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BLENDING TYPE LOTOTSKY-BERNSTEIN OPERATORS

HUSEYIN AKTUGLU, HALIL GEZER, ERDEM BAYTUNC*
AND MEHMET SALIH ATAMERT

(Communicated by I. Rasa)

Abstract. Tn this paper, we introduce a family of blending type Bernstein operators Ly (f;x)
which depends on two parameters, ¢ and s. We prove a Korovkin type approximation theorem
and obtain the rate of convergence of these operators. We also prove that these operators has
monotonicity and convexity preserving properties for each o and s. So far, Lotosky matrices
that generates blending type Bernstein operators were ignored. In this paper, we also introduce
Lototsky matrices that generates these new family of blending type Bernstein operators.

1. Introduction

The classical Bernstein operators

n
Ba(f3x) = 3, (Z)x"(l—x)”"f <5> (1)
k=0 n

where f(x) is a continuous function on [0, 1], is one of the most important positive lin-
ear operators and have been investigated by different researchers in different directions
(see [1, 3], [7, 10], [13], [14]). Moreover, a large number of generalizations of Bern-
stein polynomials and their properties are also considered by researchers. Very recently
in [17], Srivastava et.al. introduced Stancu-type Bernstein operators based on Bézier
bases and investigate their approximation properties.

It is well known that the Bernstein operators can be written in the form of

4 k
Bl ) = 2 anf ().

where a,;(x) is the Lototsky matrix obtained from the following equation

n

H(yx—|— 1—x)= i an(x)YF. 2)
k=0

k=1
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In other words a,(x) obtained from (2)is (7)x*(1 —x)"*.
For the more general case, the Lototsky matrix a,,(x) obtained from

n

[Tonx) +1-hx) = kioank(x)yh

k=1

where 0 < h(x) < 1, is used to define the operator
1 k
Ln(frx) = 2 ank(x)f(_>7
k=0 n

which is called Lototsky-Bernstein operators. Obviously, L,(f,x) is an extension of
B,(f,x).

Recently, for a fixed real number 0 < o < 1, the following blending type o -
Bernstein operators are introduced and studied by Chen et al. [10],

/! k
Buo(fix) =Y pl@f(= 3)
atfi) = X (5)

where p{o(x) =1 —x, p{,(x) = x and,

(”;2)(1 P (Z:;)(l—a)(l—x)

+ (Z) oux(1 —x)] (1 — !

pfﬁf (x) =

forn>2and x € (0,1].

So far, a large number of papers concerning blending type Bernstein operators
are published. But in these papers researchers focus on only the operators and their
approximation properties, the Lototsky matrices that generates these operators, which
is another interesting problem, are not studied (for example [5], [7], [8], [9], [10], [12],
[13], [16D).

One of the motivations of the present paper was to cover this lack by introducing
Lototsky matrices that generates blending type Bernstein operators considered in [5],
[71, [81, [9], [10], [12], [13], [16] and we did this in the present paper. The product
given in (4) for s = 2 gives Lototsky matrices that generates blending type Bernstein
operators considered in these papers. It should be mentioned that, the product given in
(4)(for s = 2) which generates blending type Bernstein operators and product given in
(2) that generates Bernstein operators are surprisingly quite different from each other.

The second motivation of the present paper was to use the generalized Lototsky
matrices that can be obtained from product given in (4) to introduce more comprehen-
sive generalization of both blending type Bernstein operators and standard Bernstein
operators. This is also achieved (see operators Ly (f;x)).

Finally, it should be mentioned that operators considered in some of previous pa-
pers does not preserves linear functions. For these papers, L,(e;,x) = e;(x), should be
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replace by L,(e;,x) — ¢;(x). The same thing can be seen in some of above papers for
bivariate case. Of course, conditions of Korovkin Theorem are still correct and same
results can be obtained, but in any case some proofs need some modifications accord-
ingly. To avoid this problem we define our operator peicewisely (see Ly (f3x)).

2. Generalized Lototsky matrices and generalized blending
type Bernstein operators

Let 0 < o < 1 be any real number and s be a positive integer, then consider the
following generalization of (2),

S a0yt = (1-a) [y“'x ]:[(yx +1—-x) 4)
k=0 i=1

n—s

+(1 =) [JOox+1-x)

i=1

n
+o]JOox+1-x),
i1

1

where 0 <x <1,

q bl{’ fI? 17
Hb: I, ¢g=0
i=1 0, otherwise.

and

n!
(n) _ ) K=k 0<k<n,
k 0, otherwise.

