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WEAKLY SINGULAR HENRY-GRONWALL-BIHARI
TYPE INEQUALITIES AND THEIR APPLICATIONS

NGUYEN MINH DIEN

(Communicated by M. Krni¢)

Abstract. In this work, we establish some new weakly singular Henry-Gronwall-Bihari type
inequalities that are generalized from some recent works. Unlike most previous papers, in this
work, we consider integral inequalities that include two integrals with doubly singular kernels,
and obtain the bounds by an exponential function. We apply the obtained results to investigate the
existence and uniqueness of solution of a fractional differential equation and a class of integral
equations with weakly singular sources.

1. Introduction

It is well known that Henry-Gronwall-Bihari type integral inequalities play a sig-
nificant role in the study of quantitative properties of solutions of differential and in-
tegral equations. There are numerous versions of Henry-Gronwall-Bihari inequalities
and their applications, we refer to [2, 3, 5, 8, 9, 11, 12, 13, 14, 15, 16, 21], and the
references therein.

In the last few decades, the integral inequalities with weakly singular kernels have
attracted the attention of many researchers due to its applications to various problems
related to fractional derivatives. Usually, the integrals involving this type of inequalities
have a singularity, but some problems of theory and practicality require us to solve
integral inequalities with doubly singularities (see e.g. [4, 5, 19, 20, 21]).

In the literature, integral inequalities with doubly singular kernels have been stud-
ied by many researchers. In fact, Henry [8] considered the following integral inequality

!
u(t) <p—|—q/ (t—1)P~' 2" u() dr for B>0,y>0, and B+y>1. (1)
0

Under an appropriate assumption, the author obtained the bounds by Mittag-Leffler
function. In 2019, Webb [21] extended the result of Henry by investigating the integral
inequality (1), found the bounds by an exponential function and applied it to study
fractional differential equations with weakly singular sources. Ma and Pecaric [11]
considered the following integral inequality

w(0) < plo) +le) [ (1%~ 2P el (e) a,
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obtained some bounds and applied them to study fractional differential and integral
equations. Medved [12] considered the integral inequality

u(t) < plt) —l—/ot(t — )@ L f (D) (u(t)) dr.

To obtain the bounds, the author used the following restrictions o > 1/2, y > 1/2,
ora=1/(m+1)and y=1—1/k(m+2) for some m > 1, x > 1. The author also
applied the obtained results to study semilinear evolution equations. With the above
restrictions, we emphasize that the problem can not discuss when y < 1/2. Therefore,
in this work, we would like to relax the above restrictions.

For the case, the function # may be singular, Henry [8] considered a function u
belonging to L![0, 7] and satisfies the following integral inequality

t
u(t) gat‘“+b/ (t— 1) Pu(t) dr for o, B€[0,1),a>0,b>0,
0

and proved that u(r) < Ct~%*. The extension of the result of Henry was made by Webb
[21], beginning with the following integral inequality

s
u(t) gat*“+b+c/(t—r)*ﬁ1*7u(1) dt for a,b>0,¢>0, 0+ f+y< 1,
0

the author obtained the bounds by exponential function, and applied the obtained in-
equality to study a fractional differential equation involving the Riemann-Liouville
fractional derivative with a weakly singular source. Zhu [23] considered the integral
inequality

t
u(t) < ar® +bt_5/ (t — P~ 1(T)u(t) dt for a,b>0,0> & > 0.
0

Here the author used the assumptions 1~ %I(t) € L} [0,4c0) with ¢ > 1/ and t%u(z)
a continuous and non-negative function on [0, +oo).

Recently, integral inequalities for an appropriate function was proposed by Sousa
et al [17], in which the following integral inequality

ue) < p(0)+ [ W0~ w(e) " u(e) de @

was considered. Under some appropriate assumptions, the authors found the bounds by
Mittag-Leffler function and applied it to study the Cauchy-type problem with y -Hilfer
operator. Very recently, Boulares et al [2] also considered the integral inequality (2) and
obtain the bounds by an exponential function. However, we can not find any paper deal
with Henry-Gronwall-Bihari type inequalities involving an appropriate function y and
doubly singular kernels.

Integral inequalities with two singular kernels were studied by Ding et al [6], start-
ing by considering the following integral inequality

u() <a(t)+b(t)/t(t—s)°‘_lEa7a (Al —5)%) u(s) ds—l—c(t)/t(t—s)ﬁ_lu(s) ds,

0 0
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obtained the bounds as follows
)+ 2 EC (k,n / (t —s)iotk=B— lEﬁ o+ (k—i)B (l(t —s)ﬁ> a(s) ds,

where C(k,n) = k!(“(’))ii!((z(i)il;!(ﬁ i r((il;i(fi):i)' In particular, for a(t) = A, b(t) = b,

¢(r) = ¢, the authors showed that u(r) < AEq(ct®)(1 +t’3Eﬁ7ﬁ+1(b +A)tP) . In[3, 4],
we consider some integral inequalities with two singular kernel for an appropriate func-
tion and obtained the bounded by Mittag-Leffler function.

