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(Communicated by J. Pecaric)

Abstract. In this paper, we introduce and investigate a new subclass of harmonic mappings
which satisfy a third-order differential inequality. Such results as close-to-convexity, coefficient
bounds, growth estimates, sufficient coefficient condition and convolution properties are derived.
Furthermore, we obtain several improved versions of the sharp Bohr radius for harmonic map-
pings.

1. Introduction

A harmonic mapping in the open unit disk D = {z € C: |z] < 1} is a complex-
valued function f = u+iv in D, which satisfies the Laplace equation Af =4f,; =
0, where f; = (fyx—ify)/2 and fz= (fy+ify)/2, u and v are real-valued harmonic
functions in D). It is convenient to use the canonical representation f = h+ g, where
h is the analytic part and g is the co-analytic part of f. The Jacobian Jr of f=h+g
is given by Jy = I'|* = |g'|*. By Lewy’s theorem (see [15]), f is locally univalent
and sense-preserving in I, if and only if J(z) > 0, or equivalently, if 7’ # 0 and the
dilation @y = g/’ has the property |@s| <1 in D.

Let ¢ denote the class of complex valued harmonic functions f defined in D,
and normalized by f(0) = £,(0) — 1 = 0. Also, let #° = {f € 7 : f-(0) =0} . Each
function f € #° can be expressed as f = h+ g, where

h(z) =z+ Zanz and g(z2) anz (1.1)
n=2

are analytic in .

Denote by ¥, the class of functions f = h+ g that are harmonic, univalent,
and sense-preserving in D. Furthermore, let .%%), = {f € .%, : f:(0) = 0}. Note that,
when g(z) =0, the classical family . of analytic univalent and normalized functions
in D is a subclass of .79, .

For two analytic functlons fl2) =z+2r an2" and g(z) = z+ X bp?" in
., the Hadamard product (or convolution) of f and g is defined by (f*g)(z) =
2+ X0 s anbyz”.
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Goodloe [21] considered the Hadamard product of a harmonic function with an
analytic function, which is defined as f*¢ = h* ¢ +g* ¢, where f = h+g is harmonic
function and ¢ is an analytic function in D.

For two functions f and g analyticin D, f is subordinate to g, written as f(z) <
g(z), if there is an analytic function w satisfying w(0) = 0 and |w(z)| < 1, such that
f(z) = g(w(z)). If g is univalentin I, then f < g is equivalent to f(D) C g(D) and
f(0) = g(0).

In 2013, Ponnusamy et al. [37] introduced the following function class:
Py={f=h+geH :R(N(2) > zeD)},
and 29, = 2, N A", they proved that the functions in the class &, are close-to-

convex. At the same time, Li and Ponnusamy [29] obtained univalency and convexity
of the partial sums of for the class 2%, (o) defined by

Po(a)={f=h+ge A RN () -a)> |
with0 < o < 1,¢/(0) =0forz e D}.
Later, Nagpal and Ravichandran [36] studied the class

Wy ={f=h+ge H :R(N()+2"(2)) > |¢'(z) +2¢"(z)| forze D},

and obtained the coefficient bounds for the functions in the class 7/0
In 2019, Ghosh and Vasudevarao [20] studied the class 7/0 A ) where

Wy(o)={f=h+ge A" :R(N(z)+azh"(z)) > |g(z) + azg"(z)| (@ >0;z€D)},

and they investigated coefficient bounds, growth estimates, convolution, and radius of
convexity for the partial sums of the function class.
In 2020, Rajbala and Prajapat [38] studied the class of %), (e, ) defined by

Wyp(a,B) = {f =h+g € #° : R (W (2)+azh"(z)-B) > | (2)+azg"(z)| (z€ D)},

where 0 >0 and 0 < B < 1.
Recently, Yasar and Yalgin [45] studied the class %9,(A,8) of functions f =
h+3 € 0 that satisfy

R (K (z)+Azh"(z )+ 821" (2) > |¢'(z) + 228" )+ 828" (2)]

where A > 6 > 0.

For more recent results involving harmonic mappings, we refer the reader to [30,
41,43, 44].

Motivated essentially by the work of Rajbala and Prajapat [38], Yasar and Yalcin
[45], we define the following class of close-to-convex harmonic mappings.
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DEFINITION 1.1. For o0 >y >0 and 0 < < 1, let #3,(o,B,7) denote the
class of harmonic mappings f = h+3, which is defined by

Wiy (o, B,y) = {f =h+ge A" R(K(2)+ ozl (z) +y2h" (z) — B)
(1.2)

> |g'(2) + 0z8" (2) + 8" (2)] (ZGD)}

We observe that, the class %9 (0L BLY) generahzes several classes of harmonic
mappings, suchas #3,(,0,7) := 7/0 (a )/) 0% (X,8), #% (00, B,0)=# (. B).
#9,(@,0,0) = #%(0), #%(0,0,8) = 2, (o By bting w515~ K yep
(ae—1)/2, where 0 <A< 7/< o, we get the class R% (7,6,A) introduced by Cakmak
etal [12].

Let # (o, 3,7) denote the class of functions & € .7 such that

R (W (z) +azh"(2) +v2h" (2)) > B (=y=0,0< B <1).

The class # (o, B,7) was considered by Ali et al. [9]. we note that the class # (o, 3,0)
introduced by Gao and Zhou [19] for B < 1 and o > 0. The class # (o.,0,0) studied
by Chichra [13] and #/(1,0,0) are starlike in D proved by Singh and Singh [40].

The Bohr phenomenon was reappeared in the 1990 due to the extensions to holo-
morphic function in C" and to abstract setting [7]. Under this framework, Boas and
Khavinson [11] found bounds for Bohr’s radius in any complete Reinhard domains.

Let A be the class of analytic functions f in D such that |f(z)| < 1 forall ze D,
and let By ={f € % : f(0)=0}. In 1914, Bohr [10] proved that if f € # is of the
form f(z) = Y;_ganz", then the majorant series My (r) = X, |an||z|" of f satisfies

=

My (r) = Y lan||z" < 1= |ao| = d(£(0),d (D)) (1.3)

n=1

for all z € D with |z] = r < 1/3, where fy(z) = f(z) — f(0). Bohr actually ob-
tained the inequality (1.3) for |z| < 1/6. Later, Wiener, Riesz and Schur, indepen-
dently established the Bohr inequality (1.3) for |z| < 1/3 (known as Bohr radius for
the class #) and hence proved that 1/3 is the best possible. Moreover, for ¢,(z) =
(a—2z)/(1 —az) (0<a< 1), itconcludes that My, (r) > 1 if andonly if > 1/(1+42a),
which for a — 1 shows that 1/3 is optimal.

