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ESTIMATES FOR THE NUMERICAL
RADIUS OF n xn OPERATOR MATRICES

CHANGSEN YANG AND KEXIN WANG

(Communicated by M. Kian)

Abstract. We present new upper bounds for the numerical radius of n x n operator matrices
defined on a complex Hilbert space, i.e., operator matrices of the form [7;;], and illustrate with
numerical examples that these bounds are better than the existing bounds.

1. Introduction

Let 77 and J¢; be any two complex Hilbert spaces, and B (.7¢}, ) denote the
space of all bounded linear operators from the Hilbert space ¢} to 77, if 744 = 75 =
A, then we write B(J4,54) = B(). When dim s = n, B(2#) means the full
matrix algebra M,(C) of all n x n matrices in the complex field C. For T € B(.%¢),
the conjugate transpose of T is denoted by T*, T = Re(T) + ilm(T) is the Cartesian
decomposition of 7 and the matrices Re(T) = $(T+T*) and Im(T) = 5.(T —T*) are
the real part and the imaginary part of T, respectively.

Let T € B(o#), o(T) and ||T|| be the numerical radius and operator norm of T
respectively, defined as follows:

o(T) = sup{[(Tx,x)| : x € A, [|x]| = 1}

and
T = sup{[{Tx,y)| : x € A, [|x]| = ||y[| = 1}

It is well known that w(.) is anorm on B(.7), and for T € B(.%¢), the following result
1
SITl < o(T) < ITl (1.1)

holds. These inequalities are sharp. The first inequality becomes an equality if 72 =0,
i.e.,

1
o(T) =571, (1.2)

and if 7 is normal, the second inequality is an equality.
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Let o(T) denote the spectrum of T, and r(T), the spectral radius of T, defined
as

H(T):=sup{|A|: 2 € o(T)}.
Then

rn(T)<o(T) <|IT|| (1.3)
holds, and equality holds when T is normal, i.e.,
r(T)=o(T)=|T]. (1.4)

Over the years, many eminent mathematicians such as F. Kittaneh and S.S. Dragomir
and others have obtained various refinements and generalization of (1.1), to cite a few
of them are [1, 2, 3] and references therein. A more tempting question is to investigate
the upper and lower bounds of the numerical radius for 7, whichisa 2x 2 or n xn
operator matrix, we refer the reader to [4, 5, 6] as a recent work treating such operator
matrices.

Recently, Al-Dolat et al. [7] have obtained the following results for 2 x 2 operator
matrices.

THEOREM 1.1. [7, Theorem 2.7] Let 4, and 5% be Hilbert spaces and let
AeB(JA), BEB(s4,54), C< B(J4,55), and D € B(I43). Then, for t € [0,1],

AB 1 )
w([CDD <3 <||A+2a) )+ |[PAA* + BB ;|2 +||(1=1)?A4* + C*C||? )

THEOREM 1.2. [7, Theorem 2.8] Let 7, and 5% be Hilbert spaces and let
AeB(JA), BEB(5,74), C€ B(JA,75), and D € B(I4). Then for t € [0,1],

® ([é ]‘;D < % (a)(A) +20(D) +/120*(A) + ||B||*+ \/(1 —1)2m%(A) + C||2> :

In this paper, following the idea of Al-Dolat et al. [9], we establish new upper
bounds for the numerical radius of n X n operator matrices, i.e., operator matrices of
the form [7;;], and we use new methods to obtain upper bounds of n x n operator
matrices, which have not appeared in previous papers. Quite apart from that, specific
examples are given to compare our results with existing results.

2. Main results

We begin this section with the following sequence of lemmas which will be used
to reach our goal in this present article.

LEMMA 2.1. [8] Let T € B(S). Then

o(T) = sup HRe ( "’T) H
0cR
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LEMMA 2.2. [9] Let 54,56, --, 56, be Hilbert spaces, and let T = [T;;] be an
n x n operator matrix with T;; € B(J¢;, 7€) . Then

r([T]) < r([IT51)- 2.1)
LEMMA 2.3. [10, Remark 2.8] Let T € B(S7). Then
@*([T]) < [|Re(T)||> + | Im(T)||*.

LEMMA 2.4. r(AB) = r(BA) for every A, B € B(J).