Motivated by the above analysis, we investigate some integral inequalities includ-
ing the sum of two integrals with doubly singular kernels. The main contributions of
our work are that:

e Establish some new generalized Henry-Gronwall-Bihari type inequalities involv-
ing an appropriate function y with doubly singular kernels. The results are gen-
eralized from the results of some previous works such as [3, 6, 8, 12, 21].

e Relax some restrictions of previous works.

e Apply our results to investigate the existence and uniqueness of solution of a frac-
tional differential equation and an integral equation with weakly singular sources.

The current paper is structured as follows. In section 2, we present the main results
of this paper. Section 3 is devoted to introducing some applications of our results.
Conclusions are given in section 4.

2. Weakly singular Henry-Gronwall-Bihari type inequalities

This section presents some new generalized Henry-Gronwall-Bihari type inequal-
ities with doubly singular kernels. Let us begin by giving some notations. For a,b € R,
a<b,wedenote Ry ={xcR:x>0}.For ¢ € L”[a,b] and p > 1, we define

@" (1) =ess sup [o(1)], 3)

as<T<t
and

Cila,b)={¢: @€ C'la,b] and ¢'(t) >0 forall ¢ € [a,b]},
LY [a,b]={¢: @€ L[a,b] and ¢(r) >0 ae. t € [a,b]},
LT ]a,b]={@: @ L”[a,b] and ¢(r) >0 ae. t € [a,b]}.

For brevity, for x,y,z € R, a<s <t <b,and y € C} [a,b], let us define

Ay (5,0, ) = (W () (w(t) = w()) " (w(s) — w(a) ™

From the above notations, we can state an essential lemma. Readers can find the
proof of this lemma in [4, Lemma 2.4].
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LEMMA 1. Let a,beR, b>a, B >0, y< 1, and let WGC}r[aJy}. Fora<t<
s <t < b, weput

Yﬁ,y(T;SJaW) :/L' Al,ﬁ,y(éa’:‘/’) dé
Then

v(s)

Y (st y) = () = y(@)P 7 [ (1Pl an

v(7)

where v(s) = (y(s) ~w(a))/ (y(t) ~ y(@)). Consequently, limy,_oj_oYp,(T.5.1.y) =
0. Moreover

Yﬁ,y(a7tvt7 V) = (y(1) - W(a))ﬁ_yB (B,1—y) foranyt € [a,b],
where B(-,-) is the Beta function.

We now state and prove the main results of this section. We begin by presenting
some Henry-Gronwall type inequalities with weakly singular kernels.

THEOREM 1. Let a,b € R with a< b, andlet § >0, yER, and y<min{1,B}.
Let p € L7 [a,b], and y € CL[a,b]. Suppose that u € L% [a,b] satisfies the inequality

o) < p0)+ [ WO W0~y W) - @) ko) ds @)

For p € R such that 0 < p <min{l,1 —y} and B —y—p >0, ikaLi/p[a,b], then

)< (P0)+ [ Q0P ([ o or) ds)p.

Moreover, we have
t
ut) <2y Weso (p [ 0(2) ar)

where p* defined as in (3). In particular, if p=0 a.e., then u=0 a.e. on [a,b]. Herein
P(t) =2YP=1pl P (1), and Q(r) = 2"/P~1DV/Py/ (1)k'/P (t) with D = B'~P ((B -p)/
(I=p).(1=7=p)/(1 —p>)(w(b> — ()P,

REMARK 1. Itis worth noting that Henry [8] and Webb [21] considered the case
a=0,b=T, y(t)=t, k(t) = C and required o, € (0,1) and y < 8 < 1. Herein,

our results are general and hold for all 3 > 0. Besides, our proofs are new and different
from the proofs of previous works but easier.

Proof. Using the fact that

(W ()P Arp p o, 9) = W () (W) — w(s)P~ (w(s) — w(a) 7,
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and the Holder inequality, we have
O+ [ WP A s WRGIuls) ds

<l + ( / o)™ &) ([ (oK) o)’

p0+ ([ Mg o) ([ wommeteea)

In view of Lemma | and direct computations, we obtain
t p
u(t) < p(t)+D ( / v ()KP (s)u'/P (s) ds)
a

where D = B!~ P((B p)/(1=p),(1=y=p)/(1 —p>)(w(b)— y(a))P~7P . Apply-
ing the inequality (c+d)” < 2" !(¢" +d") forany c,d >0 and r > 1, one has

u/P(1) < P(t) —|—/{:Q(s)ul/p(s) ds

where P(t) = 2/P=1pl/P(¢), and Q(r) = 2"/P~'DV/Py/(1)k'/P(r). By virtue of the
Gronwall inequality, we get

< (P [ awrsren ([ oo ar) o) 5)

for a.e. 7 € [a,b]. Moreover, if p € L7 [a,b] then P*(t) the non-decreasing function,
and P(t) < P*(t) =21=P)/P(p*(1))'/P for all 1 € [a,b]. Using the Gronwall inequality,
we have

ul/P (1) < P*(r)exp (/tQ(‘L') dr) forae. t € [a,b]. (6)

The latter inequality leads to

u(t) <2'7Pp*(t)exp (p /atQ(T) d”L’) .