In recent years, Bohr inequality and Bohr radius have become an active research
field in the theory of univalent functions. The Bohr’s phenomenon for the complex-
valued harmonic mappings have been widely studied (see [1, 2, 4, 3]). In 2016, Ali
et al. [8] studied Bohr radius for the starlike log-harmonic mappings. In 2021, Liu
and Ponnusamy [33] established a version of multidimensional analogue of the refined
Bohr inequality. Bohr-type inequalities for harmonic mappings with a multiple zero at
the origin have been discussed by Huang et al. [22]. The Bohr radius for intriguing as-
pects, such as, locally univalent harmonic mappings, lacunary series, k-quasiconformal
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mappings have been extensively researched in [23, 25]. For more various of classes and
Bohr’s phenomenon for harmonic mappings, we refer the reader to [6, 18, 27, 32, 42]
and the references therein.

In 2017, Kayumov and Ponnusamy [24] derived a modified version of Bohr in-
equality for analytic functions as follows.

THEOREM A. Let f(z) = X5 _qand" be analytic in D, |f(z)| < 1 and S, denote
the area of the disk |z| < r under the harmonic mapping f. Then

S

- 16 /S, 1
B (r) ::ngz)|an|r"+? (;) <1 for r< 3

and the values 1/3 and 16/9 cannot be improved. Moreover,

S 8 (S 1
By(r) :=|ao|* + Y Jan| "+ < (—) <1 for r< =,
P 9\« 2
and the values 1/2 and 8/9 cannot be improved.

Similar to Bohr radius, Bohr-Rogosinski radius has also been defined (see [39])
which is described: If f € %, then for N > 1, we have [Sy(z)| < 1 in the disk D,

and this radius is sharp, where Sy(z) = ¥N_,a,z" denotes the partial sum of f. There
is a relevant quantity, which we call the Bohr-Rogosinski sum R-,’:,(z) of f defined by

=3

Ri(2) = 1f@)|+ Y lan| " (2] =7). (1.4)

n=N

It is important to note that for N = 1, the quantity (1.4) is reduces to the classical
Bohr sum in which f(0) is replaced by |f(z)|. In 2017, Kayumov and Ponnusamy [24]
proved the following interesting result on Bohr-Rogosinski radius for analytic func-
tions.

THEOREM B. Suppose that f(z) = ¥;_an" is analytic in the unit disk D and
[f(z)] < 1 in D. Then

If(2)|+ Z lan| " <1 for r <Ry,
n=N

where Ry is the positive root of the equation
21+ = (1-r*) =0.

The radius Ry is the best possible. Moreover,
F@P+ Y lal " <1 for r <R,
n=N

where R) is the positive root of the equation

(1+r)~N —(1-1) =0.
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The radius R}y is the best possible.

In this paper, we mainly deal with the functions f = h+g € #° of the class
#3,(a, B,y) whichis defined by the third-order differential inequality (1.2). In Section
3, we exhibit the close-to-convexity, coefficient bounds, growth estimates, and sufficient
coefficient condition of the class #, (e, ,7). Furthermore, we show that this class
is closed under convex combination and convolution of its members. In Section 4, we
establish various Bohr inequalities for the harmonic functions in a suitable fashion. In
Section 5, we give the proofs of the results.

2. Preliminary results
In order to derive our main results, we need following lemmas.

LEMMA 2.1. (See [14]) Suppose h and g are analytic in D with |g'(0)] < |1/ (0)]
and Fz = h+ €g is close-to-convex for each € (|e| = 1), then f = h+g is close-to-
convex in D.

The following Lemma (known as Jack-Miller-Mocanu Lemma) contributed by
Miller and Mocanu [34, p.19] or [35, p.290].

LEMMA 2.2. Let 0(z) = cp" + 12" + -+ be analytic in D with c,, # 0,
and let 7o # 0 be a point of D such that

| (z0)] _|I\m|l)§|‘w( )|

Then there exists a real number k (k > m > 1) such that

/ "
D) _p g (1 + 29 %) (Z°)> >k
o (20) o' (20)

LEMMA 2.3. If fe W (o, B,y) with aa>y>0, then R(f'(z)) >B (0K B < 1),
and hence f is close-to-convexin .

Proof. If f € W (o,B,y), then R(y(z)) > 0, where w(z) = f'(z) + azf"(z) +
yz2f" (z) — B. Let w be an analytic function in ID such that w(0) = 0 and

14+ (1 -2B)w(z)
() —
F@)= 1—w(z)
To prove the result, we need to show that |w(z)| < 1 for all z in D. If not, then by
Lemma 2.2, we could find some & (|| < 1), such that |w(&)| =1 and Ew/(§) =
kw(€), where k > 1. Since

L1 =2B)w(E) | 20k(1—B)w(E)
9“‘”’”‘“( W@ 1-w@)P
21 B) - ((1=w(&)Pw"(&) +2(1 = (&) W (€))’)
* T W@ P
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g 2R+ (1-wA(E)) | 2y () aw(E) 4y (§))
- m( Q—w@)? (-w(E)? W’(é)+(1—w(5>>3>
Lo [AkRO(E) 1) Avk(k— D)(R(w(E)) - 1)

= ﬁ)( T 1T w(&)

)
L 2R (w2 (E) + 72 () —83(w(E)) +6)
[1=w(E)[°

for |w(&)| = 1. This contradicts the hypotheses. Hence, |w(z)| < 1, which leads to

R(f'()>p. O

3. Properties of the class of %/, (a,,7)

This section is devoted to the results required to obtain the members of close-to-
convexity, coefficient inequalities and growth estimates between the classes %% (ot, B, 7)
of harmonic mappings and the class # (o, ,7) of analytic functions.

Firstly, we derive a sufficient condition for f € .7 to be close-to-convex.

THEOREM 3.1. The harmonic mapping f =h+g € 7/}0{0((1,[5,)/) if and only if
F:=h+ege ¥ (o, pB,y) foreach € (|e| =1).

THEOREM 3.2. The functions in the class # 3, (o, B,7) are close-to-convexin D.

The following results provide sharp coefficient bounds for the functions in
Wy (o By).

THEOREM 3.3. Let f=h+g € # (o, B,7y) be of the form (1.1) with by = 0.
Then for n > 2, we have

1-p
by| < . 3.1
& y3 + (o0 —3y)n2 + (1 —a+27)n G-
The result (3.1) is sharp for the function given by
1—
f(z) =z+ P 7" (3.2)

yn3+ (e —3y)n?+ (1 — oc—i—Zy)nZ
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THEOREM 3.4. Let f =h+3 € # (., B,y) be of the form (1.1) with by = 0.
Then for n > 2, we have

2(1-p)
|an| + |bn| < n3 + (o —3y)n2+ (1 — a+2y)n’
2(1-P)
Han\—‘bnugW3+(a_3yn2+(1—a+2y)n’
@] < 2(1-P)

3+ (a0 —3y)n?+ (1 —a+2y)n’

All these results are sharp for the function

2(1—ﬁ) n
_Z+nzzyn3+ (oc—3y)n2 4 (1 a+2y)nz' (3-3)

The following result gives a sufficient condition for a function f belonging to the
class # (.. B, 7).

THEOREM 3.5. Let f =h+3g € ", where h and g are of the form (1.1). If

=3

2 (14 (n—1)(o+y(n—2)](|as| + |ba|) < 1—B, (3.4)

then f € Wy (a,B,y).