It is obvious that for o« = 1, (4) reduces to (2). Now we can define the following
o -Lototsky-Bernstein operators,

. noo ok
LE(fx) = 350 () 5)
k=0
where
s (N (1 —x)"k, ifn <,
bn,}< (x) = a.s .
a, . (x), ifn>s.

Obviously, LI (f,x) is a positive linear operator and if s = 1, LY (f,x), is the ordi-
nary Bernstein operators, therefore the operators L’ (f,x) includes Bernstein opera-
tors as a special case. In the rest of the paper, to work with a non-trivial generalization
of the Bernstein operators, we shall focus on the case s > 2.

LEMMA 1. Forany 0 < o<1 and s> 2,
Bn(f;x)7 n<s,

qux’s(f;x) _ ZZ:O |:(1 _ OC) (Z:j)xk*“*l(l _x)n—k_|_ (1 _ a) (";S)xk(l _x)nf.\'fk+l
+o(})xk(1 —x)”_k} &), n>s
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Proof. The case n < s is obvious. Assume that n > s. From (4) we have,
< a,s k s ~ (n—s k.Xk n—s—k
2 a0y = (-0 |yx 3y (7 7 A1)
k=0

+ aéo (Z) Yok (1 —x)nk

n—:_

+(1—x) (n_s)ykxk(l—x)”Sk

+o i <Z)ykxk(l _ )k

k=0

=2 [(1 —a) (Z:j)xk_s“(l —x)nk

+(1-a) (”;s>xk(1 S a(Z)xk(l —x)”_k] %

which completes the proof. [
The following Lemma clarifies the relation between L,"*(f,x) and the blending
type Bernstein operators B, o(f,x) given in (3).

LEMMA 2. For s =2, L¥*(f,x) = Buo(f,x).

Proof. Ttis easy to see that, for s =2 we have,

n _ \n—k
bo‘72(x) _ (k)xk(l X)) n <2,
& pi% (), n>2,

9

which completes the proof. [

COROLLARY 1. Since L¥*(f,x) = Buo(f,x), the positive linear operators
LY (f,x) defined here, includes By o(f,x) as a special case as well.

The following theorem gives an alternative representation of the operator Ly "* (f;x).
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THEOREM 1. Forany 0 < o<1 ands>?2

Bn(f;x) n<s,
Lr(:c,.\'(f;x): ( )Zn s+1 (" S'H) k(l x)n 5= k+1hk+a2k 0() (1_ )n kfk;
n>s

where

k k
= 1— .
hi ( n_s+1>fk+n_s+1fk+.s L
and fi = f(5).

Proof. Let 0 < oo <1 and let s > 2 be an arbitrary but fixed positive integer. By
the definition of %" (x), Ly’ (f;x) = B,(f,x) when n <'s. Assume that n > s, then,

Lo (fix) = i[ (k_ ) kerl(l—x)”k-l—(l—oc)(nzs)xk(l—x)"“'kﬂ

+a (k)xk(l —x)"k] fe.

Say,
C n—=s\ g n—s—k+1
81 X X (1—x) Jis
k=0
and
< (=S k-st1 n—k
82 PR L Gl
k=0
Then,
C n—=s\ n—s—k+1
gr=2 (", J¥-x f
k=0
_nfl (n_s>xk(l x)n s k+lf
k=0 k
and

g2 = i (Z:j)xks+l(l _x)nfkfk

k=0

S ”—S> k—s+1 k
=Y T =x)" e
k=s—1 <k_s

n—s+1

n—s

=3 ()
k=0
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Therefore,

n—s+1 _ _
gitge= ), [(nk s)fk"‘ (Z_ f)fkﬂl]xk(l —x)" L (6)

k=0

On the other hand, if we use the following equations

n—s\ (n—s+1 1— k
kK ) k n—s+1
n—s\ (n—s+1 k
k—1) k n—s+1
in (6) we get,

n—s+1
n—s—+1
g1t+g = ( X )
k=0

and

k k n—s—k+1
(1- )+ _Hlfkﬂ_l]x(l X)L

= 2 by
k=0
n—s+1 _ 1
(1_ ) Z (n s+ )xk(l )n s k+lh
k=0 k

+a2<> —x)"*p O

LEMMA 3. Forany 0 < oo < 1 and s, the operators L’ (f;x), preserves linear
polynomials, that is;

LY (1;x) =1 and LY’ (t;x) = x.