Particularly, if p =0 a.e. then P*(r) =0 a.e., and we have v =0 a.e. on [a,b].
Combining (5) and (6), we obtain the desired results of Theorem. [

THEOREM 2. Let a,b € R with a<b, andlet B; >0, % € R, and y; <min{1, B;}

fori=1,2. Let y € C\[a,b], and p € L7[a,b]. Suppose that u € L7 [a,b] satisfies the
inequality

)+ / VW0 = w(s)P ™ (W(s) = y(@) i (9)u(s) ds
* / VOWO =) (W6~ y(@) P ds. @)
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For p; € R such that 0 < p; < min{1,1 — %} and Bi— v —p; >0 with i = 1,2, if
k,ELl/p’[a b] for i=1,2.

(i). Without lost of generality, we suppose further, that By > 1 and p the non-
decreasing function on [a,b|, then we have

u(t) <22 PP2p(t)exp (/at (P202(7) +p101(7)) dT) :

where Qa(t) = 2V/P2=1DYP2y ()3 P2 (1) and Q(r) = 21/P1=1DY/Pry (6)n1/P1 (1) with
D= B2 ((B=p) /(1= pi), (1= 3= p) /(1= pi) ) (w(b) = y(@)P 11, (i =1,2)
and h(r) =2~ exp (p2 12 0s(7) dr) ki (7).

(ii). If max{ By, Br} <1 and max{y;,»} <min{B;, B>}, we pur n =min{ Py, B},
o =max{y1, %}, () =ki (1) (w(b) = w(@))Prro 1N 4 ko (1) (W (b) — y(a))Prro 7,
We suppose further that ¥ € L1+/p [a,b] for some 0 < p <1—0 suchthat n—c—p >0,

then
) <22y Weso (p [ 0(2) ar).

where Q(t) = 2Y/P=1DYPy! ()P () with D = BI*P((n —0)/(1-0),(1-7n—
o)/(1— G)) (w(b) —y(a))"°P, and p* defined as in (3).

(
(

REMARK 2. Note that the results of Theorem 2 seem to be new and still not study
in recently papers. In fact, Ding et al [6] only consider the case y(¢) =1, 1 =79 =0
and k(1) = Cy,ky(t) = C, with some constants Cy,C, > 0. In [3], we considered the
case k(1) = C1,ky(t) = C, and obtain the bounds by the Mittag-Leffler function.

Proof. (i). Let us define the following function

O+ [ W@ W0 - we)h (w0 - (@) o (a) dr.

Then, we have Su the non-decreasing (with respect to 7) for B; > 1. Indeed, for
a<s<t<b,wehave (y(r)—w(t))P=! — (y(s) — w(1))P1=! > 0. This gives
Su(r) = Su(s) = N+ [ v (w6 - v = (wlo) - w(@)P)
x (y(7) — y(a)) ”kl( ) () dt
+ [ VOO - v@P W@ - wl@) Th(@u(e) de>0.
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This gives (Su)*(t) = Su(t). Applying Theorem 1, we get
u(t) < 2-P2Su(r) exp <p2 / "0x(1) dr)
<21Pp(r)exp (Pz [ 0x(s) )
+ [ WEWO-v@P we) - @) @ dn ®)

where 0, (1) = 21/1’2—11)§/”2 u/’(t)k;/pz (t) with D, = B'~P2 ((B2 —p2)/(1=pa),(1—

Y= p2)/ (1= p2) ) (W(b) — y(@)P> 22 Land hie) =2'P2exp (pa 7 0a(%) de) (1),
It is clear to see that Q(¢) = 2'~P2p(t)exp <p2 [10(7) dr) is a non-decreasing func-
tion. Thus, we can apply Theorem 1 for the inequality (8) to obtain the result of part
).

(ii). Let us put 1 = min{B;,B,} and c = max{y;,»}. By elementary computa-
tions, we can verify that

(w() = ()P~ < (w(b) = y(@)P " (w(r) = y(r)",

(w() = y(0)P> " < (w(b) = w(@)P " (wir) - y(r)",

(w(7) = w(a) ™" < (y(b) = y(a) " (w(7) — w(a) ",
( ( (@)™

) (
(w(7) —w(a) 2 < (y(b)—y(a)® 2 (y(1)—vy(a
)

for any a < 7 < t. Pushing the above inequalities into (7), we get
1
) +/a v (D) () = w(0)" (w(7) — w(a)) " d()u(7) dt,

where ©(1) = ki (1) (y(b) — y(@)P o 17 4 ko (1) (w(b) — (@))% Apply-
ing the result of Theorem 1, we obtain the result of part (ii). This completes the proof
of Theorem. [J

Now, we present some Henry-Gronwall type inequalities in which the function u
may be singular.

THEOREM 3. Let a,b € R with a <b, andlet >0, >0, YER, and a+y<
min{1,B8}. Let p € L7[a,b], and y € CL[a,b]. Suppose that (y(.) — y(a))%u €
L7 [a,b] satisfies the inequality

() < (WD)~ w(@) Pl
+ [ WEOWO w6 - w@) TR b ©)

For p € R such that 0 < p <min{l,1 —a—7y} and B—y—(oc+1)p >0, if x €
Li/ Pla,b], then

u(t) < (w(t) — (@) ® (P(r) + oW ( [ e dr) ds)p.
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Moreover, we have
u(t) <229 0w0) - wia) “exp (p [ 0(7) 7).