COROLLARY 3.1. Let f=h+g€ #°, a>1and 0< B < 1.1If
En 3—n+a(n—1)](lan|+[ba]) <2(1-B),

then f € W3 (a,B,(a—1)/2).

The following result gives sharp growth theorem for the class #3,(ct, B, 7).

THEOREM 3.6. If f =h+g € # (. B,7), then

3 (1" (1 =Bzl
‘Z|+2n§,2'yn3+(a—3'y)n2 (1—06+2y)n<|f(z)| N
(1—B)l)" (3-5)

2 .
<ld+ zyn S (a3t (1—at2yn

Both the inequalities are sharp when

or its rotations.
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Finally, we shall prove that the class #, (e, B, 7) is closed under convex combi-
nations and convolutions.

THEOREM 3.7. The class #,(a,B,Y) is closed under convex combinations.

THEOREM 3.8. If functions fi and f> belong to V/jof(mﬁm), then f1* f> €
(0, B, 7).

THEOREM 3.9. Let f € # (o, B,y) and ¢ € o with R (@) > %for z€D,
then f%¢ € Wy (0, B,Y).

COROLLARY 3.2. Suppose that f € W (a,B,y) and ¢ € K, then f*¢ €
(0, B.7).

REMARK 1. (1) The process of the proofs of the results in this section we can
refer to references Liu and Yang [31], Yasar and Yal¢in [45], Ghosh and Vasudevarao
[20] and Rajbala and Prajapat [38].

(2) As an application, we also can construct harmonic polynomials involving
Gaussian hypergeometric function which belong to the considered class % (c, 3, 7).
The method can be found in Yasar and Yal¢in [45] and Rajbala and Prajapat [38], we
omit it here.

4. Bohr’s phenomenon for the class 7', (o, 3,7)

The main aim of this section is to study the Bohr phenomenon for the class
W9 (o,B,y) for ¢ >y >0 and 0 < < 1. We find the improved Bohr radius as
well as Bohr-Rogosinski inequality for functions in the class # (e, 8, 7). In this sec-
tion, we state the main results of the paper, and in next section, we shall give the proofs
of main results.

Before stating the main results, we recall the definition of polylogarithm. The
polylogarithm function Lis(z) is defined by the power series, which is also a Dirichlet

n

series in s, Lis(z) = X, & (|z| < 1) is valid for arbitrary complex order s. It can
be extended to |z| > 1 by the process of analytic continuation. The special case s = 1
involves Taylor series of the ordinary natural logarithm, Li;(z) = —log(l —z), while
the special cases s =2 and s = 3 are called the dilogarithm (also referred to as Spence’s
function) and trilogarithm, respectively. The definition and the name of the polyloga-
rithm function come from the fact that it may also be defined as the repeated integral of

itself: Lig1(z) =[5 Li';(t) dt, thus the dilogarithm is an integral involving the logarithm

Lix(z) = — [ log(1 —u)% (z € C\[1,)), and so on. The polylogarithm is a special
case of the Lerch transcendent [17]. The structural properties of polylogarithms we can
refer the book [28].

Using Theorem 3.4 and Theorem 3.6, considering power of the coefficient |a,|+

|b|, we prove the following sharp Bohr radius for the class #/3,(ot,,7).
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THEOREM 4.1. Let f € # (. B,y) for a >y >0,0< B <1 be of the form
(1.1). Thenfor n >2 and p > 1,

2|+ 2 (an] +[ba]) [2" + 3 (lan] + [ba])” |2]P" < d(f(0),0f(D))  (4.1)
n=2 n=2

or |zl =r<ry(a,B,y) :=r,, where r, is the unique root o
P Y p P q

- 2(1-p)r" - 2(1-p)r" P
+n§’2 yn3 + (o —3y)n2+ (1 — o+ 2y)n +n§2 (yn3+(oc—3y)n2+(1 - a+2y)n)
- 20-B)(=n""!

=1+ .
Z’zyn3+(a—3y)n2+(l—a+2y)n

4.2)

Here ), is the best possible.

For particular choices of o =2, B =0, y=1/2 and p =2, we have the following
corollaries of Theorem 4.1.

COROLLARY 4.1. Let f € #9,(2,0,1/2) and be of the form (1.1). Then for |z| =

o+ iaan T bal) " + iw bl P < d(£(0), 8 (D))

SJor r <rp(2,0,1/2) :=ry = 0.585660, where ry is the unique root of the equation

16log (1—r?)

220

4l“(%+3) Li (1) ~8Lis () +4Lis ()~ + 1610g (1) ~

I

4(r—1)log(l—r) _3_n_2+810g2=0
3

+4Lix(r) +r—2(rn+2)+

r

in (0,1). Here ry =~ 0.585660 is the best possible.

COROLLARY 4.2. Let f € #3,(2,0,1/2) be of the form (1.1). Then for |z| =r,
2l + Y, (|an| + [Ba])? 2" < d(£(0),0.f (D))
n=2

for r <r5(2,0,1/2) :=r; =~ 0.713982, where r5 is the unique root of the equation

r+4

4 (%2 + 3) Li, (r*) — 8Li3 (r*) +4Lis (r*) — r* + 161og (1 — %)

16log (1—7?) n?
- —20) -3- 2 4 810g2 =0

in (0,1). Here rj ~0.713982 is the best possible.
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REMARK 2. For a particular choiceof « =2, B =1/2, y=1/2 and p =2, we
obtain r,(2,1/2,1/2) ~ 0.737687; For « =2, B =0, y=1/2 and p = 3, we get
r3(2,0,1/2) ~ 0.593252.

THEOREM 4.2. Let f € # (. B,y) for a >y >0,0 < B <1 be of the form
(1.1). Then for n > 2,

F@I+ X (lan| + [bal)l2]" < d(£(0), (D)) (4.3)
n=2
Jor |zl =r <¥(o,B,7y) :=T, where ¥ is the unique root of

4(1-p)r" 1-B)(=1)""
+nz’2yn3+ (a=3y)n2+(1—o+2y)n _nzzyn3+ (oe— 3y) 24+(1— OH—Z)/)

Here 7 is the best possible.

For a particular choice of o, 3, v, we have the following corollary of Theorem
4.2.

COROLLARY 4.3. Let f € #3,(2,0,1/2) be of the form (1.1). Then for |z| =r,
f @1+ X (lan| + [Bal) 2" < d(£(0), /(D))
n=2

for r <7, = 0.521468, where 7, is the unique root of the equation

8(r—1)log(l—r) n?

8Lir(r)+r—4(r+2)+ —?—3+8log2:0
r

n (0,1). Here 7. ~ 0.521468 is the best possible.

