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A MORE ACCURATE EXTENDED HARDY-HILBERT’S
INEQUALITY WITH PARAMETERS

QIANG CHEN, YONG HONG* AND BICHENG YANG

(Communicated by M. Krni¢)

Abstract. In this paper, in virtue of the symmetry principle, applying the techniques of real anal-
ysis and Euler-Maclaurin summation formula, we construct proper weight coefficients and use
them to establish a more accurate extended Hardy-Hilbert’s inequality with parameters. Then,
we obtain the equivalent forms and some equivalent statements of the best possible constant
factor related to several parameters. Finally, we illustrate the operator expressions and how the
obtained results can generate some particular Hardy-Hilbert’s inequalities.

1. Introduction

Assuming that p > 1, %—i—é =1, an, b, 20, 0 <3 _ 1am <o and 0 <

= b < e, we have the following well known Hardy-Hilbert’s inequality with the

best possible constant factor n(r /p (cf[1], Theorem 315):

Q=

=

o oo - o
: ab bl . (1)
PP z4)

n sm(rc/p) =

In 2006, by introducing parameters A; € (0,2] (i=1,2), A; +A2, =4 € (0,4] an
extension of (1) was provided by Krnic et al. [2] as follows:

oo oo

amby,
m=1n=1 (m + n))L

B(A1, 1) Eml’lll”m inl’(l’b)’lbz . 2)

m=1 n=1

where, the constant factor B(A;,A;) is the best possible, and

oo tufl
B(u,v) ::/O Wdt (u,v>0)
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is the beta function. For A =1, A, =1, A, = }—), inequality (2) reduces to (1); for
p =q =72, (2) reduces to Yang’s inequality in [3]. Recently, applying (2), Adiyasuren
at el. [4] also gave a new Hardy-Hilbert’s inequality involving partial sums.

If f(x), g(y) =0, 0< [;°fP(x)dx < e and 0 < [;"g9(y)dy < oo, we still have
the following analogue of (1) named in Hardy-Hilbert’s integral inequality (cf. [1],
Theorem 316):

/: [ %giy)dm’y = m (/:fp(x)dx)}) (/Owgq(y)dy> 57 (3)

where, the constant factor m is the best possible. Inequalities (1)—(3) with their
extensions played an important role in analysis and its applications (cf. [5-15]).

In 1934, a half-discrete Hilbert-type inequality was given as follows (cf. [1], The-
orem 351): If K(¢) (¢ > 0) is a decreasing function, p > 1, %—i—é =1,0<¢(s) =
Jo K@)t < oo, a, >0, 0< 37 ah < oo, then

/ON)CIF2 (;K(nx)a,) dx < (Pp( ) 2 al. 4)

Some new extensions of (4) were provided by [16-20]. In 2016, Hong et al. [21] ob-
tained some equivalent statements of the extension of (1) with the best possible constant
factor related to a few parameters. The other similar works were given by [22-28].

In this paper, following the way of [2, 21], by means of the weight coefficients,
the idea of introduced parameters and Euler-Maclaurin summation formula, a more
accurate extension of (1) with parameters are given. The equivalent forms and the
equivalent statements of the best possible constant factor related to several parameters
are obtained, and the operator expressions as well as some particular inequalities are
considered.

2. Some lemmas

In what follows, we suppose that p > 1 (¢ > 1), % Ll] =1,&,n¢e [0,%}, re

(07 %]’ ;Li S (0’ 1} n (O’A)a

Ky (A) 1=

Zsn(zaga) O
i1 = %-F%, 712 = %—I—%, am, by =20, m,ne N=1{1,2,---}, such that

= 1,2),

0< Y (m—&PI Mgl <ooand 0< Y (n—1)M "7 1pl <o (5)
m=1 n=1
LEMMA 1. (cf. [5], (2.2.13)) If g(t) is a positive decreasing function in [m,oo)
(m €N) with g(e0) =0, P(t) (t €N), B; are Bernoulli functions and Bernoulli num-
bers of i-order, then we have

B 1
/ Py (t dt—£% <ﬁ—l>g(m) 0<e<l;g=1,2,--") (6)
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In particular, for g =1, in view of B, = 5, we have
— —g / Pi(t)g(r)dr <O0. @)

