x’ € (0,00).
X \/

Neuman [9, Theorem 6 (6.7), (6.9)] generalizes the inequalities to the two-parameter
case: for p, g € (1,0),

. P 1/p
T
Spg X _ q+CospgXx . xe (Qﬂ), (3.11)
X qg+1 2
inh +cosh?  x\ /P
Sinhp g X (q P4 ) for appropriate x. (3.12)
x g+1

However, (3.11) and (3.12) (with p replaced by r) are not dual to each other. A
dual pair of Cusa-Huygens-type inequalities is as follows:

THEOREM 3.5. (Relaxed Cusa-Huygens-type inequalities with duality) Ler p and
q satisfy (2.1) and r be the positive number defined as (2.4). Then,

. v
sinpgx _ (p—l—rcosgqx) q’ e (0’ @) , 3.13)
X p+r 2
. 1
L L <p+rCOSh’l:’qx> q7 x€ <07 m”’). (3.14)
X p+r 2

Moreover, (3.13) and (3.14) (with p replaced by r) are dual to each other.

REMARK 3.6. If p = g, then (3.13) and (3.14) are equal to (3.11) and (3.12),
respectively.
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Proof. We prove

(p+r+rx?)sing  x

p <p-+r,

which is equivalent to (3.13). Let f(x) := p+r— (p+r+rx?)sin] ,x/x?. Then,

I _gsin} x ( (p+r)xcos,gx  rxdt! cosMx)
X) = +r— - )
11 ; :
x4 Sinp g X Sinp gx

From (2.12) in Theorem 2.4, it follows that

+1

XCOS,. g X 1 xIT2cosp g x

e Y /(‘H Jy, At g cosh ,x.

sing, g x sing, g x

Therefore,
sin?

/ qsing, 4 q/(g+1) P

f(x)>w( —(p+r)cosyy " x+reosh x

Now let g(1) = p— (p+r)t9/(4*) 4 1P Then,
¢ (1) = pre~ /@t p=a/latl) _p)
Since ¢/(q+1) < p, we see g'(r) < 0. Therefore, g(z) > lim,—;_og(r) = 0 and

gsin?  x
f(x) > xqf’lq g(cosp 4x) > 0.

Moreover, f(x) > lim,_ o f(x) =0, which means (3.13).
Next we show (3.14). For any x € (0,7, ,/2), we have proved (3.13). Then,
Theorem 2.1 gives the dual inequality to (3.13):

1
sinh,,x - p+ rcoshrfq’ X /4 .
ptr ’

.
xcoshn/qqx

hence,

sinh,.,x peoshy  x+r 1/a
— < .
X p+r

Owing to (2.5) and (2.6), this means (3.14). O

4. Multiple- and double-angle formulas

Several multiple- and double-angle formulas for GTFs and GHFs are already
known (see [8, Theorems 1.4 and 1.6] and [12, Theorem 1.1] for multiple-angle formu-
las; Table 1 for double-angle formulas). In this section, we apply the duality formulas
(Theorems 2.1 and 2.2) to obtain multiple- and double-angle formulas which are not
covered in [8] and [12], for these generalized functions.

The multiple-angle formulas in the following theorem assure that GTFs for (2g/
(2+q),q/2) can be represented in terms of GTFs for (2¢/(2+ q),q). Moreover, the
counterparts to GHFs are obtained as their dual inequalities.
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Table 1: The parameters for which the double angle formulas of GTF have been obtained.

g (q/(qg—1),2) (2.9) (a/(g—1),q)

2 (2,2) Abu al-Wafa (2,2) Abu al-Wafa (2,2) Abu al-Wafa

3 (3/2,2) Miyakawa-Takeuchi [8]  (2,3) Cox-Shurman [1] (3/2,3) Dixon [2]

4 (4/3,2) Sato-Takeuchi [10] (2,4) Fagnano (4/3,4) Edmunds et al. [4]

6 (6/5,2) Takeuchi [13] (2,6) Shinohara [11] (6/5,6) Takeuchi [13]

g (29/(2+49).4/2) (29/2+49).9) (4/2,9)

2 (1,1) Napier (1,2) V. Riccati (1,2) V. Riccati

3 (6/5,3/2) Theorem 4.4 (6/5,3) Miyakawa-Takeuchi [8]  (3/2,3) Dixon [2]

4 (4/3,2) Sato-Takeuchi [10] (4/3,4) Edmunds et al. [4] (2,4) Fagnano

6  (3/2,3) Dixon [2] (3/2,6) Miyakawa-Takeuchi [8]  (3,6) Miyakawa-Takeuchi [8]

THEOREM 4.1. Let 0 < g < oo. Then, for

€ [O»”2q/(2+q),q/2/(22/q+1)) = [Ovﬂ2q/(2+q),q/2)a

2%/ Sinzq/(2+q>
(1+ sm2 /(2+ x)2/‘1

1 —sin?/? . 1/g+1/2
Mg/ (24),
€082 (2-1g) q/2(2/ 1) = | ———g DL

Lsing 014 o*

SiNog/(2+9).q/ 2(2%x) =

Moreover, for same x,
sinhzq/(zﬂ)’q/z(zz/qx) =22/ sinhy ,x(coshy 4 x + sinhg/q2 x)2/4,

cosh2q/(2+q)’q/2(22/qx) = (coshy g x+ sinhg{;x)z/ﬁl.