Proof. For the case n <s, Ly (1;x) = B,(1;x) = 1 and L, (t;x) = B, (t;x) = x.
So we only need to prove both equations for the case n > s. If f(x) =1 then fy =hy =
1. Therefore,

Lgvsu;x):(l—a)"fl (”_;“)xku X)nST k+1+a2<k> (1—x)"*,

k=0 k=0
= (1 —a)By—st1(L;x) + aB,(l;x) = 1.

On the other hand it is easy to see that, if f(x) = x then,

k

hy=————
k n—s+1
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and

n—s+1 _ 1
L) =(1-a) ¥ (” ;* )xk(1—x)"-\'k+17k

= n—s+1
+o i (n)xk(l —x)"_kk
i=o \k n
= (1= 0a)By—sr1(t;x) + aB,(t;x) =x. O
3. Approximation properties of L’ (f;x)
In this section, we shall study approximation properties of Ly (f;x).

THEOREM 2. Forany O< a<landn>s>2,

s 4. _ It n—s+1 r r r—1 r—1 r
wo(r) = - 3 (") (B e s )x
¥ (”)xw b ™
r=0 \I"

Proof. Recall that,

. S im—s+1 '
Lo = -0 3 (" )R s o (),
k=0
where 0 < o<l andn>s>2.
Now let,
S n—s+1 '
o()= 3 ( ' )x"(l — ) ®)

k=0

in (8) we have,

o(x) nflhk (”_Ii’L 1)x"ns2k+l (n_s_.k+ 1) (—1)/x/
k=0 =

j=0 /
n—s+1n—s—k+1 _ 1 e 1 X X
'Y hk<n s+ )(n s 'k—|- )(—l)kaﬂ.
k=0 j=0 k J

But,

SRRl
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where r = k+ j. Thus,

r=0 k=0
n—s+1 _
_ (" s+ 1>xrArh0. ©)
r=0 r

On the other hand it is known that,
X (n
B = 3 (M) (10)

Using (9) and (10) in the definition of L *(f;x), we have,
n—s+1 _ 1 n
LY (fix) = (1—0a) Y (n st )xrA’ho—i— oy (n)x’Arfo.
r=0 r =0 \"
Finally, by using mathematical induction and the Leibniz rule
n C n n—
A"(gifi) =, (k) (AFFY (A giig)
k=0

for n =1, we can prove that,

. ;
Ar l: 1_7 1 7A I—S— - 1 Ar_l 2 V_Ar_l 2
h ( n_s+1> "fi+ Jivs—1+— s+1( it fir1)

which gives

Aho = A fo+ - (A=A

—s+1
for i = 0. This completes the proof. [l

Recall that, we have the following relation between derivatives and differences;

Ak f = (&), for some & € <i, ﬂ)

n

If f(x) =x" then,
A¥fo =0fork >m
and

A" fi = f (&) =

Moreover,
N*fL =0 fork > m.
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LEMMA 4. Forany 0 <o <landn>s>2,
x(1—=x)[n+(1—o)s(s—1)]

L& (1%x) = X+ > an
L2 (1%5x) = x* 4+ 23 (1 —x) [3nn;2 +(1- a)s(s_ 1)(3”2_ 23_2)]

(1) [ni2+(1 ‘“>W] (12)
L (i*3x) = x* 427 (1 - x) {W

PR ) Bs+ 1)(&;5) +2n(3n—4s—7)]]

+22(1—x) [7(’;; D (1— a)S(S— 1)[(’1_21(4” 10) —7]}

+x(1—xz){nl—fi—(l—a)s(s_l)(;j+s+1)]. -

Proof. From equation (7) we have,

LY (:x) = (1- ) [(n —s+1) (Afo + ﬁ(f‘" _m)x

s+
(n—s+1)(n—ys) 2
+f <A2f0+ m(ﬂfs —Af1>x2:|

+o {n&fox + @ Azfoxz}

2 2 _ 2
~(1-a) K%)xﬂc% (#)xﬂ +a[3—c Tl x—]
n n n n

=x*+ H(1=x)[n+ (nl2_ o)s(s —1)]

which proves (11). Equations (12) and (13), can be proved in a parallel way. []

THEOREM 3. Let f(x) be any continuous function on the interval [0, 1]. Then for
any positive integer s, and for any 0 < a < 1, Ly*(f;x) converges uniformly to f(x)
on [0,1].