LEMMA 2. For 2, € (0,1]N(0,A), define the following weight coefficient:

A 77)’12 '
@(A2,m) =: (m—¢) 22 T N ®)
We have the following inequalities:
1
k.00 (1-0(g7%))
O(A2,m) <Ky (A2) = m (m€N), ©)

where, for a=1-mn (€ [3,1]), 0<m> is indicated as
1 A Ao/ A 14
0( A)- sin(za/ >/'"5“‘ Ye(0,1) meN).  (10)
(m—&)h T 0 (1+u)?
Proof. For fixed m € N, we set the following real function:

(t—m)h!
(m—&)* 4 (t—n)*

By means of Euler-Maclaurin summation formula as follows (cf. [2, 3]), we have

g(m,t) := (t>n).

=

2 g(lm,n) = /;og(mj)dt—l— %g(m 1)+ /lmPl (t)g'(m,t)dt

n=1
_ / g(m,1)di — h(a,1),

hm(a,t) /gmtdt——gml /P1

We find §g(m,1) = W’

(t— n)lz’ldt a  yhlgy
/gmtdt / :/
m=&*+(—m* Jo (m—&*+ut
_i/u dulz
M Jo (m—EA +ur
1 u’2 . A /“ w1y
I(

= 2 e 0 2 o [ B+
ar

Mof(m—E)* +at)

>




1078 Q. CHEN, Y. HONG AND B. YANG

‘We also obtain

(A — 1)z —m)h? Alt—m)tth2

(m—=&*+(—mt  [(m—E)*+(—m)*2

O

(m—&)*+(t—n)*

Alm =&+ (t—m)* = (m— &)@ —m)»?

[(m—&)* + (1 —m)*]?

A1 =A)e—mh T A(m=E) M —m)h?
(m=&* +(—m*  [(m—E)*+(t—m)**

g/(m7t) =

For 0< Ay <1, Ay <A < 2., it follows that %[%ko (i=1,2). By (7).

we obtain
(t—m)2dr N Ap)a2?
(m—&)* +(t—n)* 8[(m—&)* +a]”

A, [T (t—n)"2di
~m=82 [ PO 2 0

(A+1—x2>/l°°a<t>

Hence we find
A+1-— Ag)ab B
8[(m—&)* +a]’

/ Pi(t)g (m,t)dt >
and then for A € (0, 3], it follows that

a* a2l (A+1—Ay)ah2
Mof(m—Er+a*]  2[(m—Er+ar]  8[(m—E)*+at
_ 8@ —(at A4 Do+ A3 5, 88— (dat )bt 23 5,
8 h[(m—E)r +dt T 8A[(m—E)r +a

hm(a,t) >

Since we have % [8a® — (4a+ A+ 1)+ 23] =4(4a—A3) > 0, and

o786 — (4t At Do+ 4] = ~da (E—xz) <0

8(3)*—(4x3+3)+1 2,2
82n[(m—§)* +a*]
Setting 1 = (m — &)u'/* +n, we find

it follows that &y, (a,r) > =0.

B(am) = (m—E)F 2 glmn) < (m— &) [ stonyar
n=1

_ PR N k) e A "
= (m_g) A (m_é)l_i_(t_rl)l o X,SIH(TEAQ/A)
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On the other hand, we also have
o0 1 00
> slmn) = [ gmndi+3gm 1)+ [P0 mr)ar
_ / g(m,1)di +H(m),
1

Hm) := %g(’"’lH/lmPl(t)g (m,)dt
T
g/(m t):—(l+1_z'2)(t_n)l272 A(m_g)l(t_n)AZ,Q
| (m=8*+@—m*  [(m—E)+(—m)**

in view of (7), we obtain

Since we find 1g(m, 1) = and

(t—n)2dr
(m—&)*+(t—n)*
(m o é)lﬁ, /NPI ¢ (l — n)lz_zdl (m — é)lAaAZ—Z

—(/1+1—7L2)/°°P1(t) >0, and
1

—&F =P T (=&
Hence, we have

a)Lz—l [(m _ é)l +a2]2a7“2_2
HOm) > & v al] 8m—EP + P
_ @Qaml) 0 g
=& v |

Setting t = (m — &)u'/* 41, we obtain
@) = (m— &Y, glmn) > (m— Y [ glom.1)a
n=1 1

oo 1
— (m_EV R D\t — (m— EVr—P m
— (m-¢) /ng< 1)dt — (m—¢€) /ng< 1)
T
= Asin(nAa/2)