Now, we are in a position to begin our main work. We give two novel estimates for
the numerical radius of n X n operator matrices. Our findings depend mainly on results
of Theorems 1.1 and 1.2.

THEOREM 2.5. Let 4,56, --, 56, be Hilbert spaces, and let T = [Tj;| be an
n x n operator matrix with T;; € B(J¢;, 76), where 1 <i,j < n. Then for t € [0,1],
we have

o(T) < %(D1+D2+"'+Dn)a
where
Dy = ||Tu ||+ || T Ty + T Ty + -+ TlnTl*,,H%
+||(L=2)* T Ty + T T 4+ + T T H% ;
Dy = || Do + || ToaTsy + Toa T + -+ TgnTz"nH%

1
(A= 1) T Ty + T5sTp + -+ T Tha || %

L
2

Dy—1 = |T—1y(n-n)ll + Hsz(n—l)(n—l)T&_l)(n—l) + Tin-1)T(-1)n

L
2

+ H(l _t)zT(nfl)(nfl)T(tz—l)(n—l) + Tn*(n—l)Tn("*l) )
Dy, =20(Tpy).

Proof. By the triangle inequality of numerical radius, the first equality of (1.4) and
Lemmas 2.2 and 2.4, we can get that

2|jre (°7)]

=20 (Re (7))

€i6T11+€7ieTl*1 6i0T12+€7ieT2*1 eiGTln_FefiGTn*l
. 616T21—|—€710T1*2 610T22+6719T2*2 610T2n+6716Tn*2

0T, + e"'eTf‘n 0T, + e‘ieTz’; v T, 4 o710 T
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(0T +e70Ty) €Ty - €T,

e 0T 0 -~ 0
<o o . .
e 0T} 0 - 0
r (1 _ l) (eiGTH + e—iOTl*l) e—i9T2>kl . e—iOTn*l
eieTzl 0 ce 0
+ . ) )
i 0T, 0 - 0
0] 0 0
o 0 ¢ T+ e 10 T - e'? Ty + e 10 T
10 eOTn+e7 0T - T, + 70T,

(17,0 - 17 [e7®1 0 -~ 0
T1*2 e 0 0O 0 ---0
0 tTiy Tiz -+ Ty
1—t)T1*10-~ei91 e 01 0o - 0
0T 0.+ 0 0 0 - 0
0T 00 0 (1—1)Tyy e 29T, ... e 20T
0 0 0

0 ei0T22+efi9T2*2 ei9T2n+efi9Tn*2
00T +e 0Ty, - T, + e 0T,
*'91 0 e 0] [T 00 €01
0 75 0--- 0
lTu T12 T, T 0--- 0
—191 0o - 0 (1—0)T}, 0+ €1
0o - 0 0 0--- 0
l—l Tll e 219T* —Zz'eTn*1 eZiGTnl 0--- 0

16T22+6719T22 . 16T2n+67i9Tn*2

19T2+e—19T* . ieTnn"‘e_ieTn*n
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te‘ieTf‘l 0--- I
0 0--- 0
=r
2T Ty +T12T2+ +TiaTy, 0 - 16Ty
(1 _t)e—LGTl*l 0--- I
0 0--- 0
+r
(L =0Tl + Ty Tor+ -+ Ty Tt 0 -+ (1-1)eThy
O +e T, - Ty + e T
+o : :
eie Tn2 + e_ieT2*n e ei@ Tnn + e_ieTn*n
i t| T | 0--- 1
0 0.-- 0
<r
_thTllTl*lJrleTer T T 0 - 2] T |
(L—0)[|Ti1 || 0 1
0 0--- 0
+r
||(1—t)2T11T1+T21T21+ +T an 0 - (1=0)[|Tu |
e‘9T22—|—e 19T22 6’9T2n+€_’eTn*2
+ : :

ei97}72+e’ieT2*‘,l 0T, e 0T

1

Tl + 12T Ty + TiaTs + -+ T Ty

2 * * % 1

(1 =) T Ty + Ty Ty + -+ T T |12
ei9T22+67i9T2*2 eieTzn_i_efieTn*z

o s s

eiGTn2+e—i9T2*n eieTnn"_e_ieTn*n
<
<Di+Dy+---+Dy,

Thus, on account of Lemma 2.1, we have

. 1
o(T) = sup ‘Re (e’eT>H <5(Di+Dy+-+D,). O

CISIN

To make things a bit clearer, we list the next corollary which can be obtained
immediately by setting n = 3 in Theorem 2.5.