Proof. As a consequence of the Korovkin theorem [4, 15] it is enough to show
that, Ly (e;;x) converges uniformly to e;(x), where e;(x) =x', i =0,1,2. By Lemma
3, we have, L;*(1;x) = 1 and LY’ (x;x) = x. On the other hand by Lemma 4 and the
definition of the operator Ly"*(f;x) we have,

17
x2+x—(nx), n<s,

L& (%) =

2 i x(1-x) [n+(}1127a)lY(lY7l)] Cn>s.
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Obviously, for both cases Ly,*(¢?;x) converges uniformly to f(x) = x*, and this com-
pletes the proof. [

LEMMA 5. Let

Then for n > s we have

So(x) =1

Sl(x) =0

Sr(x) =x(1—x)[n+(1—a)s(s—1)]

S3(x) = x(1—x)(1 =2x)[n+ (1 — a)s(s— 1) (s +1)]

$4(0) = 3201~ 1= 2+ (1 s(s - D2~ (s 1)(5 2]

+x(1 —x) [n—|— (1—o)s(s— 1) (s> + s+ 1)}

Proof. 1t is obvious that So(x) = 1 and S;(x) =0.

n

Sa(x) = Y (k—nx)ayy (x)

k=0
n
= Y (k* = 2nkx+x*)a, 7 (x)
k=0
2 - k2 k 2\ o
=n"Y (—2 Zxﬁ +x )an’k (x)
k=0
n g n k s n g
= nzkzb n—zaﬁi’,‘c (x) — 2xn2k§) ;aZ’k (x) +x2n2k§)aﬁck (x)

=n’x® + (x(1=x)[n+(1—a)s(s—1)]) —2n°x% + n*x?
=x(1—x)[n+(1—a)s(s—1)].

Equations for S3(x) and S4(x) can be obtained in a parallel way. [J

LEMMA 6. For any 0 < a < 1, and positive integer s there exists a constant C
independent of n such that,

> b <

) (14)

S O

1
s —xl>n"38

forall x €10,1].
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Proof. Given a positive integer s. For the case n < s, b57 (x) = (1)x*(1 —x)"*
and (14) holds. Assume that n > s. Since Ss(x) is a second order polynomial in 7.
There exists a constant C such that S4(x) < Cn? for all x € [0,1]. On the other hand,

L )t
| —x| >n~% implies that M > 1. Thus,

n2
oS J 4 as 1 r 5, C
Y, ayi(x) <= D (k—nx)tay i (x) < =Si(x) < Cn° < —. O
: n? k=0 ’ nz nz n?

1
|&—x|>n" ¥

Now we can prove the following Voronovskaja type theorem [18] for Ly (f;x).

THEOREM 4. Let f(x) be a bounded function on [0,1], if f"(x) exists at a point
€ [0,1] then
tim n[L () ~ ()] = 3x(1 —x)"(x) (15)

n—oo

where 0 < o < 1 and s is a positive integer.

Proof. Given a positive integer s. If n <, Ly"* (f;x) = B,(f;x) and (15) holds.
Assume that n > s, by the Taylor’s formula we have

£ = F00 + (=) 0+ 5 02"+ ple) r —0

where lim,_,, p(t) = 0. Taking ¢t = % where k < n gives,

1 =+ (B ro G- rwea () (E-)" e
Equation (16) gives that,
L) 0] = 5 S0r @ 0 3 0 () (5 —) i
=x(1-x) [% + %i(s_l)]f”(x) +nP%*(x),

forany O < o < 1 and s, where

P (x) = i p(k> (E —x)za:i’ks(x).

k=0
On the other hand,
k k

rewis S @G- T bG)G-) e
| —x|<n™8 I —x|>n"8
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. L
Given € > 0, we can find n, large enough such that | —x| <n~s implies p(%) <e.
Therefore,

£
B0 < SH0+K Y a0

1
|y —xl>n"8

<8x(1—x)[i+W]+ c

)

2n 2n? ns

where K = supo<,;<1p(t)(t —x)?. In other words,

n|P (x)| < ex(1—x) [l—kw] ¢

2 2n n?