Asin(xha/A) a [V =) lar
Xll‘ S L e >l]
T

1
= Tsin(nia/ ) (1 ‘0(<m—é>lz)) -0
where, 0(@) (> 0) is indicated by (10), satisfying

At A
_ar 7L d < A« A
0</m g)l u u <‘/(m*§)}L u%_ldu:% (mEN)
0 (1+u) 0 Aa(m—E)*
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Therefore, (9) and (10) follow.

The lemma is proved. [J
LEMMA 3. We have the following more accurate extended Hardy-Hilbert’s in-

equality:

g
] (1n

(0,1), n € N, we have the following

Proof. In the same way, for A; € (0,1)

|

inequalities for the other weight coefficient
A—1
Myn) = (n—m)*H (m %) N 12
s =iomn G e,
1
w00 (10 (=)
T
w(ll,n)<KA(ll)=W (n €N), (13)
i Asin(As/2) o
0( >: sin(mAy / ")luidu
(n—n)H Y Y
€ (0,1) (b:=1-&,meN). (14)
By Holder’s inequality, we find
o = 1 (n—mn)R2-1/p (m—&)M=D/a
= m —bn
22 Bt [w—&)wwq“ (n—m)®==1/r
1
P

(-,

) lggw—&)u(n—n)ﬂ (n—E) o0
(m—g)*™-D )bgr

8 [}Zflmz:g (m—&)* + (n—n)* (n —n)(’h*”(‘f’l
é) pll— ll am‘| lZm 2{17

|

1

) q[1— QLQ) lbz‘|

Z CU(AL
m=1

Then by (9) and (13), we have (11).
The lemma is proved. [
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REMARK 1. By (11), for A} + 4, = A, we find
0< Y (m—EPI Mgl <0 0< Y (n—n) =227 1p < oo,
m=1 n=1
and the following more accurate extended Hardy-Hilbert’s inequality:

b

ngilmg‘l (m—=8&)*+(n—m)*

oo =3

L 1
L _ [1-2;)—1 ! _ [1-2y)—1 K
< Asin(mAy /1) 2 (m—¢g)ri—n aﬁ] L;(n n)t" bZ] . (15)

LEMMA 4. The constant factor W in (15) is the best possible.
~ Mgl 7 d-g-]
Proof. Forany 0 < &€ < pAj,weset @y :=m"" r | b,:=n"?"4 " (mnéeN).

If there exists a constant M < W, such that (12) is valid when we replace
W by M, then in particular, for & =1 = 0 in (15), we still have

s < - Zin’lbn
Iy :=
0 ;;1 mg‘l m* 4+ n*

1 1
<M li mP[l—M—laﬁ] ! [i nq[l—M)—lEg] " (16)

By (16) and the decreasingness property of series, we obtain

1 1
P [ q
lz nq[l—lz)—lnquz—%—l)‘|

n=1

m=1

=M (1 + i m_£_1> <M(1 +/1mx_£_1dx) = %(H 1).

m=2

By (12) and (13) (for £ =N =0, A — A1 = A3), setting 11 =N —f—) € (0,1)n
(0,4) (0< Ay =2y+E=2—2s <A), we find

e = mef
To = ; ler gl W} —e—1 __ gwo Al; -1
RS 1 —e—1 _ TN e
Km%(l—O(E))n ) T o)
> K () [y ay-00)= S (- eoq))
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In view of the above results, we have the following inequality:
K, (Al - %) (1-e0(1)) <elp <M(e+1).
For € — 0", we find that K;(A;) < M. Hence, M = K, (1) is the best possible
constant factor of (15).

The lemma is proved. [J

REMARK 2. For A} = 2= Lhyh Ay = Ao A4 1 2 in (1), we find

A—M+Ay+l—b+&z

q q p
0<Ai<A (i=12).