896 C. YANG AND K. WANG

COROLLARY 2.6. Let 541,55, ,, be Hilbert spaces, and let
T Ta Ths
T=|T T Ty
131 Tx; Ts3

be a 3 x 3 operator matrix with T;; € B(J;,76), where 1 <i,j < 3. Then, for t €
[0,1], we have

1 1
o(T) < 3 <||T11 + HI2T11T1*1 + TioTy + Tis Ty |2

* * 4 1
(V=TT + T Tor + T T ||+ (| Toal| + 1|2 T2 T + Tos T | 2
X 1
111 =1 TaTsy + T T |2 4 20(T))

REMARK 2.7. Guelfen and Kittaneh [1 1, Corollary 2.8] have been obtained that
if T = [T;] is an n X n operator matrix with T;; € B (7, 7), then

1 & 1
o(T) < 3 ITill + || T+ Y, TT
i=1 =1
Ty Tiz Ths 01
Considering the operator T = | To; Trs Tr3 |, where 11y =Tjp = Ton = < ) 0)
I31 Txp T33

02 03 00 00\ ..
and Ti3 =1y = (2 O) , s =T51= <3 O) , T = (0 l) , Tsz = (5 O),mseasy
to see that Theorem 2.5 which in the case n = 3, i.e., Corollary 2.6, gives

(10+ V5 4+ V144 V2) ~ 8.6960

o(T) <

N —

when ¢t =0, and

1
o(T) < 5(8+V6+V13+10) ~ 8.6087

when # = 1 whereas the bound obtained by Guelfen and Kittaneh in [1 1, Corollary 2.8]
gives

o(T) < %(7+\/6+\/ﬁ+\/§) ~9.5537

in the case n = 3. This indicates that for such operators the bound obtained by our
result is better than that of Guelfen and Kittaneh.

A completely analogous argument of Theorem 2.5 leads to the following result.
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THEOREM 2.8. Let J&,.56,---,56, be Hilbert spaces, and let T = [Tjj| be an
n x n operator matrix with T;j € B(;,56), where 1 <1i,j <n. Then, fort € [0,1],
we have

1
w(T)éE(E1+E2+---+En)7

where

Ey = o(Ti1) + /120 (Thy) + | T2l > + -+ || 1l

/(=120 (T0) + [T |+ -+ T |

Ey = 0(Txn) + /1202 (Toz) + | Taa||> + - - + || T2

/(1= 1202 (T) + Tl + -+ | Teal .

En 1= 0T 1y(n-1)) + /12O (Ti1)(n—1)) + 1 Tin—1)nll?

/(1= 1202 (T_1yum) + Ty I
E, =20(T,).

Proof. By the triangle inequality of numerical radius, the first equality of (1.4) and
Lemma 2.2, we can get that

2 ke (<°7)|
20 <Re (e"" T))

_eiGT11 +e—ieTl*l 61'97“12_’_6—1'97“2*1 €i9T1n+€_i97;q*1
ezGTzl_'_e—zOTl*z 619T22+e—16T2*2 6’9T2n+e_’9Tn*2
= . . .
_eieTnl_i_efieTl*n ei6Tn2+€7ieT2*n e"eTnn-l-e*"eTn*,,
(1 (e®Ty1 +e79T},) 9Ty -+ Ty,
e 0T}, 0 - 0
<o . . .
—i0 %
R o 0 - 0
(1 —t) (eiGTll_i_einTl*l) einTz*l eiieTn*l
eleTzl 0 0
+w )

€T, 0 - 0
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o 0 eleTzz + 6716T2*2 e eleTzn + eﬂeTn*z

0 ei9T2+e—i9T* iOT +e_i9Tn*n

t]|e® T + e 0Ty | HT12|| ||T1nH
|T12\ 0 0
||T1nH o - 0
(1=1)[[e®Ti1 +e Ty | HT21|| Tl
\T21|| o - 0
HTn1|| o - 0
t9T22+e 19T2 . i9T2n+e—i9Tn*2
16T2_|_6719T2 . ieTnn+€7i6Tn2

o(T1y) + /120> (Ti1) + || Tial|> + - - 4[| Tia|?