Since ¢ is arbitrary (15) follows. O
Recall that the modulus of continuity of a function f(x) which is defined on an
interval [a,b] is defined by,
(D(f,(S) = SUP < x,y<b, |x—y|<§ |f(x) _f(y)’

where 0 > 0. Itis also well-known that, ®(8) satisfies following properties.
(i) f0< <y, then o(f;0) < w(f;7y).
(ii) f(x) is uniformly continuous on [a,b] if and only if limg_y w(f;0) = 0.
(iii) If 1 >0, then o (f;ud) < (14+w)w(f;8).

THEOREM 5. Let f be a bounded function on [0,1] and let 0 < oo < 1 be any
real number than,

v+ (1—a)s(s— 1))

n

3
L& (f3%) = f(3)]| < Ea)( 1,
where || - ||« is the supremum norm and n > s.

Proof. Forany o € [0,1], and n > s we have,

Ly (f3x) = f(x)]

n

3 asr(5) - r)

k=0
< 2 alr() o)
< o(rp— )

n n

n Vn+(1—a)s(s—1) Kk n %’
< Z“’(f ‘x \/n—i-(l—OC)S(S—l)) "
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i ( \/n—|— a s ) __D
w(f; i+ ( l—noc)s(s— 1)>ag]f

( Vit (-« s—l))

k1Y as
X2<1+\/n+ l—a s—l)’x_ZDa"k
( Vit (-« s—l))

a,” |.

X( \/n—f— l—o s—l)z n

On the other hand as a consequence of Schwarz’s inequality we have,

Sl = 3o L
[Re-ya] [$]

For s > 2 we get,
k 2 a,s x(l x)(” (1 O()S(S l)
a®’ =
2
n

+(1—o)s(s— 1).

= 4n?

Therefore,

n

L5 (i) - <><w< Vit (1=o) S‘”)

n Vn+(l—a)s(s—1)
\/n—i- l—o)s(s—1) 2n

_3, \/n+1— -1 4
—2¢ n ’

719

a7)
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4. Shape preserving properties of L’ (f;x)

This section is devoted to the shape preserving properties of L’ (f;x). Particu-
larly, we shall prove that Ly**(f;x) preserves monotonicity and convexity properties.

THEOREM 6. Let f be a continuous function on the interval [0,1]. If f is mono-
tonically increasing (or monotonically decreasing) on [0,1], then for any positive inte-
ger s, and forany 0 < o < 1, LY* f is also monotonically increasing (or monotonically
decreasing) on [0,1].

Proof. If s=1or n<s, Ly"(f;x) = B,(f,x) so it has monotonicity and convex-
ity properties. Now we can assume that n > s > 2. From Lemma 1,

LY (fix) = (1—a) i K" B S)ka (1 —x)y*

=0 k—s

then,

k=0

3 (3 n s aae
k=0

+ c (l’l ; S) kxk—l (1 _x)n—s—k-'rlfk
k=0

_éo (”;s> (n—k—s+ 1)x(1 —x)"7%f,.

The first and third summations are zero for k = 0 and second and fourth summations
are zero for k = n. So if we modify the summations and then if we replace k by k+ 1
in first and third summations we get,

o n—s k—s+1 k=1
T = k—s4+2)xX" ST (1 —x)"
,{zig)(k—s—i-l)( s+2)x (1—x) Sret1

_ni‘l (Z:j) (}’l _ k)xk—s+1(1 —X)n_k_lfk
k=0
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n—1 n—s
+> (k+ DxF(1 —x)" 57k f g
S \k+1

L n—s
2( L )(n—k—s+1)xk(1—x)”Skfk. (18)

n
k=0

Using the equations

(n)oo= (20 Jwse

and

(Z;;)(H—l) - (”;S)(n—s—k)

in (18) we have,

n—1 n—s . e
=Y (k_s+l>(k—s+l)xk S —x)" A f,
k=0

n—1

+ k:io (” ; s) (n—s— k)X (1 —x)"*Afi

n—1
n—s _ —k—
+ (k 1>xk s+1(1 _x)n k 1fk+l

=0 \k—s5+
n—1 _

_ 2 (l’l s)xk(l _x)nfsfkfk.
k=0 k

n—s

Since (,"7,) =0 when k<s—1 and (",°) =0 when k >n—s, we get

n—1

=Y (kf;i 1) (k—s+ DXt —x)"* 1A f
o (n—s k n—s—k

—|—Z< k )(n—s—k)x (I—x) Afi

n—1 o
1 L E e e
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Replace k by k+ s — 1 in the third summation we get,

n—1 _
=3 (kfsi 1) (k—s+ 15T (1 —x) % 1AL

+Z§; (" . S) (n—s— k(1 —x)"=*A

=S n—s & [(n—s
+ =) s — ( )"1- nskp
) G R S o () R (B i

k=0

or

n—1
I n—s _ k—s+171 _ yn—k—1
=Y (k—s—i-l)(k s+ 1)x (I—x) Afr

+2 (n;S>xk(1 ="K (fegs = fo)- 19)