THEOREM 4.3. Let f € # (. B,y) for a >y >0,0 < B <1 be of the form
(1.1). Then for integers m > 1, n,N > 2, we have

£+ Y, (Jan] + [ba])|2]" < d(£(0),0 /(D)) (4.4)
n=N
for |zl =r < Run(a,B,Y) :=Run, where R,y is the unique root of
RS 2(1-p)r™ S 2(1-pB)r"
' +n§2 3+ (00— 3y)n? + (1 — o+ 27)n ngzm3+(a—3wn2+(l — ok 2y)n
N 2(1-p)(=n"! _o.

Sy + (a—=3y)n*+ (1 —o+2y)n

Here Ry, y is the best possible.



A NEW SUBCLASS OF CLOSE-TO-CONVEX HARMONIC MAPPINGS 775

THEOREM 4.4. Let f € V/jof(mﬁm) Joraa>y>=0,0<B <1 begivenby (1.1).
Then

(i)
o s,
2|+ D (lan] + [ba]) [2]" + — <d((0),9f(D))
n=2
for |z =r <rs(a,B,y) :=rs, where ry is the unique root of the equation
< 2(1=p)r"
2
d +r+n:2 3+ (e —3y)n?+ (1 —a+2y)n

=

4(1—B)nr*
2 ynd + (a—3y)n?>+ (1 —a+2y)n
n=2
T () (o)
Sy + (o =3y + (1 —o+2y)n

n (0,1). Here ry is the best possible.
(ii) ,
; 5,
R + 3, (a + 0+ (5 ) <a(r0),070)

n=2

forlz|=r< I’;(Ol7ﬁ7 Y) = ry, where 1} is the unique root of the equation

<r+ : 21-B)r )2
=y + (o0 =3y)n> + (1 —o+2y)n

oo

N 21 )7
=P+ (a=3y)n>+ (1 —o+2y)n

41— B ’
(r +2 [yn3 + (. —3y)n? (1—a+2y)n}2>

(l—ﬁ)(—l)n_1
a _,722)/1134— (ot —3y)n2+ (1 — o +2y)n

=0
n (0,1). Here r} is the best possible.

For particular choices of o, 3, v, we have the following corollary of Theorem
4.4.

COROLLARY 4.4. Let f € V/jof(mﬁm) be given by (1.1). Then
(i) fora=2, B=0, y=1/2,

A+ 3, (el + b "+ < a(7(0), 97 (D))

n=2
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for |z| = r <7#¢(2,0,1/2) := iy = 0.451007, where it is the unique root of the
equation

)
(=5 8) L (2) 1600 (2) 4t -3+ 1220

4(r—1)log(1 — 2
(r=1)log( r>—%+61+810g2:0

—4810g(1—r2)+r—2(r+2)—|— p

n (0,1). Here iy =~ 0.451007 is the best possible.

(i) for a =2, B=0, y=1/2,

I S 2
R + 3, (a + 0+ (5 ) <a(r0),270)

for |z| = r <¥#(2,0,1/2) :== ¥y = 0.566259, where iy is the unique root of the
equation

2

)
4810%#—48105; (1-r7) +64

l4 (—%—8) Lip (r*) +16Li3 (r*) =37+

+4Lin(r) + [—4Li2( )t (‘—‘ —4) log(1 —r)—|—4]2

4(r—1)log(l—=r) m*

r

—2(r+2)+

—3+48log2=0
n (0,1). Here iy = 0.566259 is the best possible.

THEOREM 4.5. Let f € W}%(a,ﬁ,y) be given by (1.1).
(i)
|z + ()| + Z |an||2]* < d(f(0),df(D))
n=2
for |zl =r < (o, B,y) := ry, where 1y is the unique root of the equation
4(1 —ﬁ)'”
2 _
r+2yn3+ (a—3y)n2+ (1 —o+2y)n

5 2(1-B)(=1)"! _
=+ (a=3yn>+(1—a+2y)n 0 “-5)

in (0,1). Here ry, is the best possible.
(ii)
o]+ lg(z |+2|b ||z" < d(£(0),9f(DD))
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for |z =r <rg(at,B,y) :=rq, where rq is the unique root of the equation
S 2(1-p)r"
=y + (o0 =3y)n>+ (1 —o+2y)n

I S () [V
=+ (=32 + (1 —o+2y)n

r—+

(4.6)

n (0,1). Here r, is the best possible.

REMARK 3. For more calculations, the radii are r,(2,0,1/2) ~ 0.331050,
m(2,1/2,1/2) =~ 0.404384, r,(2,0,1/2) =~ 0.671758, re(2,1/2,1/2) ~ 0.787798.

REMARK 4. The results in this section yields the results of the class #/),(c,0,0)
in [5].

5. Proofs of the main results

Proof of Theorem4.1. Let f € #,(a,B,7) be givenby (1.1). Then, by Theorem
3.4 and Theorem 3.6, it is evident that the Euclidean distance d(f(0),df(D)) between
f(0) and the boundary of f(D) is

i 2(1-B)(=1)""!

d(£(0),0/(D)) = liminf|f(z) = F(0)] > 1 T A (a—3ymi+ (1—at2pn’

5.1
Let ©; : [0,1] — R be defined by
B 2(1-B)r"
r+n22yn + (o =3y)n2+ (1 — o +2y)n
: 20—y ’
Z‘( n3 + (o — 3y)n? (1—a+2y)n> (5:2)
S 201 B)(-1)"!

Sy + (a—=3y)n+ (1 —o+2y)n’

Clearly, the function ©(r) is continuous on [0, 1] and differentiable on (0,1). Since

> (L-p)=n~! 1
S+ (a=3yn?+ (1—o+2y)n| =~ 2
we get
0:1(0)=—1- 2(1—B)(=1)""! o

Sy + (a—=3y)n>+ (1 —o+2y)n
On the other hand, since for n > 2,

: 1B : (1-B)(-1)!
Zayn3+(oc—3y)n2+(l—oc+2y)n >,§2yn3+(oc—3y)n2+(1 —o+2y)n’
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it follows that

- 2(1-B) < (1-B)r
o= ;2 e a—3+(1—a+2pn 217"22 [yn?+(o=3y)n*+(1—0+2y)n]”

S 21— B)(~1)"!
Z (e —=3y)n*+ (1 —oa+2y)n

2
3 (1-B)”
g Yn3+(a_3y)n2+(1 _a+2)/)l’l}2 > 0.

Therefore, ©;(0)©;(1) < 0, and then, by the intermediate value theorem, the function
O (r) hasroots in (0, 1). In order to show that ©;(r) has exactly one root in (0,1), it
is sufficient to show that ©; is strictly monotonic function in (0, 1). It follows that

B 2(1—B)nr!
=1t 2 S ynd + (o0 =3y)n? + (1 —a+2y)n

L§ mpyaer
= 3+ (a—3y)n?+ (1 — a+2y)n)?

>0

for all r € (0,1), which shows that ®;(r) is strictly increasing function. Therefore,
©1(r) has aunique rootin (0,1), say r,(o, B,y) :=rp. Thus, the function ©; (r,) =0
and hence from (5.2), we obtain

- 21— By - 20(1— By
ot 2, 3+(a—3y)n2+(li —o+2y)n +n§‘2 [J/n3+(06—3)/)n2+(1p—06+2Y)n]p
LS 20-p)en!

