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SOME PARAMETERIZED INEQUALITIES ARISING
FROM THE TEMPERED FRACTIONAL INTEGRALS
INVOLVING THE (u,n)-INCOMPLETE GAMMA FUNCTIONS

YU CAO, JIFENG CAO, PINZHENG TAN AND TINGSONG DU*

(Communicated by T. Buric)

Abstract. We utilize the definition of a class of the tempered fractional integral operators, pro-
posed by Sabzikar et al. in [J. Comput. Phys., 293:14-28, 2015], to establish a fractional-type
integral identity with parameters. We present some parameterized integral inequalities for dif-
ferentiable mappings in terms of the constructed identity, and give two examples to identify the
correctness of the obtained results as well.

1. Introduction

The convexity of functions is a powerful tool to deal with a variety of issues of pure
and applied science. Recently, many authors have devoted themselves to studying the
properties and inequalities related to convexity in various directions, see the published
articles [9, 10, 13, 21, 23, 24, 33] and the references therein. One of the most important
mathematical inequalities considering convex mappings is Hermite-Hadamard inequal-
ity, which is also utilized widely in many other disciplines of applied mathematics. Let
us state it as below.

Suppose that 4 : # C R — R is a convex mappings defined on the interval %
of real numbers, and 7,7, € # with 1) < 7,. The subsequent inequality is named
Hermite—Hadamard inequality:

T+T (Tl) +h(1)
h( 5 ) 12_11/ h(p 5 . (1.1)

This inequality has received considerable attention from the authors and other
mathematicians. There have been many studies on the Hermite—-Hadamard-type in-
equality for other kinds of convex functions. For example, one can refer to [27] for
convex functions, to [12] for exponential-type convex functions, to [31] for s-convex
functions, to [18] for h-convex mappings, to [35] for /-preinvex functions, to [17] for
harmonically convex functions, to [2] for N-quasiconvex functions, and so on. For
more development about this topic, the reader may consult [14, 15, 29, 32, 34, 28, 40]
and the references therein.

For the sake of further discussion, let us evoke the following definitions.
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DEFINITION 1.1. [7] Considering the mapping 1 : % x & — R", if for each
T, € X and € € [0,1], 11 +EN(m,71) € X, the set & C R” is called to be an
invex set of 1.

DEFINITION 1.2. [41] Suppose that 2#" C R" is an invex set regarding 1 : £ x
J# — R". The mapping h defined on the invex set .Z° C R” is named to be preinvex
regarding n if for every 7,7, € % and £ € [0,1] we have that

h(n+8n(n,n)) < (1-8)h(n)+h(n).

If the mapping 1(12,71) = T» — 71, then the preinvex mapping transfers to the
classically convex mapping.

DEFINITION 1.3. [22] Aset # CR" is named m-invex with regard to the map-
ping n: & x & x (0,1] — R" for certain fixed m € (0, 1] if mt; +&n (12, 71,m) € 4
holds for all 7,7 € % and § €[0,1].

DEFINITION 1.4. [42] Assume that #" C R”" is an open m-invex set with regard
ton:# x.# x(0,1] — R". Forany 1,7 € # and m € (0,1], the 1n,,-path Py,
linking the points mt; and 73 = m7; + 1 (7,7, m) is defined as

PTIT3 = {0|0 :mTI +€Tl(72»71»m)»§ S [07 l}}

DEFINITION 1.5. [22] Assume that #" C R”" is an open m-invex set with regard
to n:. 4 x % x(0,1] — R". For certain fixed s,m € (0,1], the mapping h: % — R
is called the generalized (s,m)-preinvex mapping if

h(mo +En (w2, 1i,m)) <m(1—&)'h(n) +&°h(12)
is available for all 7,7, € # and & € [0,1].

Notice that if the mapping 1 (12, 7;,m) = 7, — Tym with m = 1, then the concep-
tion of generalized (s,m)-preinvexity transfers to the conception of s-convexity.