In particular; if p=0 a.e., then u=0 a.e. on [a,b]. Herein P(t) =2'/P=1p!/P(r),
and Q(t) = 2Y/P='DVPy/ (1)x"/P(t) with D = B'~P ((/3 —p)/(1=p),(1—a—y—

p)/(l - P))(l//(b) — ll/(a))ﬁ*)’*(owrl)p'

REMARK 3. We emphasize that Henry [8] and Webb [21] considered the case
a=0,b=T, y(t)=t, k(t) = C and required o, € (0,1) and x+y< B < 1. Zhu
[23] also used the condition 3 € (0,1). Our results require ot +y < min{1,3} and
B>0.

Proof. Let us put
v(t) = (w(t) = w(a)%u(). (10)

It is obvious to see that
A1 51 W) = Ay st WIWES) = (@) 0ls) = A (50, WV,
Thus, the inequality (9) gives
V(1) < PO+ () = W)™ [ Arp s WIK(S) ds
<P+ (W)~ W@ [ syt WKL) ds

Applying Theorem 1 with y:= a+y and k(t) = (y(b) — w(a))*«k(z), we have

W) < (P(z) + [ owp)ew ( [ e dr) ds)p. (an

We) < <P*(t)exp ( / "o() dr))p . (12)

where P(t) =2!/P~1pl/P (), and Q(r) =2'/P~IDVPy/ (t)k'/P(t) with D=B'~P ((ﬂ —

p)/(1-p),(1—a—y—p)/(1 —p))(w(b) — y(a))P=7=(¢+DP Pushing (10) into (11)
and (12), we obtain the results of Theorem. [l

‘We also have

THEOREM 4. Let a,b € R with a < b, and let B; >0, %, € R, and v+ o <
min{1,B;} for i=1,2. Let w € C\ [a,b], and p € L7 [a,b] the non-decreasing function
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on [a,b]. Suppose that u € L% [a,b] satisfies the inequality
u(t) < p()(y(t) —y(a)™®
+ [ VOO~ we)P W) - (@) Thi(s)uts) ds

+/ v(s W) (y(s) — w(a) ka(s)u(s) ds.

For p; € R such that 0 < p; <min{l,1 —a—¥} and Bi—o.—y;—p; >0 with i =1,2,
if ki€ LYP[a,b] for i=1,2.
(i). Without lost of generallty, we suppose further, that 1 > 1, then we have

u(t) <227PP2p(e) (w(e) — y(a))~“exp (/a[ (p202(7) +p1Q1(7)) df) :

where Qs (t) = 21/P2=1DYP2y/ (1)g1/P2(¢) and Q (r) =2V/P1=1DY/Pry (1)n1/P1 (1) with
Di =B ((Bi=pi)/ (1= p0). (1= 7%= pi)/ (1= p0) ) (w(B) — (@) 7P (i =1,2),

§(6) = (W(b)— y(@) "ha(0) and h(e) =2'P2exp (p2 J2 0 (1) d) (W(b) — y(@)) 1 ().

(ii). If max{ By, Br} <1 and oc+max{y,»} <min{By, B2}, we put n =min{ By, B},
o =o+max{y,pn} and

(1) = ki (1) (w(b) — w(@)PHo N 4 ko (1) (w(b) — w(a)) P2 o177,

We suppose further that ¥ € L}r/p [a,b] for some 0 < p <1—0 suchthat n—c—p >0,

then
u(t) <2'Pp(r)exp (p [ e dr) ,

where Q(t) = 2Y/P=1DVPy/ (1) /P (t) with D = B'~P ((n ~0)/(1-0),(1-n—
0)/(1-0)) (w(b) - ()" P.
Proof. We put
v(t) = (w(t) — w(a)u(t).

Similar the proof of Theorem 2 and by direct computation, we obtain the desired results
of Theorem. We omit to perform it in detail here. [

We now establish some Bihari-type inequalities with doubly singular kernels. Firs-
tly, we have the following result.

THEOREM 5. Let a,b € R with a <b, andlet B >0, y<min{l,B}. Let p €
L3a,b], and y € CL[a,b]. Suppose that u € L7 [a,b] satisfies the inequality

+/ V(s ()P (w(s) — y(@) "k(s)H (u(s)) ds,
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where H : Ry — R, is a continuous and non-decreasing function. For p € R such
that 0 < p <min{l,1 —y} and B —y—p > 0, we define

4 ds

G(r) = W TP ()

to = 0.

Ifke LYP(a,b), then

u(t) < (G1 (G(P(t))—k/atQ(s) ds))p forall t €a,T],

where P(1) = 21P=1p1/P(¢), and Q(t) = ﬂmlcUMy(waowwhczBFPQﬁ—

p)/(1=p),(1—=y—p)/(1— ))(l[/(b) v(a))P=7P, and G~ is the inverse function
of G and T > a is chosen so that G(P(t))+ [ Q(s) ds € Dom (G™!) forany t € [a,T].

REMARK 4. Medved [12] considered the case a = 0,b =T, y(r) =1, and re-

quired B >1/2 and y<1/2,0r B=1/(m+1) and y< 1/k(m+2) for some x > 1.
Our result is generalized and relaxed the above restrictions.