+¢<1 —1202(T) + | Tat |24+ | Tt
ei9T22+e—i9T2*2 ei9T2n+e—i9Tn*2

+o : : :
T, +e’i9T2*‘,l 0Ty, +e’i9Tn*;q

< -

<E+Ey+---+E,

Thus, on account of Lemma 2.1, we have

o(T) = sup

1
‘Re<’9T>H <G E Bt +E). O
CISIN

To make things a bit clearer, we list the next corollary which can be obtained
immediately by setting n = 3 in Theorem 2.8.

COROLLARY 2.9. Let 541,545, ,5, be Hilbert spaces, and let
T Ta Ths
T=|T T T
T Ty 133

be a 3 x 3 operator matrix with T;; € B(;, ), where 1 <i,j < 3. Then, for t €
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[0,1], we have

1
o(T) < 5 (w(T11)+ 2o*(Tu) + | Toa]* + | T3 12

/(1= 120X (T) + [T |+ | T |2

+o(Tn)+ lza)z(Tzz) + HT23H2 + \/(l —t)z(x)z(Tzz) + HT32H2 +2(D(T33)) .

REMARK 2.10. Guelfen and Kittaneh [1 1, Corollary 2.6] has obtained thatif 7 =
[T;] is an n x n operator matrix with 7;; € B (%, %), then

1 n
o <33 (ot o 3 pr)
=1 J#ij=1
Ty Tz Tz 06
Considering the operator T = | To; Ty To3 |, where T = Ty = ( 6 O) and
T3y T3 T3

01 ..
To=Tix=T1=Tn=T1 =T =T33 = (l O) , it is easy to see that Theorem 2.8

which in the case n = 3, i.e., Corollary 2.9, gives o(T) < 7+ 10+ /11 ~ 13.4790
when 1 = % whereas the bound obtained by Guelfen and Kittaneh in [11, Corollary

2.6] gives o(T) < 6.5+ V/38+ %\/5 ~ 13.5305 in the case n = 3. This indicates that
for such operators the bound obtained by our results is better than that of Guelfen and
Kittaneh.

LEMMA 2.11. Let 4,56, -, 7, be Hilbert spaces, T;; € B(J¢;,76), where

0 - 0 Ty
. 0 - Tyu1) 0 .
1<i,j<n,andlet T = | . . . be an n X n operator matrix. Then, for
Ty O 0

€ 10,1}, we have

1
T)< =
o(T) 2\/1.:1}};}7”{

Proof. First, we calculate that

i(nt1-i) + T(iHrlﬂ')i

2
+ max
=12,

7

i(n+1-i) — T(9;+17i)i

1 *
IRe(T)I| = 51T +T7|

0 0 T, +T)
1 0 o Ty )+T(tz 12 0
2 : : :
T+ T}, 0 0

b

i+ 1-i) + Th1 iy
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For the same reason, we have

1
[Im(T)|| = 51_:1;3;37”{\

3

Titn1-i) = Ting1—syi

Thus, utilizing Lemma 2.3, we can get that

1 ] 2 ] 2
oT) < \/erlnzaxn{‘ Tins1=i) + Ty } + Zi:T§§_7n{‘ Tinr—i) = Thpa—iyi }
1 N 2 . 2
2 ,zrlngaxn { ’ Titnr1-i) + Ty } + izrlr}g?fﬁ { ‘ Tinv1-i) — T(n+l—i)i’ }

O

The next result is a direct application of Lemma 2.11, which gives a new method
to deal with n X n operator matrices.

THEOREM 2.12. Let 4,56, --, 7, be Hilbert spaces, and let T = [T;;| be an
n x n operator matrix with T;; € B(¢;, 56, where 1 <i,j <n. Then, for t € [0,1],
we have

o(T) <Fi+Fo+-+F,

where

7

2
Tinr1-i + T}, }+ max { Titn1-i) = Tha iy

(n+1—i)i =12
1 2
== max ‘
2\ i=12,n—1

1 * 2 * 2
+§\ZH_‘E‘7’;1{HT(1'+1)(H+1i)+T(n+1—i)(i+1)H }+11ma)rf1{ T(Hl)(”JFI*i)_T(n+1—i)(i+1)H }’

2
} + i=13}?§n—1 { Tini) = T("*")i’

Tign—i) + T(jhi)i’