Therefore, using (19) and the fact that

n—1 n
B(fx)=Y ( )(n—k)xku N

k=0 k

f (kf;i 1) (k—s+ Dk=sH(1 —x)n k1A,

(n—s—k)x*(1 —x)" kA S,
]
+ay (Z) (n— k¥ (1 —x)" 1A (20)

k=0

Now, if f(x) is monotonically increasing then Af; >0, firs— fi =0 and (L") (f;x)
0, orif f(x) is monotonically decreasing then Af; <0, firs— fi <0 and (L;,°)'(f;x)
0. O

VAR

THEOREM 7. Let f(x) be a continuous function on the interval [0,1]. If f(x) is
convex on [0, 1], then for any positive integer s, and for any 0 < o < 1, Ly”*(f;x) is
also convex on [0,1].
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Proof. If s=1orn<s, L,*(f;x) = Bu(f,x) soitis convex. Now we can assume
that n > s > 2. The derivative of (18) gives that,

n—1 n—s
T" — Z <k )(k—s+1)(k—s+2)x’<—5(1_x)n—k_lka

k=0 —s+1

_"1< n—s )(k—S+2)(n_k—l)xk—s+l(l_x)n—k_2fk+l
=0 \k—s+1

n—1

_ (Z:j) (1 (k=54 (1 417,

k=0

n=l/,_g k—s+1 R

' ( L S A
o \k—s

n—1 n_s

+ k(k+ 1)1 (1 —x)" 5%,

k0<k+1 (ke A1 (1 xR f

k= (n —S) (n—s— k) (k+ (1 — x5

k=0 k+1

n—1 .

_ (nk s) (n—s—k+ l)kxk—l(l _x)n_s_kfk

k=0

n—1 n—s o
+ ( ‘ )(n—s—k+l)(n—s—k)x"(1_x) £
k=0

First, third, fifth and seventh summations are zero for k = 0 and other summations are
zero for k = n— 1. Modify end-points of each summation accordingly and replace k
by k41 in first, third, fifth and seventh summations we have,

n—2 n—s B N
T" — 2 (k_s+2>(k—s+2)(k—s+3)xk s+1(1_x)n k 2fk+2
k=0
n—2 n—s o e
- k—s+1 (k=s+2)(n—k—=1)x"(1~x) Jier1
k=0

+z ( )(”_k)(n—k—l)xk‘5+1(1_x)n—k—2fk

= \k—s
n—2 o B
‘|‘k§0 Z+;> (k"‘ 1)(k+2)xk(1 _x)nf_\ k lfk+2
n—2 -
_Zkga <’]Z+ f) (l’l - —k)(k+ l)xk(l _x)nf_yfkflkarl
n—2
+ n;s>(n_s_k+1)(n_s_k)xk(1—x)”_s—k—lfk. (21)
k=0
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Using following equations

(kf;jz)uc_sm - (kf;j 1) ik 1),

and

in (21) we get,

n

-2
n—s s n—k—
=Y (k_s+1>(n—k—l)(k—s+3)xk S —x) 2,

n—2
=5 < n;s )(k—s—l—Z)(n—k— D1 =y 2p

+Zzz<ki:-1>(n—k—1)(k—s+l)xk‘s“(l—x)n_k_zf"
+'122<Z:>(k+1)(n—s—k—l)x"(l—X)"Sklfk+2
k=0
—2n§ (Z; f) (n—s—k)(k+ (1 —x)" " fipy
k=0

£y n_s>(k+1)(n—s—k+l)xk(l—x)n_s_k_lf"
S \k+1

) (R [ S I I TN
izo \k—s+1
+n2< nes )(n—k—l)xkerl(l—x)"kz(sz+2_2fk“)
S \k—s+1
+n_2<n_s>(k+1)(n—s—k—l)xk(l—x)nSk1A2f"
S \k+1
+n§ (Z:) (k+ D (1= 20" (2 i1 +22).
k=0
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The first two summations are zero for k < s — 1 and last two summations are zero for
k>n—s—1,so we have