DEFINITION 1.6. [36] For any real numbers o > 0 and A,u > 0, the u-incom-
plete gamma function is defined as

A
(o, 2) =/ p% e MPdp.
0

Obviously, if we take 1 = 1, then it transfers to the incomplete gamma function [16]:

A
y(a,?t):/ p% e Pdp,a > 0.
0
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DEFINITION 1.7. [30] Assume that [7|, ;] is a real interval and 7; > 0, a > 0.
For a mapping & € L' ([t1,73]), the left and right Reimann—Liouvile fractional integrals,
respectively, are defined by

"X

FEN) = o [ 5= p)* hip)dp. x> 7,

1
and

S = o [ o= h(p)dp. x <

Here, T(t) is the Gamma function, ['(t) = [ e Pp®~'dp,and #Z0 h(x)= 7 h(x)
1 2
= h(x).

In terms of the Riemann—Liouville fractional integral operators above, Sarikaya
et al. extended the classical Hermite—-Hadamard inequality to the version of fractional
integrals as below.

THEOREM 1.1. [39] Assume that h: [11,T2] — R is a positive mapping along
with 0 < 11 < T and h € L'([11,72]). If h is a convex mapping defined on [11, 73],
then the following fractional integral inequalities

h(11) +h(m)

T +T F((X-i—l) o o

are valid with o > 0.

Recently, Sabzikar et al. in [38] introduced the notion of the tempered fractional
integrals.

DEFINITION 1.8. Assume that [71,1] is a real interval and ¢ >0, & > 0. Then
for a mapping & € L'([11,72]), the left and right tempered fractional integrals, respec-
tively, are defined by

1 e
ff(;a#)h(x):m/r (x—p)* e HOPIn(p)dp, x> T,
1

and

)
I8 (x) = ﬁ / (p—x)* e MP=p(p)dp, x < 1.

For recent related development pertaining to the tempered fractional integrals, see
the published articles [26, 36, 37, 38] and the references therein.

It is undeniable that the fractional integral operators has a great influence on real-
izing the differentiation and integration of real order and complex order. Moreover, it
emerged rapidly due to its applications in modelling plenty of issues, especially in tack-
ling the dynamics of the complex systems, decision making in structural engineering
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and stochastic problems and so on, see the published articles [4, 30]. This subject has
attracted much attention from scholars during the last few decades. There have been
many studies on the Hermite—Hadamard-type inequalities considering different types
of fractional integral operators. For instance, refer to Hadamard fractional integrals [3]
and to conformable fractional integrals [ 1] and so on. For more development about this
subject, the interested readers may refer to [19, 25, 11, 5] and references therein.

Inspired by the reports mentioned above, in particular, the result displayed in
[36], the present study aims to investigate some parameterized inequalities of Hermite—
Hadamard type, which involves the tempered fractional integrals and the introduced
(i, m)-incomplete gamma functions. To achieve this purpose, on the basis of the dis-
covered integral identity in the paper, we consider the following three cases: (i) the
derivative of the considered mapping satisfies the Lipschitz condition; (ii) the deriva-
tive of the considered mapping is bounded; (iii) the derivative of the considered map-
ping is generalized (s,m)-preinvex. The obtained results here can be reduced to the
Riemann-Liouville fractional integral inequalities for y = 0 and the Riemann integral
inequalities for oo = 1 with u =0.

2. Main results

Throughout this work, we assume that .2~ C R is an open m-invex set regarding
n: A x . x(0,1] — R for certain fixed m € (0,1], a,b € # with ma < ma+
n(b,a,m), and f: % — R is a differentiable mapping satisfying that f’ is integrable
on Ny -path Py g, : 0 =mt +An(1,71,m) forall 7,7 € [a,b].

2.1. A new definition and a lemma
We now define the following (u,1)-incomplete gamma function, which is the

extension of U -incomplete gamma function and incomplete gamma function.

DEFINITION 2.1. Let the mapping 1 : % x % x (0,1] — R, where .# C R be
an open m-invex subset with some fixed m € (0, 1]. For any real numbers o > 0 along
with A, 1 > 0, the (u,n)-incomplete gamma function is defined by

A
’y;m(b,a,m)(ohl) _ / xa—le—un(b,a,m)xdx.
0

Clearly, if the mapping 1 (b,a,m) = 1, then the definition of (i, n)-incomplete
gamma function reduces to the definition of u -incomplete gamma function. In partic-
ular, if we take u = 1, then it transfers to the incomplete gamma function.

REMARK 2.1. For the real numbers o > 0 and A, u > 0, we have the following
results.