1
Fhy = 5\/maX{HT12+T2*1H2» 1To1 + Tp5[17} + max{|| Tia = T3 |2, [| To1 — 751}
1 " %
+ E[maX{HT(nfl)n+Tn(n71)”27 1Ty + Tyl

* * L
+ maX{HT(nfl)n - Tn(n71)||27 ||Tn(n*1) - T(nfl)nH2}] 2

2

)

1 1 2
ZE\/HTlﬁ‘ L H2+ HT12 - T2*1H2 + 5\/”T(nl)n+Tn*(n—1)H + HT(nfl)n N Tn*(n—l)’

F,=o(Ti1)+ o(T).
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Proof. Tt is well know that if A in B(J¢), o ([g 8}) = o(A), and by the

triangle inequality of numerical radius, we can get that

"0 . 0 T, i Tip- - Tip-1) 0

T Tn--- 0 0
ol)<o| | . . | te D Do
: : : T(n 1 0 e 0 0
| Tt 0 0 0
00 -
00 -
o)l
00 T(n )
0T Tyu
[0 -~ 0 Tln T T - T(fl)
0 - Dy T2 T22 0
=0 . . .
| T 0 To1n1 e 0
0 .-
+ o :
0 T(n 10
Tp -+ Tn(
<
SE+Ey+--+Ey,
where
[0 0 Ty
0 - Typy) O
Ei=0 ) )
T 0 0
[0 - 0 Ty 0 - 0 Ty
0 Dy O 0 - Tapu-1) O
E=0 . ) . +o . ) ) )
Tty O 0 Tp-- 0 0

_ 0 T2 0 Tty
E"l_quzl 0 ]>+w<[Tn(n—1> 0 ’

E, = CO(TU) + CO(Tnn).
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The expected result can be obtained by using lemma 2.11. [

In the forthcoming, we give the following result, which is a special case of Theo-
rem 2.12, when n = 3.

COROLLARY 2.13. Let 54,54, ,54, be Hilbert spaces, and let
T Tx Ths
T=|T T2 Tn3
T3 T, 133

be a 3 x 3 operator matrix with T;; € B(5¢;, 56), where 1 <1i,j < 3. Then

1
* * * * 2
o(T) < max {||Tis + 51| | T2 + 5|} + max { | T = T3, T2 — Tl }

1
3 (VIma+ TP 0= ol 22+ Tl + = 5P

+ o (T11) + 0(T33).

REMARK 2.14. Sahoo et al. [12, Theorem 2.9] have been obtained that if 7 =
[T;] is an n x n operator matrix with 7;; € B (%, %), then

1 & n 1 2
o(T) < EECU(Tii)‘FZ‘FZ >
i=1 ij=1
Ty T2 Tiz 01
Considering the operator T = | To1 Top To3 |, where T1) =Tip =T = < ) 0)
T3 T3 T3

02 03 21 00 ..
and T13=<20>, T23=<30), T33=<10>, T21=T31=T32=<00>,1t18

easy to see that Theorem 2.12 which in the case n = 3, i.e., Corollary 2.13, gives
o(T) < 4/2 42 ~7.6569 whereas the bound obtained by Sahoo et al. in [12, Theorem
2.9] gives (T) < 7+ +/2 ~ 8.4143 in the case n = 3. This indicates that for such
operators the bound obtained by our results is better than that of Sahoo et al.

The next result is another application of Lemma 2.11.

THEOREM 2.15. Let 1,56, --,7;, be Hilbert spaces, and let T = [Tj;| be an
n x n operator matrix with T;; € B(J¢;, 76), where 1 <i,j < n. Then for t € [0,1],
we have
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(i) when n is even,

o(T) < max (0(T11), 0(T22), -, O(Tun))

1 ax
21

n
*
2 2 T’J T;j .
i=1 =1
JALjFE1—1

i(nt+1-1) + T(tl-&-l—i)i

+ max ’
i=12,-n

T;

}

(n+1-i) — T(tl-&-l—i)i

_|_

2| =

(if) when n is odd,

o(T) < max (a)(TH),a)(Tzz),"',tw <T(u)(u)> 7.--’60(Tnn)> + Em

1 n n
+5§I ; T, T3
- /#l/#nﬂ i

where

O = max max
i=12
,#n+l

2
it 1-) T Tip1—i)i

B = max max
i=12
# n+l

it 1-) — Tip1—pyi

Proof. First observe that

2
> 000 -- 0 00
8 7;1)2 N Tl%_l) 8 T21 0123 -+ Thn—2) 0 T2y
_looo- 0 00
00 0 0 000 0 00
00 -- 0 0]°
~ " loo- 0 o0
0 Tn2 o Tn(n—l) 0
00---00
00---00