Sy + (o —=3y)n+ (1 —o+2y)n’
(5.3)

To show that r, is the best possible, considering the function f = f(4 g ,) defined by
(3.3). It holds for the function f(4 g 4) € 7/}03&(05,[3,)/) and for f' = f(q.p,y) and

1-B)(—1)"!
d(/(0).9 =1 Z Ly’ + ( oc( 3y)ﬁ)( (1)—a+2y)n' (54

It is obvious that

= 2(1—B)r < 2”(1—ﬁ)”""”
+n§‘2yn3+(oc—3y) +(1—o+2y)n Z (yn3 + (= 3y)n2+ (1 — a+2y)n)?

2= B)(-1)"!
S +2yn3 (o0 —3y)n2+ (1 —a+2y)n

for r <rp. Depending on (5.3) and (5.4) for the function f = f(4 5.4 and r=rp, we
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show that ~ ~
e+ Y, (lanl + [bal) [2" + Y, (|an] + |bal)? |2
n=2 n=2
— i 2(1—-P)r
=y + (o =3y)n?> + (1 —a+2y)n
5 2(1- e
S (ynd + (e =3y)n? + (1 — a+2y)n)P
hind 2(1—
- (1-p)r

=y + (00— 3y)n? 4 (1 — o+ 2y)n
i 2”(1—[5)”er
[yn3 + (o0 = 3y)n2 + (1 — a +2y)n]P
R 2(1-B)(=1)"!
2 Y ynd + (o0 —3y)n + (1 — o+ 2y)n
(f( ),df(D)).

Therefore, 7, is the best possible. The proof of the theorem is completed. []

Proof of Corollary 4.1. Let f € # 3, (a,B,y) be given by (1.1). Then in view
of Theorem 3.4 and Theorem 3.6, and (5.1), for |zl =r and ¢ =2, =0,y=1/2, we
obtain

= = - A
n 2 n
21+, (lanl + 1) 2" + X, (lan] + [bal)* 2" < 7+ —+2< ) :
n=2 n=2

= n3 + n2 = n3 + n2
(5.5)
It follows that
= 4r"t o 4t & i
E‘Zn3+n2_n§’2n2 n2 n2n

7 4 r2
:—4r+42 | —= - +2 +4r—4

4 2
= —4r+4Liy(r)+ - [—% —r—log(1 —r)] +4r+4log(l—r)
r

S|y

s

CALin(r)—2(r42) + 2= l)lrog(l -

On the other hand, we see that

> 45" 2 = 162" > 32r >
| = +

= 16 64r2"
+n§2(n+1)2+n§2n+1'

64
) n

Mx
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By the definition of dilogarithm function Liy, it follows that

< 16 2n
3 n’; = —16/% + 16Lis(r?),
n=2
oo 22n
2—32 =327 +32Li3(r?),
n=2 n
> 4 2n
Y irz = 4877 +48Liy (1?),
n=2
Y -2 — 642+ 64log(1— ),
n=2
= 1652 16 i 2
S Li, (2
P2y raye r2{ N ‘2(’)}’
o o64r 64 o, )
== |-—=—r—log(1-r)]|.
}Z‘zn—f—l ,,2[ 2 og ( r)}

Therefore, by (5.6), we deduce that
i 45" 2
n=2 I’l3 + I’l2
= [~16r* + 16Lis(*)] + [32r* + 32Li3 (r*) + (—48r* + 48Lir (7))

16 r* _ 64 [ r*
+ [64r2—|—64log(1 —r2)] + ol [_Z —r?+Lip (rz)] + ol [—3 —r2—10g(1 —r2)

=4 l4 (%2 + 3) Liy (r*) — 8Li3 () +4Lis (*) — r* + 16log (1 — 1?)

)
_16log(21 r)_20‘|.
r

Hence, from (5.1) and (5.5), we get
< n = 2 n
2l + Y, (fanl +Bal) [2l" + Y, (Jan] +Ba]) 2]
n=2 n=2

1 . . .
:4[4 (72 +3) Liy (%) — 8Lis (1) + 4Lis () — 2 + 161og (1 — 1)

16log (1 —r?)
——

n 4(r—1)log(1 —r)'

—20| +4Li(r) +r—2(r+2)
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Furthermore, we show that
1 . 2 . 2 . 2 2 2
4[4 (r—2+3)L12 (r*) —8Li3 (r*) +4Li4 (r*) — r* + 16log (1 — )

16log (1—r?)
——

4(r—1)log(l —r)

—20| +4Lip(r)+r—2(r+2)+

2
<1+ <2+?—8log2)
for r < r(2,0,1/2) := ry, where r, =~ 0.585660 is a root of Fi(r) =0 in (0,1) and
Fy :]0,1] — R is defined by
1
Fi(r):=4 [4 (72 - 3) Li, () — 8Li3 (r*) +4Lis (r*) — r* + 161og (1 — 1)

16log (1 —r?)
-

L 4(r— l)lrog(l —r)

—20| +4Lix(r) +r—2(r+2)

2
—3—%+8log2.

An analogous calculation as in the proof of Theorem 4.1, we can show that the function
Fy(r) has the unique root r, ~ 0.585660 in (0,1). Hence, it yields

16log (1—73
4[ (543 ) s (3) 80 (2) #4114 (3) -+ 1610g (1-17) - 122012 —20]
2 rs
— _ 2
FALip() + 12— 2 2) 4 12 l)iog(l ) —3—%+8log2=0,
2
or equivalently,
16log (1—73
4 l4 ( l +3) L12 (1’2) 8L13 (1’2) +4L14 (rz) —r +1610g(1 1’2) 6 Og(2 }"2) _20‘|
)

4(rs— 1) log(1 — 2
L ALiy(r) 42— 2(m +2) + (r2 )rog( ) _ g, <2+%—810g2).
2

(5.7)

To show that r, is the best possible, considering the function f = f(5¢,1/2) defined by

n

o 47
f201/2)(@) = z+n§2m. (5.8)

In view of (5.1), we see that
n 1 2

d(f(0),9 —HZ2 3+n 1+ <2+%—8log2). (5.9)
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By (5.5), (5.7) and (5.9), for f = f(20,1/2) and r =ry , it implies that

< n < 2 n
2l + 3, (lan] + [Bal) [2" + X, (|an] + [Ba])* |2
n=2 n=2

=r+4

4 (%2 + 3) Lis (r3) — 8Li3 (%) +4Lis (r3) — 13
2

16log (1 —r2
+16l0g (1— )~ Joloe1=r3) o,
)
4(rr, — 1) log(1 —
+4Li2(7’2)2—2(7‘2+2)+ (1’2 )r g( 1’2)
2

71'2
=1+ <2+?—810g2>

=d(f120,1/2)(0),9f12,0,1/2)(D)).
Therefore, r, is the best possible. [

Proof of Corollary 4.2. Let f € #3,(ct,B,y) be given by (1.1). Then in view of
Theorem 3.4 and Theorem 3.6, and (5.1), for |zl =rand ¢ =2, f =0, y=1/2, we
obtain
e 16r2n

A+ S (el + ol PP < r 3 167
2 2y

—4

4 (rlz + 3) Lis (%) — 8Li3 (r*) +4Lis () +r— 1

16log (1 -2
+1610g(1—r2)—%—2o].