1 1
_ -1 _— b,a,m)u _
(1) YMn(b,a,ln)(avl) _/O u® e un( ) du = W’yu (a,n(b7a7m)>.
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b,a,m 1,n(b,a,m
/ Yun(b.a.m) (OC )L) yu (Tla 37(61 m) )) - Yﬂ(?’;:;l(zv(avm) ))

Proof. (1) If we change the variable ¢t = 1 (b,a,m)u, then the first item’s proof
yields from Definition 2.1.
(2) In view of Definition 2.1, we have

1 1A
/ Yun (b.am) (0, A)du =/ / 1@ LemHnbamigyqy,
0 @ 0 Jo

By changing the order of the integration, we deduce
1 1,1
/ ’)/[Jn(b.a.m)(aax')du = / / (ta—le—ﬂn(b,a,m)tdu> dr
0 o 0 Jr
1
_ / (1 _t)toc—le—un(b,a,m)tdt
1
_/ 19 1 e M (b.am)t dt—/ tocefun(h,u,m)tdt.
0
In the light of Remark 2.1 (1), we deduce

b,a,m 1,n(b,a,m
/ Y (b.am) (0, A)du I (na Z)(,a7m) )) ~b ((;;0—5’;1(27(&,”) ))

LEMMA 2.1. The following tempered fractional integral equality with 0 < A < 1,
a>0, u=>0 holds:

Ty(o, 1, A3m,m,a,b)
:MU Vanbam (@2 =200 (ma+im(b,a,m)dt 5

_/1 A ’)/[Jn(b,a,m)(avx_2+2t)f/(ma+tn(b7a7m))dt:|7
-2

where

‘%c(auuaa‘;nﬂn:a;b)

_ 20{711—‘(05) (r,2) A
-~ n%b,a,m) [/m‘” f(ma—i— En(b,a,m)>
2 A
+/(fa+ﬁ:7)(h7u7m))f<ma+ (1 — E) n(b,a,m))]
1

E [Y[Jn(h,u,m)(avx’)f(ma) + ’J/yn(b,a,m)(a7l)f(ma + Tl(b»a»m))] .
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Proof. Integrating by parts, it yields that

)
I = /07 yun(h7u7m)(a,7t —2t)f/(ma+tn(b,a,m))dt

A

1

= Nl [Yun(b,a,m)(oc,l —21) f(ma+1n(b,a,m)) )02

+2/ (A —21)% L= kn(bam)(A= 2’)f(ma+tn(b,a,m))dt]

20(

= n(b7a7m) [ Y;ln(bam ((X 2’)f( )+ n“(b7a7m)

ma

ma+&n(b,a,m) o—1
X / ’ {ma + %77 (b,a,m) — u] e_2’“‘[’"“+%”(bv“”")_”}f(u)du]

1 2°T(at) (er200) A
= —W'ylun(bﬂ’m)(a,A«)f(ma)+m/mz+’J f ma"l_zn(baa’m) .
2.2)

Similarly,

1
L= /1 . yun(h7u7m)(a,7t —2+2t)f’(ma+tn(b7a7m))dt
-7

1

1
— W [ym(b7a7m)(oc,l —2—i—2t)f(ma—|—tn(b,a,m))'1

A
2

1
_2/ x(k—2+2z)°‘le“”(hvuvm)(’l2+2’)f(ma+tn(b,a,m))dt]
-5

1

= W [Yun(b,a,m)(aaz')f(ma_F n(b,a,m))

oo ma-+1(b,a,m) 1 A . ol
e b (e )

% e_2u[u—(ma+(l—%)T](bﬂvm))]f(u)du]

(2.3)

1
= A et

2°T (o) (er20) A
- naJrl(b’a’m) /(ma-‘rn(b,a,m))*f ma+ 1_5 n(b’a’m) ’

(hum)

o, L) f(ma+n(b,a,m))

If we subtract (2.3) from (2.2) and multiply by
equality in (2.1). This ends the proof. [J

, then we obtain the required
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COROLLARY 2.1. Ifwe consider