Mt Ay = =1,

If A—24; < 1 (i=1,2), then it follows that 1,- < 1 (i=1,2), and we can rewrite (15)
as follows:

1
q

[im—nW“@*%l. (17)
n=1

1
LEMMA 5. Ifthe constant factor K” (A2)K;! (A1) in (11) is the best possible, then
for A— X <1 (i=1,2), we have 7Ll—|—7Lz A

1 1
Proof. If the constant factor K (42)K;/ (A1) in (11) is the best possible, then in
view of the assumption and (17), we have the following inequality:

1 1 ~
K} (M)K) (M) < K (A1) (< o) (18)
By Holder’s inequality (cf. [29]), we find

A=A
2_'_&)
P q

0 < Ky (A) =Ky (

1 00 1 112+
— T taly
A 0 1+uu1’ “
L W W R
= P q
; 1+u” v
%
v+1 l/ 1+u du

1

— K] ()] (M) < (19)
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In view of (18), we have K" (A2)K (ll) K3 (/7[1), namely, (19) keeps the form
of equality.

We observe that (19) keeps the form of equality if and only if there exist constants
A and B, such that they are not both zero and (cf. [29])

) Moy .
Au™ =Bu7 " ae.inRy.

AptA
Assuming that A # 0, it follows that u~ ~ % - g a.e. in Ry, and —MIM +1=0,
namely, A+, = 4.

The lemma is proved. [

3. Main results

THEOREM 1. Inequality (11) is equivalent to the following inequality:

oo > i am ’ %
Ji= {HEI(n—n)”121 qul (m—é)l'i-(n—n)ll }

(m—&)P-h)- ] (20)

M

< K2 (K} (A1) [

m=1

If the constant factor in (11) is the best possible, then so is the constant factor in (20).

Proof. Suppose that (11) is valid. By Holder’s inequality (cf. [29]), we find

am

_5 n_ iz—% n_ 1%
_rgil( = (m— E) + (n— )][( n) bn]

Mx

1

[i n)ai- 7o) lbgl a. Q1)

Then by (17), we obtain (11).
On the other hand, assuming that (11) is valid, we set

=3

~ a p=1
b, = (n—?’])!’h—l[gl (m_g)l_r:(n_n)l‘| , ne€N.
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If J =0, then (11) is naturally valid; if J = oo, then it is impossible that makes (11)
valid, namely, J < e. Suppose that 0 < J < eo. By (11), it follows that

=

2(”_ n)q[lfiz)flbz —JP =]

n=1

E
-
==

< K QK] (M) [zw £yp-h-

m=1

1
< 1116
x| (n D=1pd |
n=1

1

(n- n)q“—@—lbz]

n=1
<Kf(AQ)Kf(xl)[2(m gyp(i=h)- m]p,
m=1

namely, (17) follows, which is equivalent to (11).

If the constant factor in (11) is the best possible, then so is constant factor in (17).
Otherwise, by (21), we would reach a contradiction that the constant factor in (11) is
not the best possible.

The theorem is proved. [

THEOREM 2. The following statements (i), (ii), (iii) and (iv) are equivalent:

1 1

(i) Both K} (22)K} (A1) and KA(% + %) are independent of p,q;
(ii)

i L A—L4 A
K ) =k, (222 2, )
p q
1
(iii) K’ (A2)K} (A1) in (11) is the best possible constant factor;
(W) if A=A <1 (i=1,2), then L1+ 1, = 1.

If the statement (iv) follows, namely, A + A, = A, then we have (12) and the
following equivalent inequality with the best possible constant factor W :

oo PY p
n— Ar—1 am
{ et L,gmm—éﬂﬂn—n)l”

1

T < p(1=2) ’
7)”111(”&1/& [Zm &yrti-h) ‘| . (23)

M
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Proof. (i) = (ii). By (i), we have

1 1 1 1
Kf () () = lim tim K] (K] (1) = K3 (1),

cog— 1+
K (x_xﬁﬁ) = lim lim K (x_/lz 7“) Ky (M),
P q)  pogolt P q

namely, (22) follows.

(ii) = (iv). If (22) follows, then (19) keeps the form of equality. In view of the
proof of Lemma 3, it follows that A; + A, = A.