Proof. By the same method of the proof of Theorem 1, we can verify that
W) <P+ [ QOHP(uls)) dsi= L), (13)
where P(r) =2'/P=1pl/P(¢), and Q(r) = 21/P~1CY/Py/ (1)k'/P (1) with
C=B"P((B=p)/(1=p),(1=7=p)/(1=p) ) (W(b) — w(a)P 7.
From (13), we find that G'/P (u(r)) < G'/P (L (1)) Therefore, we get

L'() P(t) + Q) H"P (u(r))
HP ()~ HIP(L2(r))

P'(1) /
< WJrQ(I):(G(P(f)) +0(1)

(G(L(1)) =

due to P(r) < L(r) for any ¢ € [a,b]. By integrating both side the last inequality on

[a,1], we get
G (w°(1)) < G(L()) +/ 0(s)

The latter inequality leads to the desired result of Theorem. [

To close this section, we propose a Bihari-type inequality, in which the function u
may be singular. The result can be stated as follows.
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THEOREM 6. Let a,b € R with a<b, andlet ¢ >0, >0, y<min{1,B}. Let
p € L7 [a,b], and y € CL[a,b]. Suppose that (y(.) — y(a))®%u € L7 [a,b] satisfies the
inequality

u(t) < (W) = wla) ~“p(0)
* / VW)~ )P (W) = y(@) TREW (s, () s, (14)

where W : [a,b]x € Cl[a,b] xRy — R,

If xe Li/ P [a,b], and there exists a continuous and non-decreasing function © :
Ry — Ry such that

Wt v,u(t)) < o[(y(t) - (@) “u(t)], forany 1 € [a.b]

then, for p € R such that 0 < p < min{1,1 —y} and o+ B —y— (ot +1)p >0, we
have

u(r) < (w(t) — (@)~ (F (F(P@)) +[ 0w ds))p forall 1 € [a,T),

where F( ) ﬁo wl/p 7 10 >=0, P( ) 21/P—1p1/P(t)’ Q(t) :21/P—1C1/Pw/(t)K1/P(t)

with € = B1P((B—p)/(1=p).(1=7=p)/(1=p) ) (y(b) = y(a) P -7~ 1p,
and F~ is the inverse function of F and T > a is chosen so that F (P(t))+ [ Q(s) ds €
Dom (F~1') forany t € [a,T].

REMARK 5. The results in Theorem 6 seem to be new and are still under consid-
eration in previous works.

Proof. Putting v(1) = (y(r) — w(a))*u(r). Then the inequality (14) gives

V0) < pl0) + (W) wla)® [ Avg (st WIKG)O0() .

Applying Theorem 5 with k(1) := (w(b) — y(a))*x(r), we get

o< (7 (Fee)+ [ 00 ds))p,

where P(1) =21/P=1p1/P (1), and Q(r) = 2'/P~1CV/Py/ (1)Kk'/P (1) with C = B! P (([3 -

p)/(1=p),(1—y—p)/(1— p)) (w(b) — y(a))* P=7=(@+DP and F~! is the inverse
function of F, and T > a is chosen so that F(P(t)) + [}, O(s) ds € Dom (F ") for any
t € [a,T]. The last inequality leads to the desired result of Theorem. [J
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3. Applications

We apply our results to study the existence and uniqueness of solution of a differ-
ential equation involving v -Hiffer fractional derivatives with weakly singular sources
and a class of integral with two singular kernels. We start by introducing the definitions
of fractional integrals and y -Hilfer fractional derivatives.

DEFINITION 1. (see [1, 10]) Let o >0, w € C}r [a,b], and f an integrable func-
tion. Fractional integral of a function f with respect to another function y is defined
by

1V f / V(D) (y() - w(n)* f(7) de

DEFINITION 2. Let n € N, n—1 < a <n, y € Cl[a,b], and f € C"[a,b]. The

left y-Hilfer fractional derivative 7 Dgf ¥ () of function of order ¢ and type B € [0,1]
is defined as [18]

HpaBw o By (1 A" (1-p)yeayy
DEPY 0 =0 () P,

For complete surveys of basic properties of the fractional integrals and y-Hilfer
fractional derivatives, we refer to [10, 18].
In this section, let us define the Banach space

Ci_yla,b] = {u e C((a,b],R) : (y(.) — y(a))' "ueCla,b]}.
We denote the norm associated the space Ci_y[a,b] by

lully=sup (w(r) = (@) u()].
t€la,b)

For k € L”[a,b], we also denote ||k, = esssup,,<; |[k(t)|.
Using the above notations, we state and prove an useful lemma as follows.

LEMMA 2. Let a2 >0, y€ (0,1], and a < b, a< 1<t <b. Let y € Cl[a,b],
u € Ci—y([a,b];R). We denote

= [ V@0 - v ey
Br={ueCiy((a,bR): Jul, <R}.
Suppose that there exist p € R with p+1—y<min{l,a} and p > 0 such that
£ w0 < (W) — w(@) ™ (Aiful” + 42) forany 1 € (a,b], u € R.

Then S(BR) is equicontinuous on |a,b| and uniformly bounded.