Sf(ma) =f<ma—|—%n(b,a,m)) :f<ma—|— <1 - %) n(b,a,m)) = f(ma+n(b,a,m))

with A =1 in Lemma 2.1, then one has

297 T(ar) (0r,2u) 1 (o,21) 1
n%(b,a,m) [fm,ﬁ f(ma—FETl(b,a,m)) +/(ma+n(h7u7m))f(ma+§n(b,a,m))]

1 1 !
=z [an(b,a,m)(a7 )f (ma+§n(b7a,m)) +Vun(b.am) (1) f (ma+§n(b7a7m))]
ZM[/ YVun(b.am) (& 1—21)f (ma+1tn(b,a,m))dt

_A Yun(b,a,m)(aazt - 1)f/(ma+m(b»a,m))dt} :
2

COROLLARY 2.2. Ifwe take 1t =0 in Lemma 2.1, then the identity (2.1) reduces
to

2
A
+/(?;m+n(h,u,m))f<ma+ (1 - E) Tl(h%’”))}

L ot n(6,0.m) + 2% )

2t D s (ma+ Sntoam)

—/li_(l 2420)%f (ma+m(b,a m))dt}

COROLLARY 2.3. Ifwe take A =1 in Lemma 2.1, then the identity (2.1) can be
written as

2971 () { (@.2u) ( 1 )
; ma+ =n(b,a,m
n(b7a7m)anln(b,a,m)(aa 1) jma* f Zn( )

o, b7 )
+/<iqﬁ’ff<b.u_m»f(ma+ ln(lmm))] ey fmat (. a.m)

n(b,a,m) [/
T 2 tram (@, 1) am) (0,1 =21) f* (ma+1tn(b,a,m))dt
2Y[J1’l(bam) o, 1 Y}lnb )( )f( n( ))

—A yun(h7u7m)(a,2t— l)f/(ma—l—tn(b,a,m))dt}
2
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COROLLARY 2.4. If we take A =1 and n(b,a,m) = b —ma with m =1 in
Lemma 2.1, then the identity (2.1) transfers to

e [t () e (450)] L LS

b—a
Wl/ YVutp-a) (06, 1=20) f (a+1(b—a))dt

—/l Y“(ha)(oc,Zt—l)f/(a—i-t(b—a))dt].

In particular if we take o« =1 and i =0, then we get
+f( ) b—a [! ,
= 1-2 +1(b—

which is proved by Dragomir and Agarwal in [20] to establish several Hermite—Hada-
mard’s integral inequalities for convex mappings.

2.2. f' is a Lipschitzian function

Applying Lemma 2.1, we obtain the tempered fractional integral inequality in the
case that first derivative of defined mapping is Lipschitzian.

THEOREM 2.1. Let f : [ma,ma+1n(b,a,m)] — R be a differentiable function.
Assume that f' is integrable on [ma,ma+n(b,a,m)] and satisfies a Lipschitz condition
for some L > 0. Then we have

an(b,a,m)

‘ff(a,u7/l;n,m,a,b)‘ < >

'Al(mhﬂ)» (24)

where,

Al ) =7 nbam) AN (b,a,m)

Proof. Tt yields from Lemma 2.1 that

& |:j/ﬂ (a,?tn(b7a7m)) Yu (OH— l,ln(b7a,m))]

Ty(o, p, Asm,m,a,b)

M{/ Yun(bam) (06 A (1=1)) {f’ (ma—l-%tn(b,a,m)) —f’(ma)—kf/(ma)} dt
[ untam (200 [ (ma (1-20 Y100 )~ na 45 n) dt}

M{/ Yun.am (@A (1—1)) [f’ (ma+%m(b,a,m)> —f’(ma)} dr

_ /01 yﬂn(b,a,m)(m/l(l —t)) [f/ (ma—l— (l - %t)n(hmm)) —f/(ma)] dt},
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Since f’ satisfies Lipschitz conditions for some L > 0, we have

<L

A
ma+ 5 (b,a,m) —ma

(ma+ Sm.am) ) = ma

= Zmw.am),

and

' (mat (1-50)n@am) - e

< Lima+ (1—%t)n(b a,m)—ma

L(l - %t)n(b,a,m).