(5.10)

Without loss of generality, we show that

r+4

4 (%2 + 3) Li; () — 8Li3 (%) +4Li4 () — r* + 161og (1 — 1*)

B 16log (1—r?)

—-20
2

TL'2
<1+ <2+?—810g2>

for r < r3(2,0.5,0) :=r3, where r; ~ 0.713982 is a root of F>(r) =0 in (0,1), and
F>:[0,1] — R is defined by

Fy(r) =44 (%2 + 3) Liy (r*) — 8Li3 (1) +4Lis () +r—r°

2
+l6log(l—r2)—w

Iz

2
—-20 —3—?+8log2.
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By using the same argument as the proof of Theorem 4.1, we see that F>(r) has a
unique root 75 ~ 0.713982 in (0, 1) and rj is the best possible. [

Proof of Theorem4.2. Let f € # ). (a,B,7) be given by (1.1). Then in view of
Theorem 3.4, Theorem 3.6 and (5.1), for |z| = r, we obtain

I+, (lanl + [bal) |2

n=2

2(1=PB)lzl" S 2(1=PB)lzl"
‘ZH—Z 5 ynd + (00— 3y)n? + (1 —a+2y)n ng’zyn3+(a—3y)n2+(l—a+2y)n
- 40y

=y 4 (= 3y)n 4+ (1 —a+2y)n’
(5.11)

Furthermore, we know that

: 41— ) 2 20— B)(~1)"!
+n§‘2 yn3 + (o —3y)n2 + (1 — o+ 2y)n S l+n§‘2 3+ (o —=3y)n2+ (1 — a+2y)n

for r <7(o, B,y) :=7, where 7 is aroot of ©,(r) =0 in (0,1) and ©,: [0,1] = R is
defined by

= 4(1—B)r"
Oalr) = r+n§z i+ (e =3yn?+(1—a+2y)n
- 2(1-p) (=1

=y + (a—=3y)n+ (1 —o+2y)n’

By observing that ©,(r) is continuous on [0, 1] and differentiable on (0,1),

< 2(1-B) (="
00 =12 s 3t (a2
and
- o _ _1\n—1
o) § 4(1-p §_ 20-pCD

)

Sy + (=3 + (1—a+2y)n S ynd+ (o0 —3y)n? + (1 — o+ 27)n
)
(

\ 4-2(-1)Ha-p)
=y + (o0 =3y)n> + (1 —o+2y)n

thus, ©, has arootin (0, 1). By noting that

(1—13) !
M =1 0 forn =2, 5.12
+Z)/n3+ (oc —3y)n? (l—oc+2y)n> orn (5.12)
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the function ©,(r) is strictly increasing function in (0, 1). Therefore, the function ©;
has a unique root 7 in (0, 1), thatis ©,(7) = 0, or equivalently,

~ 4(1-B)7™ d 2(1—B)(—=1)"1
. (1-p) 4§ 2B |
=y + (o =3y)n? 4 (1 —a+2y)n Sy + (a—=3y)n? + (1 — o +2y)n
(5.13)
To show that 7 is the best possible, we consider the function f = f(a.p,y) defined by
(3.3). Clearly, the function f(4 g, belongs to the class #3 (o, B,y). By means of
(5.4),(5.12) and (5.13), for f = faﬁ# and r =7, we see that

n_ 4(l_ﬁ)w

flopn(z |+Z (Ietn] +1Ba]) Iz r+nzzyn3+ (o0 =3y)n?+(1— OH—Z)/)
_ 21 -p)(=D""

1+2yn 3+ (a—3y)n*+ (l—a+2y)n

d(f(0),0f(D)).

This shows that 7 is the best possible. [

Proof of Corollary4.3. Let f € #,(c,B,y) be given by (1.1). Then for o =2,
B =0, y=1/2,in view of Theorem 3.4, Theorem 3.6 and (5.11), we obtain

o 0 Zrn
7@+ 2 el +1bal) [l < r+4 2 525, (5.14)
n=

n=2
it follows that
o 2" 27 &2

> 21

n=2 n=2 n

i ) r gy - "
=-2r4+2) 5 +=| -5 - — | +2r-2Y —
r+ Zn2+r< 5 r+n§,ln>+r Zﬁ"

n=1

n2

2 2
= —2r+2Liy(r)+ - [—% —r—log(1 —r)] +2r+42log(l —r)
r

2(r—1)log(l —r)

= 2Li2(r) — (r—|— 2) + ’

On the other hand, we know that

S 2(=1)"! n’
————=14+——4log2.
n; n3 +n? - 6 o8
In view of (5.1) and (5.14), we have
2(r—1)log(l—r)

r

|+2 \an| + |ba)) |2]" < r+4 | 2Lia(r) — (r4-2) +
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Moreover,

r+4 [2Li2(r) —(r42) 4 2r=Dioed _r)] <142 (1 + %2 —410g2) :

r

for r <7.(2,0,1/2) :=T7., where 7, is arootof F3(r) =0 in (0,1) and F3:[0,1] = R
is defined by

F(r):=r+4 [ZLiz(r) —(r+2)+ 2(r— 1)log(l —r)] —1-2 (1 + %2 —410g2>

r

—1)log(1 — 2
8(r—1)log( r)_%_3+810g2.

=8Lip(r)+r—4(r+2)+ .

By using the same argument as in the proof of Theorem 4.2, we can show that F3(r)
has a unique root 7, = 0.521468 and 7. ~ 0.521468 is the best possible. [J

Proof of Theorem4.3. Let f € #),(a,B,7) be givenby (1.1). Then, by Theorem
3.4, Theorem 3.6, and (5.1), for |z] = r, we obtain

Z (lan| + [Ba]) [2]"

=

<Pt i 20— Pt .3 2(1- Bl

S+ (a=3y)n?+(1—a+2y)n S+ (a=3y)n>+(1—a+2y)n

oS 21— B)r .S 21 B)r
Sy + (=37 + (1—a+2y)n S+ (a=3y)n>+(1—a+2y)n’
(5.15)

It follows that

S 2(1=p)r™ 2(1-p)r

m+ +
" A a3yt (I-a+2y)n ,,;wn3+(a—3y)n2+(1—a+2y)n
n—1

20 =p)(=D"
1+2Yn 3+ (a—=3y)n2+ (1 —o+2y)n

for r < Ry (o), where Ry n(0t) is aroot of ©3(r) =0 in (0,1), and ©3:[0,1] - R
is defined by

2(l—ﬁ)r’""
_rm
+nz’2)/n3—|— (ot —3y)n2+ (1 — o +2y)n
S 2(1-p)r"
+n§’\, yn3 + (o —3y)n2+ (1 — o+ 2y)n