Proof. The proof is similar to the one [3, Lemma 4.5], hence we omit it. [
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3.1. The initial problem with v -Hilfer fractional derivatives

In this part, we consider the existence and uniqueness of solution of a nonlinear
differential equation with respect to y-Hilfer fractional derivatives. Precisely, let 0 <
a<1,0<B <1, yeCliab],and f:(a,b) x Clla,b] x R — R. We consider the
following problem

HpoBw, oy <
{Da+ ult) = f(t,y,u), a<r<b, (15)

I""u(a) =uy, us €R, y=0a+pB—ap.

We known from [17] that u(z) satisfies initial value problem (15) if u(r) satisfies the
second kind Volterra integral equation

u@):<w0%;g§> e | YOO v)* s ats) as. 10

DEFINITION 3. The solution of the equation (16) is called mild solution of the
problem (15).

To investigate the existence and uniqueness, the following assumptions are posed.
e Assumption (€'1). f € C((a,b] x Ci]a,b] x R;R), and there exist M >0, p >
0, p € R, and K : [a,b] — R4 such that
f(tw,u) < (w(t) — w(a) P (ki (1)[ul]” +M) forany u€eR, t € (a,b].
o Assumption (€2). There exist p; € R, and h € C([a,b] x R,R) such that
|f(tv Wau) —f(t,l//,\))‘ < (V/(t) - W(a))ipl |h(t,14) —h([,\))‘ for all u,v e Ra re (aab]'
o Assumption (€¢'3). There exist p € R, and « : [@,b] — R4 such that

|f(t,w,u) — F(t, W) < k() (w(t) —w(a)) Plu—v| forany u,veR, 1 € (a,b],
£t w,0)] < k(1) (w(t) — y(a)P.

THEOREM 7. Let 0 < oo < 1, 0 < B < | such that oo +7y > 1 with y= o+
B —ap, and let y € C}r[a,b}, and p,p1 € Ry such that r=0+y—p—1,r =
o+ y—p1— 1> 0. Suppose that the assumptions (¢'1) and (€2) hold. Then,

(i). The problem (15) has at least one mild solution belonging to Cy_y|a,b] when-
ever one of the following assertions is valid

(AI). 0< p< 1 and ky € LY [a,b] NL7[a,b].

(A2). p>1, ki € LY [a,b], and there exists a ./ > 0 such that

rd—pi—p(l—7))
T+ a—pi—p(i-7)
where E = |uy|/T(y)+MT(1—p)/T(oc—p +1)(w(b) — ))lFap-Y,

y(a
(ii). If the assumption (¢'3) holds, and k € L+/ la,b]|NL7 [a,b]. Then the problem
(15) has a unique belonging to Ci_y[a,b].

M >E+

el
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Proof. We consider the operator Q : Ci_y[a,b] — Ci_y[a,b] defined by

Ug — 1 L oa—
Qu(r) = ) (w(t) = y(a)" '+ W/a W () (W () = W) £(s,w,uls)) ds.
(1). We put

Br = {uc Ci_y([a,b:R) : [ul, < R}.

Firstly, we consider the case the assertion (Al) holds. For 0 < p < 1, from the
assumption (¢'1), we can find that

@y, 0)] < (w(e) = yl@) P (il ul” + M)

<
< (w() —y(a) P (llxillly|ul +M,) forany ueR, € (a,b],

~

where My = M + ||k ||,. Therefore, using Lemma 2, we can verify that Q(Bg) is
equicontinuous and uniformly bounded. Base on the assumption (42), by straightfor-
ward, we find that Q is a continuous operator. So we conclude that Q is a compact
operator in Ci_yla,b].

Continuously, let us denote

Q={ueCi_yla,b]: u=AQuforsome A € [0,1]}.

If u € Q then |u(r)| < |Qu(z)|, by straightforward, one has

)] < (4 e P ) w(a) ) () )

1 t
’ T(a) / Avap (5,0, W)k (s)[u(s)| ds a7

due to B(o,1—p1)/T(c) =T(1 —p1)/T (e — p1 + 1). We can apply Theorem 3 with
rp=0+7Y—p;—1 to(17), and obtain that

(W(t) — y(@) Tlul)| < (@(r) + [ wewen ( [ ds) ds) "

where W(t) = D'/"1y/ (1) k| /"(¢) with D being a positive constant and

(1) =2 (laal /L) + ML —p1) /Ty + 1) (w(e) —wla)) 7).

From the latter inequality, we conclude that Q is bounded. By virtue of the Leray-
Schauder fixed point theorem, we find that Q has at least one fixed pointin C;_y([a,b],R),
which is a mild solution of the problem (15) in Cy_,([a,b],R).