Proof. The former half is shown as follows. Let y € [0,0). Setting 7 =u9/(4(1 —
u?/?)) in

sinh, /
247 = V1419’

we have
sinhy gy =272/4""! / PR o )
Z’q 0 2 — yd/? (1—ua/2)1/a+T
= 272/(1 /22/qy/(yq/2+ yq+1)2/q L.
0 (1 —ua/2)V/a+1/2°
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that is,

inhy !y = 2~/ ! 24y 4.1
sinh, ,y = S/ (2+49).q/2 N EN 4.1
Letting y — o in (4.1) and using r,(2) =2¢/(2+q) . we get

Mq/2+q).q _ ™2q/(2+49).9/2 .

2 22/q+1

From (4.1), we see that for x € [0, nzq/(2+q)’q/2/(22/‘1+1)) = [0,729/(2449).4/2) s

2%/4sinhy 4 x 2%/ tamhy , x

(sinhg_/;x+c0sh2.rqx)2/f1 a (tamhg{;x+ 1)2/q'

SiNag)(2-1),4/2(27/ %) =

Theorem 2.2 with r,(2) = 2q/(2 +g) shows that the right-hand side becomes

2%/ Sigg ) (2+4).g%

a2 :
(smgq/(zﬂ)’qx—f— 1)%/a

The formula of cosy4/(412),4/2 immediately follows from (2.2).
The latter half is proved as follows. By Theorem 2.2 with r,/,(2q/(2+q)) =
2q/(2+ q) and the former half,

; 2/q 2/q o
. g SiMg/(24q)q2(27 %) 279singg /01g) g
Sinhog/249)0/2( 2 =~ ione) ey T il 2q
c0S2q/(2+q)~,q/2( X)) _Sm2q/(2+q),qx)

Theorem 2.1 with r,(2g/(2+¢)) = 2 shows that the right-hand side becomes
2%/9sinh; , x(coshy 4 x + sinhg_/ qz x)?/4.
The formula of coshy/(412),4/2 immediately follows from (2.2). [

REMARK 4.2. If g =2, then the formulas of siny;z4) 42 and sinhyg /24 4) /2
are

| o2 2tanhx
1 + tanhx’
¢” — 1 = 2sinhx(coshx + sinhx).

The following double-angle formula is proved by [8, Theorem 3.8].
LEMMA 4.3. [8] For x € [0,7553/4),

1/5 3/5 3/5
4cos6§573x(3 cos6§573x+ 1)(1— cos6§573x)1/3

Sin6/5’3 (2)6) = 23"
16cos.? )H—(3cosg/5 X+1)3(1—C083/5 x)
6/53 6/5.3 6/5.3
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Now, we are in a position to show the double-angle formula of sing s3> .

THEOREM 4.4. For x € [0,75/53/2/4),

sing /5.3/2(2x) = (@ o ® o \¥)(cosg/s53/2),

Ox) = (12—:x> B ’

8v/x(Bx+1)3(1 —x)

where

) = Tor T Grt 1301 =)’
2x53/5
P = e

Proof. From Theorem 4.1 with g = 3, for x € [0, /5.3/2/(2%/%)) = [0, 7/5.3/2) .

22/3 sin6/573 X

. 2/3 5 _ 32
sing/s.3/2(277x) = P Vo R O(sing5 5 x);
(1+ sm6/5.3x)2/3 ’
hence, )
372 2/3
.32 1 sing's 5,(277x)
S‘m6§5~,3x:(9 H(sing/s.3/2(2°0) = 2 ./3/2/ (22/3%)
—sing s 5 ) (223x
Thus, from (2.2),
3/5 2/3
2cos (2¢/°x)
COSZ?sx = SRR = W(cosg/s,3/2 (2*x)). (4.2)

6/5
1+ cos6§573/2(22/3x)

Now, let x € [0,7/5.3/2/4) and y :=x/(2%/3). It follows from Theorem 4.1 with
g = 3 that since 2y € [0,n6/5’3/2/(25/3)) = [0,765,3/2), we get

. . . 3/2
sing s 3/2(2x) = sing s 3/2(2%/% - 2y) = 9(51116;573 (2y))- (4.3)
Here, Lemma 4.3 and (4.2) yield

Sing 3 5(29) = P(cosg 3 57) = B(¥(coses 3/2(22))) = D(¥(cose/s.3/2)).

Therefore, from (4.3), we have

sing5.3/2(2x) = O(P(W(cosg/53/2%))) = (O 0 Do W)(cosg/53/2X).

The proof is completed. []
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