(1—13)( !
_nzzyn3+ (o —3y)n2+ (1 —a+2y)n’
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We deduce that ©3(0)©3(1) < 0. Further, ©3(r) is strictly increasing basing on the
fact that

d 2(1 — B)mnrmn—1

@/ — m—1
3(r) =mr +n§'2yn3 + (o =32+ (1 —o+2y)n

& 2(1 —B)n!
> 0.
+n§]’\, 3+ (o0 —=3y)n2+ (1 — o +2y)n

The function O3 is differentiable and strictly increasing on (0, 1), which asserts that
O3(r) has a unique root in (0,1), say R, n(o,,Y) := Run. Therefore, we have
O3(Run) =0, or equivalently,

I 2(1- BRIy > 2(1=B)R,, n
’”’N+,§‘ ynd + (e —3y)n?+ (1 —a+2y)n H§Yn3+(a—37’)n2+(1—0‘+27’)”
+Z (l—ﬁ)(—l)”‘1

= ynd+ (e —=3y)n?+ (1 —a+2y)n
(5.16)

To show that Ry, v is the best possible, we consider the function f = f4 g ) defined
by (3.3). In view of (5.4), (5.15) and (5.16), for f = f(4 .y and z= Ry n, we obtain

oo

flap @)+ X (lan] +[ba]) [2]"

n=N
2(1- ﬁ)RZTN

_RmN+,12'27"3+ (ot —37)n2+ (1 —a+2y)n
hnd z(l—ﬁ)R"m,N

+Z;\,yn3+(06—37)"2+(1—a+27’)”
+Z (1—13)( !

S+ (o =3y)n> + (1 — o +2y)n
=d(f(a,p.9)(0),9fiap.y (D))

This shows that R, y is the best possible. []
Proof of Theorem4.4. For f € %3, (o,B,7), the Jacobian of f is given by

@) = QP =A@ = K@) g (@)

It is well-known that (see [15, p.113]) the area of the disk D, := {z € C: |z] < r} under
the harmonic mapping f =h+g is

S‘// i)y = // WG >|>dxdy—n2 (lanl + [Ba]) (1] = [l

(5.17)
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In view of Theorem 3.4, and (5.17), we have

—=—// WP~ |8 ()P) dxdy

=r 4+ Zn(|an\2—|bn|2) 2 (5.18)
n=2

2 < 4(1—B)*nr™
=r .
noo [y + (o= 3y)n2 + (1 — o+ ij)n}2

(i) By virtue of Theorem 3.4, Theorem 3.6 and (5.18) for |z| = r, we obtain

Sy 2(1—[5) "
nl +1bal) 2" +
|Z|+’§,2 \a |+ |)|Z‘ +nz42),n3_|_ (o — 37) F(1—a+2y)n

+r2+i 4(1— B)2nr™ .
na [ynd + (= 3y)n?+ (1 — o+ 27)n]2

(5.19)
Moreover,
- 2(1-p)r"
2
g +r+n,2 ynd3+ (o =3y)n> + (1 —a+2y)n
i 4(1 —ﬁ)znrzn

[yn3 + (0= 3y)n2 + (1 — o+ 2y)n]

2
e 200 =p)(=n"!
s Hngz yn? + (o =3y)n? + (1 —a+2y)n

for r <r¢(o,B,7y) :=rg, where ry is the root of ©4(r) =0, where ©4: [0,1] — R is
defined by

2(1=8)r"

Oslr)i=r +r+z‘zyn3+(a—3§/)nzf-)(l—oc+2y)n
& 4(1—B)’nr*" _
= [ynd + (o —3Y)n2 + (1 — a+2y)n)

—Z (I—B)( !

=+ (a =3y + (1—a+2y)n’

It is easy to see that ©4(0)O4(1) < 0 and ©/(r) > 0 for r € (0,1). Then, the function
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©4 has a unique root r¢ in (0, 1). Therefore, we have

20-ps
rf+rf+zyn3+(a 372+ (1 — o+27)n

o _ 2.,.2n

2 4(1-PB) nry (5.20)

=) [yn3 + (a0 —3y)n2 + (1 — a+2y)n)

_ . 2(1-B)(=)*!
N 1+n§‘2 y3 + (o0 —3y)n2+ (1 —a+2y)n’

To show that ry is the best possible, we consider the function f = fi4 g, given by
(3.3). By (5.4), (5.19) and (5.20), for f' = f(q g,y and r =ry, we see that

oo S,»»
|Z\+Z,2(\an|+|bn|)|1\"+—f
20—y
—’f+’f+zyn3+(a 32+ (L —at2y)n
oo 4(1—ﬂ)2nrj2c"
i [ym3 + (00— 3y)n2 + (1 — e+ 2y)n]
IS -

S ynd + (o0 —3y)n? + (1 —a+2y)n
Zd(f(m/s,y)( ), 9 f1a,p.p) (D))

Therefore, 7 is the best possible. This completes the proof of ().

(ii) In view of Theorem 3.4, Theorem 3.6 and (5.18) for |z| = r, we obtain

) Sr 2
QR + 3, (ao + ) ep+ (T )
n=2
2 (=)
<|z + 3l + b4 |z"> + 3l + o)

n=2
2.3 41— B ’
+< +nEz[yn3+<a—3y>n2+<1—a+zy>n]2>

2
- 2(1-p)r"
S <r+;’2 3+ (o —=3y)n2+(1— a+2y)n>

= 21— B)r”
+n§'2 yn3 + (o —3y)n? + (1 — o+ 2y)n

PR 41— B)nr ’
+< +n§z[yn3+<a—3y>n2+<1—a+2y>n]2> |

(5.21)
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It follows that

3 2(1-B)r" ’
=+ (o =3y)n> + (1 —o+2y)n
& 2(1=pB)r"
t L i@ Rt (a2
P 41— B)nr” ’
+< +n§z[yn3+<a—3y>n2+<1—a+2y>n]2>

S 2(1=B)(=1"!
S 1+Z'2yn3+(a—3y)n2+(l —a+2y)n

for r<rp(a,B,y) :=r}, where rj isarootof ©s(r) =01in (0,1),and ©s:[0,1] = R
is defined by

~ 2
Os(r) = <r+z 20-p)r )

=3+ (o =3y)n>+ (1 —a+2y)n

= 2(1— B)r
+n§'2yn3+(a—3y)n2+(l —a+2y)n

2 > 4(1— B)nrn ? _
+< +,,§2[7/n3+(06—3y)n2+(1—a+2y)n}2> :

g 21— B)(~1)!
=+ (a=3y)n2+(1—a+2y)n’

By using the same argument as in the proof of Theorem 4.1, we can easily show that
©s(r) has a unique root r}, and 7 is the best possible. [

Proof of Corollary 4.4. (i) Let f € # % (c,B,7y), then for |z| = r and o =2,
y=1/2, B =0, using Theorem 3.4, we obtain

i W S VL N (e
|z\+n§2(\an|+|bnl)|z\ + < +r+n§’2n3+n2+z’2(n3+n2)2'

(5.22)

It follows from (5.22) that

> 47 . 4(r—1)log(l —r)
—— =4L -2 2
§ s A

)

and ,
S A=) n
—— = —+2-—8log2.
2‘2 n3 +n? 3 + o8

n=
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On the other hand, we find that

o lert & 48
et Y
Z'z (n+1)? Z'z n+1

16nr>" o l6r & 32 & AR

> =YYty

n=2 (n3 +n2)2 n=2 n n=2 }’l2
4

:4[(—-2 —8) L12 (1’2) +4L13 (1’2) —1’2
r

| 12log (21—r2)

n

—12log (1 —r%) +16

I

Therefore, we have

— 4" +i 16nr2"
n=2”3 2 = (n3 +n2)?