(iv)= (i). If Ay + A2 = A, then we have

A=A A
2y ;> K (M),

K”(lz) (M) K (

which is independent of p,q.
Hence, it follows that (i) < (i) < (iv).
(iif) = (iv). By the assumption and Lemma 5, we have A; +4, = A.
(iv) = (iii). By Lemma4, for A; + A, = A,

K} (1)K () (= K, (A1)

is the best possible constant factor of (11).
Therefore, we have (iii) < (iv).
Hence, the statements (i), (ii), (iii) and (iv) are equivalent.
The theorem is proved. [

4. Operator expressions and some particular inequalities

‘We set functions

o(m) = (m— &P y(n) = (n—m)T1 )1,
wherefrom, ~
Y (n) = ()P (mn eN).

Define the following real normed spaces:

1
oo P
ZPJP =ya= {aWI}m 15 ‘Lal (2 90 |amp> <o o,

m=1

oo q
b={bn};—1:1Ibllg.y (va )|bn ") <o,
n=1
1

pyi—r =y e =enbiisllell, g = (Z v cnl”> <o

n=1
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Assuming that a € [, ¢, setting

oo

¢ = tenbazrni= mél (m—E* + (n—m)*

neN,

we can rewrite (20) as follows:

el <K"(7tz) (M)I\al\p<p<°°

pyl=r

namely, ¢ € lm‘,lf,,.

DEFINITION 1. Define a more accurate extended Hardy-Hilbert’s operator 7 :
lpp = 1, y1-» as follows: For any a € [, o, there exists a unique representation ¢ €
[ oyl Deﬁne the formal inner product of Ta and b € [,y , and the norm of T as
follows:

= =

(Tab) = X | ¥ oo ayi s oy | o

n=1 | m=1

Ta -
IT|| := IITall, v L
a0)elye  lallpe

By Theorem 1 and Theorem 2, we have

THEOREM 3. Ifa€ly g, b€l y, ||allpe. [|P|lgy >0, then we have the follow-
ing equivalent inequalities:

1 1
(Ta,b) < Ky (M)K; (M)l lallp.ollbllg.y 24)

1 1
|Tall, y1-p < k5 (R2)k3 (M)l lal[p.- (25)
1
Moreover; if A1 + Ay = A, then the constant factor K (A2)K (kl) in (24) and (25) is
the best possible, namely,

T

IIT|| =Kz (A1) = Asin(zan /A"

(26)

1 1
On the other hand, if the constant factor K}’ (A2)K} (A1) in (24) and (25) is the
best possible, then for A —A; <1 (i=1,2), we have 4+, = 1.

REMARK 3. (DForA=1, 4 =1, L= (r>1,1+1=1),7=E+n€[0,]]
in (12) and (23), we have the followmg equivalent mequahtles with the best p0551ble
constant factor W :

n21 mE 1m + n—
1 1
i (m=&)5'a ] li(ﬂ—n)%‘lb"r @7)
sin n/ = = "
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- - Py
lE (%rn-f) |

sin 77:/r lz ] ' (28)

m=1

In particular, for £ =1 =0, s =p, r = ¢ in (27) and (28), we have (1) and the
following equivalent inequality:
1

1
oo oo Py - 5
[ T
lé (El m+n> < Sn(n/p) (Ef@ - (29)

Hence, (27) (resp. (15))is a more accurate extension of (1).
(ii) For A = %, M=A=2in(12) and (23) we have the following equivalent

inequalities with the best poss1ble constant factor 2 =

ambp

DD T
li )¢ la”r li(n—n)zlbzr. (30)
=1 n=1

- - "7
_m¥- m
LEl(n " <mEl (m—é>3/2+(n—n>3/2>]
2

T it §71 ?
<7[2(m—5) a',;] : 31)

5. Conclusions

In this paper, by virtue of the symmetry principle, applying the techniques of real
analysis and Euler-Maclaurin summation formula, we construct proper weight coeffi-
cients and use them to establish a more accurate extended Hardy-Hilbert’s inequality
with parameters in Lemma 3. Then, we obtain the equivalent forms and some equiv-
alent statements of the best possible constant factor related to several parameters in
Theorem 1 and Theorem 2. Finally, we illustrate the operator expressions and how
the obtained results can generate some new Hardy-Hilbert’s inequalities in Theorem 3
and Remark 3. The lemmas and theorems provide an extensive account of this type of
reverse inequalities.
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