00---00
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Let
0 TioTiz -+ Tiw-2) Ti(n-1) O

Iy 0 T3 Tz 0 Ty
= |D1T2 0 - 0 T By

0 Tp T3 - Tn(n72) Tn(nfl) 0

by using ||A||> = ||AA*|| for any operator A and the equality (1.2), we have

000 - 0 00
872)2 Tl('é 1)8 T51 0 T3 -+ Tyy—2) 0 Tay
o(Ty) < o ol 000 0 00
00 00 000 0 00
00 -+ 0 0]
0o0-- 0 O
0T - Thu-1)0]
000 0 00
8 T(1)2 Tl('(')_l) 8 T21 0 Ta3 -+ Thy—2) 0 T2y
_! Ll oo o 0 00
2 R
00 00 000 0 00
00 -+ 0 0]
+ _|_1 N . .
21lo o --- 0 0
0T - Tyu-1) 0
1 *
= 5\/HT12T1*2+"'+T1<n—1)T1(n1) ’

1
+ ) \/H DTy + T+ + TZ("_Z)TZ*(n72) + DT,

3
2

T"QY;;E et T"(n—l)Tn*(nfl)

Il
N —

—

Y LT
j=1 ’

AL A=
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(i) When n is even, for the sake of simplicity, we let

Ty 0 - 0 0--- 0 Ty
0 Ty - 0 0 - Toypy O

hi=1. . e = : o
0 0 ---T, Ty~ 0 0

thus, by the triangle inequality of numerical radius and Lemma 2.11, we can get that

o(T) < o(T) + o(T2) + o(T3)
<max (o(Ti1), (1), -+, 0(Tw))

1 2 2
+ # O R A T R { TR A
1 n n
+5 Y Tt
i=1 Jj=1
JALjFE1—1

(ii) When n is odd, for the sake of simplicity, we let

T, = (=0T :

2

Th1

thus, by the triangle inequality of numerical radius and Lemma 2.11, we can get that
o)< (Tf) +o <T2/> + o (T3)

1
< max <(D(Tll),w(T22),"'7t(D <’T(n+1)(n+l)> ,"'760(7;1")) + E \/ O(—l—ﬁ

1 n n
+52 Y ThiT O
i=1 Jj=1
A=

The following corollary can be obtained immediately by setting n = 3 in Theorem
2.15.
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COROLLARY 2.16. Let 541,54, -, be Hilbert spaces, and let

Ty T2 Ths
T=|T T Ty
131 T3; Ts3

be a 3 x 3 operator matrix with T;; € B(;, ), where 1 <i,j < 3. Then, for t €
[0,1], we have

o(T) < max (o(Ty;),t0(T), 0(Ts3))
1 x
+ 5 (max {173+ 7512, (1 =12 | B+ T}
1
max { | Tis = TP, (1 =12 [ T2 = T} )
1 . .k
+ 5 (T2l + T T3 + T35 2 + [ T2 )

REMARK 2.17. Guelfen and Kittaneh [11, Theorem 2.9] has obtained that if 7 =
[T;] is an n x n operator matrix with T;; € B (7], ), then

n
> TT;

o(T) <max (o (T11), 0 (T2), -, 0 (Tw)) + % i
Fij=1

i=1

T Tx Ths 20
Considering the operator T = | To1 T>p To3 |, where T = T3z = and
02
T3y Ty T33

10 30 01 04 .
T12=<01), Ti3 =13 = (03)’ Iy =T3 =T = (10), T22=<40),1t

is easy to see that Theorem 2.15 which in the case n = 3, i.e., Corollary 2.16, gives

o(T) <6+ 3v2~6.7072 when ¢ = § whereas the bound obtained by Guelfen and

Kittaneh in [11, Theorem 2.9] gives ®(T) < 4++v/10+ V2 ~ 7.8694 in the case
n = 3. This indicates that for such operators the bound obtained by our results is better
than that of Guelfen and Kittaneh.
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