T — "iz ( n—s >(n_k_l)(k_s+l)xk—s+l(l_x)n—k—2Aka
et \k—s+1

n—2 N
+ zi (kn S1)(n_k—1)xk—5+1(1_x)n—k—2(2fk+2_2fk+l)

+n§1 (n—S> (k+1)(n—s—k—Dx*(1—x)"" 1A% f

= \k+1
n—s—1 _

+ (n i) (ke D (1 =20 (2 fir +20)- (22)
k=0

k=0

n—s—1
T — Z ( ) n— k—S) ( )n k—s— 1A2fk+s71
1

n

+ ﬁo (k—|—1> k+1)( _S_k_l)xk(l—x)n_S—k—l Asz

! n—s k n—k—s—1
+2 ) ( L )(n—k—s)x (I—x)
k=0
X (first1 = Jirs — frw1 + fi)- (23)

By using mathematical induction one can prove that

s—1
fers1 = fies — firt H o=, 8% fism. (24)
m=0

Therefore, using (24) in (23) we get,

n—s—1
T// _ Z (n;é‘) (n—k—s)xk(l _x)n—k—s—l(k) AZ fk+s—1
k=0

n—s—1

+ z ( )k—i—l) 1 —x)" Y n—s—k—1) % f;

—s—1 s—1
+2 Y (n_s)(n—k—s)xk(l—x)”kSI S 82 feim.
k=0 k m=0

If f is convex then
A2 fk 2 07
which means 7”7 > 0 and B.(f;x) > 0 or equivalently,
(L)' (fsx) = (1= ) T" + aBy (f;x) = 0

which completes the proof. [
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5. Concluding remarks

In this paper, we introduced the generalized blending type Bernstein operators Ly
which depends on two parameters o and s. So far, many research papers are published
concerning blending type Bernstein operators but the Lototsky matrices that generates
these blending type Bernstein operators were not investigated. In this paper, we also
introduced the Lototsky matrix that generates our blending type Bernstein operators. It
should be noted that Lototsky matrix that generates o -Bernstein operators (3) can be
obtained from (4) for s = 2.

The generalized blending type Bernstein operators has the following properties:

() For v =1 or s =1, L;*(f;x) reduces to Bernstein operators.

(ii) For s =2, L,?’S( f3x) reduces to a-Bernstein operators (3) given by Chen et al.
[10].

(iii) For any 0 < o < 1 and positive integer s, Ly (f;x) reproduce the linear func-
tions.

(iv) If f(x) is a continuous function on [0, 1], then for any real number ¢ € [0, 1] and
for any s, Ly’ (f;x) converges uniformly to f(x).

(v) Forany 0 < o < 1 and positive integer s, LY ’S( f:x) has monotonicity and convex-
ity properties.

(vi) The Lototsky matrices, introduced in (4), generates LY S( f:x). The particular case
of these Lototsky matrices for s = 2 generates o -Bernstein operators given by
Chenetal. [10].

(vii) An upper bound for the approximation error of these operators are obtained in
terms of modulus of continuity.

(viii) In Figure 1, the approximation of Ly (f;x) to f, for f(x) = x(x —1)(2x—1) is
shown for ¢ = 0.5, s =5 and n = 25,50,200.

Figure 1: Approximation of LY’ (f:x) to f(x) =x(x—1)(2x—1) for s=5, a=0.5 and
n=25,50,200
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(ix) Figure 2, shows the approximation of L;,"*(f;x) to f, for f(x) =x(x—1)(2x—1)
for fixed n and o . It can be seen that smaller s values gives better approximation

to f.

Figure 2: Approximation of LY (f;x) to f(x) =x(x—1)(2x—1) for n =25, o =2/3 and
s=2,5,10,19

(x) Figure 3, shows the approximation of Ly"*(f;x) to f, for f(x) =x(x—1)(2x—1)
for fixed n and s. It can be seen that large values of o gives better approximation

to f.

Figure 3: Approximation of Ly " (f;x) to f(x) =x(x—1)2x—1) for s=9, n=25 and o =
0.1,0.3,0.5,0.7
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