P4+

=r*+r+4Li(r) —2(r+2)+4(r_ l)lrog(l =7 +4l<—r4—2 —8) Liz (%)

121og (1 — 72
2 log(1=7)

+4Li3 (r?) —r ~ 12log (1-2) +16 (5.23)

_ 2
(8 ()t () a2 00
4(r—1)log(l —r)

r

—+ 64.

—48log (1 —r%) +r—2(r+2)+
It is easy to see that

48log (1 —1r?)

4
4 <_r_2 — 8) Liy (r*) + 16Li5 (1) +4Lia (r) — 3r* + 5

4(r—1)log(l —r)

+64

—48log (1 —r2) +r—=2(r+2)+
2
<1+ <?+2—8log2>

for r <7¢(2,0,1/2) := iy, where 7y is root of F4(r) =01in (0,1) and F4:[0,1] = R
is defined by

4 48log (1 — 12
Fa(r):=4 (——2 - 8) Lis (%) + 16Li3 () +4Lia(r) — 3% + M
r T
4(r—1)log(1— 2
(r=Llog(1=r) —%+61+8log2.

—48log (1— %) +r—2(r+2)+

,

By using the standard argument as in the proof of Theorem 4.4, we can show that Fy(r)

has a unique root 7 ~ 0.451007 in (0,1), and 7 is the best possible. This completes
the proof of (i).
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(i) By Theorem 3.4, for |z| = r, it implies that

o 2
QP + 3, (ar + D+ (3 )

n=2
- 4 P 4r" & l6nr? ?
< T A _lonr™
r+n§'2”3+"2 +n§2"3+”2+ r +Z (3 +n2)?

48log (1—r?)
——

4 (—% —~ 8) Li () +16Li3 () — 37 +

+4Lin(r) + [—4Li2( )+ r+ (i —4) log(1 —r)+4}2

4(r—1)log(l —r)

791

—48log (1—1%) +64

—2(r+2)+ -
(5.24)
It follows that
4 48log (1-12) ?
[4 <_r_2 — 8) Lis (r*) + 16Li5 (1) — 3r* + —— 55—~ —48log(1- r?) +64

+4Lip (r)+ [—4Li2(r)+r+ (4—:—4) 10g(1—r)+4] ’ —2(r+2)+

2
<1+ <? +2—810g2>

4(r—1)log(1—r)

for r <#¢(2,0,1/2) :=#¢, where ¥ is aroot of F5(r) =0in (0,1) and F5:[0,1] = R

is defined by

48log (1—r?
72

Fs:= [4 (—%—8) Li; (%) +16Li3 (r*) =37+

+4Lin(r) + [—4Li2( )+r+ (i —4) log(1 —r)+4]2

4(r—1)log(l—r) =

—2(r+2)+ —?—3+810g2.

r

) —481log (1—17) +64

2

Furthermore, we can deduce that F5(r) has a unique root in (0,1). Let #; be the root
of F5(r). Then we have 7 ~ 0.566259 and 7 is the best possible. This completes the

proof of (i1). O

Proof of Theorem 4.5. (i) Let f € # . (ct,,y), then for |z| = r, by Theorem

3.4,if

- pr S (5 [ Vi
2r+2 4y + (o0 —=3y)n> + (1 —a+2y)n S 1+n§‘2 yn3 + (o — 3y)n?

+(1—o+2y)n’
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we obtain

2|+ |h(z) |+Z\an\lz\"<d( (0),0(D)). (5.25)

n=2

Let Og : [0,1] — R be defined by

4(1—[5)”'
_2r+zyn3+ (a =3y +(1—a+2y)n

5 en-pe
=+ (a=3y)n2+(1—a+2y)n’

It is not difficult to show that ©¢ has a unique root in (0,1). Let r;(ot,B,7) :=r, be
the root of O¢(r) and hence,

4(1-B)ry N 2(1-B)(-1)"!
2t Z 4 ynd+(a— 3y)n2+(1 o+2y)n 1+n§‘2 yn3+(o=3y)n*+(1—o+2y)n’

(5.26)

It needs to show that r;, is the best possible. To prove this, considering the function

= fiapy = opy T 8apy givenby 3.3). By using (5:4), (5.25) and (5.26), for
= f(a.p.y) and z = r; shows that

4(1—l3)rZ
h ol =2
2]+ o p.) (2 \+Z|a|\z| ”h+nzﬂa+a 32+ (1— o+ 29)n
1_ _lnfl
. B

S ynd + (o0 =3y)n> + (1 — o +2y)n
= d(f(a,m)( );9f(a.p.y) (D)),
which shows that r;, is the best possible. This completes the proof of (i).
(ii) Let ©7: [0,1] — R be defined by
S 2(1-p)r B
=y + (a—3y)n2 + (1—a+2y)n

S )
=y + (o —3y)n?+ (1 —a+2y)n’

O:(r):=r+

We can show that ©¢(r) has a unique root in (0,1). For convenience, we denote by
rq(0, B,7) := ry. Therefore,

- 2(1-B)r () - (1-) (=1
rg(aHZ‘z y+(a=3y)n2+(1—a+2y)n H,Z’z yr3+(o=3y)n*+(1-a+2y)n’

(5.27)
For |z| = r, by Theorem 3.3, if

2(1—ﬁ)r" S 2(1-B)(=!
+2yn3+ (ot —3y)n? (1—a+2y)n< +Z‘zyn3—i—(oc—3)/)n2—i—(1—oc—i—Zy)n
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with r <rg, we obtain
2|+ lg(z |+2 |ball2]" < d(f(0),df(D)). (5.28)

In order to show that r, is the best possible, we consider the function f = f (0,8,
defined by (3.3). In view of (5.1), it is easy to see that

> 21— p)(=1!
oyt (=37 + (1 — o+ 2y)n’ (5.29)

7)

Afiop ) (0): M iopy (D)) =1+

By using (5.27), (5.28) and (5.29), for f = f and z = r,, we know that

(,8,7)
) = 21— Py
8@+ Sl =r 3 e
oo 2(1 — -1 n—1
5 2B
Sy +(a—=3y)n? + (1 —o+2y)n

- d(f(oc B.y) ( )76f:a,ﬁ,y) (D))

Therefore, we deduce that r, is the best possible. [
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