Secondly, we consider the case the assertion (A2) holds. For p > 1, we put

Q= {w € Ci_y(la,b],R) : |w]|, < ///}
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Suppose that there exists u € dQ such that u = AQu for some A € (0,1), by direct
computation, we get

(w(r) = y(@)' 7 ur)]

‘”a|
<
L) + M P (y (1) — yi(@)) Py
' ﬁ /atAlvavmwfw(S’f’ v (s) ((w(s) = y(@) ' lu(s)])" ds

< el ully ‘\ 5
N +W a 1=0‘7P1+P(1—y)(57tallf) S

I(1—pi—p(1-7)
F(1+o—pi—p(l-7))

where E = |ug|/T(y) +MT(1—py)/T(cc—p;+1)(w(b) — ul(a))”o‘_”l_Y. It implies
that

<E+

[ESY A

L2 P01 )
M(i+a—pi—p(1—7))
This contradicts the hypothesis. So, we conclude that there dose not exist u € dQ such
that u = A Qu for some A € [0, 1]. Therefore, the nonlinear Leray-Schauder alternatives
fixed point theorem (see [7, p.4]) implies that Q has a fixed point u € Q, which is a
mild solution of the problem (15) in Ci_y([a,b],R).
(ii). From the assumption (%'3), we find that

M <LE+

F@ w0 < (w() = yi(@) P (k(0)]ul + [x]l,) forany ueR, 7€ (a,b].

Using result in part (i), we conclude that the problem (15) has at least one mild solution
in Ci_y([a,b],R).

Finally, we prove that the uniqueness of solution of our problem. To this aim, let
us consider two mild solution uy,u, of our problem. Base on the assumption (¢3), by
direct computations, we have

1 1
H—uw()<=—— /| A LYK — ds.
|ur () — uz (1)) F(oc)/a Loup (81, W)K(s)[ur (s) —uz(s)| ds
Using Theorem 1, we obtain the desired result of Theorem. [l

3.2. A class of integral equation with two singular kernels

In this part, let o, >0, ¢ € C[a,b], and f,g: (a,b] x CL[a,b] x R — R, we
consider the following integral equation

W)= 90+ [ WO WO = v6)™ s wuls)) ds

+ [ WO - el wals) as (18)
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REMARK 6. The integral equation (18) is generalized from some of the integral
equations that appear in the study fractional Langevin equations (see [4, 22]).

In order to investigate the existence results, we use the following assumptions.

e Assumption (¢4). g € C((a,b] x C}[a,b] x R;R), and there exist M >0, ps €
R, and K, : [a,b] — R4 such that

8ty )| < (w(t) — w(a)) P2 (iy(1)[ul + M) forany u€eR, 1€ (a,b].
o Assumption (€'5). There exist p; € R, and ¢ € C([a,b] x R,R) such that
|g(t7l//7u) —g([,l//,\/)‘ < (W(t) - W(a))ipzw(l‘:u) —E(Z,V” for all u,ve Ra re (a7b]'

THEOREM 8. Let a,b € R with a <b, B1,B> > 0, and let py,p> € R such that
p1 <{1,B1} and p, < {1,B2}. Let w € CL[a,b], and let the assumptions (¢'1) — (€2)
and (€4) — (€¢'5) hold with x1,%, € L7 [a,b]. Then the problem (18) has at least one
solution in Cla, D) if one of the following conditions is satisfied.

(i). max{By,Bx} =1, ¢ the non-decreasing function on [a,b], and x; € L'/"i for
some 0 <r; <min{l,1 —p;} and Bi—pi—r;i 20 (i=1,2).

(ii). max{B,B:} <1, and 6 := max{py,p2} < min{ By, B} :=n, and x; € L1
forsome 0 <r<l—ocandn—oc—r=0.

/r

Proof. We consider the operator P : Cla,b] — C[a,b] defined by
+/w — YO S5 yu(s)) ds
+/u/ — ()P gl () ds

From the assumptions (¢'1) and (¢'4), we have
f (e wsu)] < (w(t) = w(a) P (Il ll|ul + M) forany u€eR, € (a,b]
and

18t w,u)] < (w(t) — w(a) P (llllly|ul +M) forany u€R, 1 € (a,b].

Therefore, using Lemma 2, we can verify that Pu is equicontinuous (with respect to )

and bounded. Base on the assumptions (¢'2) and (%5), by straightforward, we find

that P is a continuous operator. So we conclude that P is a compact operator in C[a,b].
We denote

Q={ueCla,b]:u= APuforsome A € [0,1]}.

For u € Q, using Lemma 1, the assumptions (%¢'1) and (44), we have
)] < Pu()] < 90)+ [ W/ () (wle) = wis)P (s, wa(s)| ds
+/H W () (w() = w(s)> (s, yuls))| ds
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<H(t) +/at W () (w(e) = w(s)P " (wls) — y(@) " (1) u(7)] ds

+ [ VOO -y W) - v(@) (@l o
19

where

H(t)=¢(t)+MB(B1,1— p1) (y(t) = y(a))P P+ MB (B, 1 — p2) (w(t) — w(a) P2

We note that if ¢ is the non-decreasing function then H is also the non-decreasing
function. Therefore, applying Theorem 2 to integral inequality (19), we conclude that
Q is bounded. So, using the Leray-Schauder fixed point theorem we obtain the desired
results of Theorem. [

4. Conclusions

We proposed and proved some new weakly Henry-Gronwall-Bihari type inequal-
ities for an appropriate function y, which are generalized from some recent works.
We applied the obtained results to study the existence and uniqueness of solution of a
fractional differential equation and a integral equation with weakly singular sources.

In future work, we hope that we can extend our results for the sum of n-integral
terms with doubly singular kernels and apply them to study nonlinear fractional differ-
ential or fractional partial differential equations involving generalized fractional deriva-
tives with weakly singular sources.

REFERENCES

[1] R. ALMEIDA, A Caputo fractional derivative of a function with respect to another function, Commun
Nonlinear Sci Numer Simulat., 44 (2017), 460-481.

[2] S. BOULARES, A. B. MAKHLOUF, H. KHELLAF, Generalized weakly singular integral inequalities
with applications to fractional differential equations with respect to another function, Rocky Mountain
J. Math., 50 (2020), 6: 2001-2010.

[3] N. M. DIEN, Generalized weakly singular Gronwall-type inequalities and their applications to frac-
tional differential equations, Rocky Mountain J. Math. 51, 2 (2021): 689-707,
doi:10.1216/rmj.2021.51.689.

[4] N. M. DIEN, D. D. TRONG, On the nonlinear generalized Langevin equation involving y -Caputo
[fractional derivatives, Fractals, 29, 6 (2021), 2150128, doi:10.1142/50218348X21501280.

[5] N. M. DIEN, E. NANE, D. D. TRONG, The nonlinear fractional diffusion equations with Nagumo-
type sources and perturbed orders, arXiv:2002.06747.

[6] X.L.DING, C.L. DANIEL ANDJ. J. NIETO, A New Generalized Gronwall Inequality with a Double
Singularity and Its Applications to Fractional Stochastic Differential Equations, Stoch. Anal. Appl.,
37,6 (2019), 1042-1056.

[71 A. GRANAS, J. DUGUNDIJI, Fixed point theory, Springer-Verlag New York, Inc, (2003).

[8] D. HENRY, Geometric theory of semilinear parabolic equations Lecture Notes in Mathematics, 840,
Springer-Verlag, Berlin-New York, (1981).

[9] J.S.JONES, Fundamental Inequalities for Discrete and Discontinuous Functional Equations, J. Soc.
Ind. App. Math., 12, 1 (1964), 43-57.

[10] A. A. KILBAS, H. M. SRIVASTAVA, J. J. TRUJILLO, Theory and applications of fractional differen-
tial equations, North-Holland mathematics studies, 207, Amsterdam: Elsevier, (2006).


doi:10.1216/rmj.2021.51.689
doi:10.1142/S0218348X21501280

306

[11]
[12]
[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]
[21]

[22]

[23]

N. M. DIEN

Q. MA, J. PECARIC, Some new explicit bounds for weakly singular integral inequalities with appli-
cations to differential equations and integral equations, J. Math. Anal. Appl., 341 (2008), 894-905.
M. MEDVED, A new approach to an analysis of Henry type integral inequalities and their Bihari type
versions, J. Math. Anal. Appl., 214 (1997), 349-366.

M. MEDVED, Integral inequalities and global solutions of semilinear evolution equations, J. Math.
Anal. Appl., 267 (2002), 643-650.

H. MOHAMMADI, D. BALEANU, S. ETEMAD, S. REZAPOUR, Criteria for existence of solutions for
a Liouville-Caputo boundary value problem via generalized Gronwall’s inequality, J. Inequal. Appl.
2021, 36 (2021).

B. G. PACHPATTE, Inequalities for differential and integral equations, Academic Press Limited,
(1998).

S. REZAPOUR, S. K. NTOUYAS, A. AMARA, S. ETEMAD, J. TARIBOON, Some Existence and De-
pendence Criteria of Solutions to a Fractional Integro-Differential Boundary Value Problem via the
Generalized Gronwall Inequality, Mathematics 2021, 9 (11), 1165.

J. VANTERLER DA COSTA SOUSA, E. CAPELAS DE OLIVEIRA, A Gronwall inequality and the
Cauchy-type problem by means of y -Hilfer operator, Differ. Equ. Appl., 11, 1 (2019), 87-106.

J. VANTERLER DA COSTA SOUSA, E. CAPELAS DE OLIVEIRA, On the y -Hilfer fractional deriva-
tive, Commun Nonlinear Sci Numer Simulat., 60 (2018), 72-91.

C. S. SIN, L. ZHENG, Existence and uniqueness of global solutions of Caputo-type fractional differ-
ential equations, Fract. Calc. Appl. Anal., 19, 3 (2016), 765-774.

J. R. L. WEBB, Initial value problems for Caputo fractional equations with singular nonlinearities,
Electron. J. Differ. Equ., 117 (2019), 1-32.

J. R. L. WEBB, Weakly singular Gronwall inequalities and applications to fractional differential
equations, J. Math. Anal. Appl., 471 (2019), 692-711.

T. YU, K. DENG, M. LUO, Existence and uniqueness of solutions of initial value problems for non-
linear langevin equation involving two fractional orders, Commun Nonlinear Sci Numer Simulat., 19
(2014), 1661-1668.

T. ZHU, Fractional integral inequalities and global solutions of fractional differential equations, Elec-
tron. J. Qual. Theory Differ., 5 (2020), 1-16.

(Received December 1, 2020) Nguyen Minh Dien

Faculty of Education

Thu Dau Mot University

Thu Dau Mot City, Binh Duong Province, Vietham
e-mail: diennm@tdmu.edu.vn,
nmdien8l@gmail.com

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