Hence,

'%c(oc,,u,l;n,m,a,b)'

An(b,a,m 1
< % [/0 yun(h,m)(a,x(l —1))

+/01 ’(ma-l— (1 - %t)n(b,a,m)> — f'(ma)

Ln2(b,a,m) (A [
S % (E/o Y (bam) (2 A(1 —l))dt) ,

dr

(ma+ Sm.am) ) - na

:

YMn(b,a,m) (067 A’(l - t))

Changing the order of the integration, we have

O{A,[J / Yunbam (l_t))d

_ _/ / ya_le_un(baaam)ydy dl‘
2 Jo 0

_ / ‘ ( / A _u)“lewbvavmw”)du)dr
2 Jo t

_ A«OH_I 1 /u(l _ )(x—l —,un(b,a,m))l,(l—u)dt d

) 0 o u e u

Aa-&-l 1 o1

_ _ —1 ,—un(bam)A(l—u)

> ), u(l—u)* ‘e du

1

_ AT /1 uafleflpn(b,a,m)udu _ /1 uaefl[,ln(hum)udu

2 0 0
B & Tu (a,?tn(b7a7m)) M (OH— Lln(b,a,m))
2 n%*(b,a,m) ANt (b a,m) '

This finishes the proof. [J
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COROLLARY 2.5. Ifwe take i =0 in Theorem 2.1, then we have

2% 1T (o + 1) {
n%(b,a,m)

A
+/((rxna+n(b,a,m))*f (ma+ (l - E) n(b7a7m)):|

Tef (ma + %n(b,a,m))

1

2
A%HIN2(b,a,m)
h da+1)

[}Laf(ma) + A% f (ma+ n(b,a,m))] ‘

specially for o =1 and A = 1, we get

n(b,a,m) Jma 2

1 /ma+n(h,u,m) ) f(ma)+ f(ma+n(b,a,m))

' (2.5)
’ Ln2(l;a,m)_

COROLLARY 2.6. Suppose that all the hypothesis of Corollary 2.5 are satisfied,
we have

1b fl@)+f®)| _ Lb—a)’
t)dr — < .
' b—a / 1) 2 8

Proof. If we take 1 (b,a,m) = b —ma with m = 1 in inequality (2.5), then we
have the desired inequality. [

2.3. ' is a bounded function

Our next goal is to obtain the error bounds of the tempered fractional integral
inequality when the derivative of the considered functions f’ are bounded.

THEOREM 2.2. If there exist constants Y < Y satisfying that —e < vy < f'(x) <
Y < +eoo forall x € [ma,ma+n(b,a,m)), then the following inequality for the tempered
fractional integral operators with 0 <A < 1, oo >0 and p > 0 holds:

n(b’a’m)(Y_Y)

2 'AI(O@AJJ’)? (26)

Tr(o, 1, Aim,m,a,b)| <

where Ay(o,A, 1) is defined as in Theorem 2.1.
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Proof. Utilizing Lemma 2.1, we have

‘%c(oc,,u,l;n,m,a,b)'

— M / Yun(b.am) ((X )L(]—t))f/<ma+%tn(b7a7rn))dt

Al A
_ E/o Yun (bam) (og/l(l —t))f’ (ma—l— (l — Et) n(b7a7m))dt

M[/ Yun(b,am) (OC 2/(1 t)) [f/<ma+%tn(b’a’m))_’JHZ——T+’J/—'2——Y:|dt

[ [ (1 ) 222
'M [/ ontham (0 21-0) | (ma+ Sim0.am) ) T3 o
~ [ tmvam (@t =0) [ (ma (1= 50 )nioam) - 77 a
AU 1)
[ [t (o2 0= (mat (1= o) niouam) ) - 75 o

a,m - !
< MOaOD (221

:W.Al(mhm,

This finishes the proof. [

/<ma+ %tn(b,a,m)) - —’dt

COROLLARY 2.7. Ifwe take i =0 in Theorem 2.2, then we have

2971+ 1)
ne(b,a,m)

A
+ I nasn(.am)-f (’"a+ (1 - 5) n(b,a,m))]

_ % [)Lo‘f(ma) +/l“f(ma+n(b,a»m))] ‘

et (ma+ Snioam)

Aa-&-ln(b,a,m)(y’_ 7/)
do(a+1)

)
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specially for . =1 and A = 1, we get

n(b7a7m) ma 2

< n(b7a7m)(Y_ Y)
X 3 .

1 /ma+n(b=a~,m) ) f(ma)+ f(ma+n(b,a,m))

2.7

COROLLARY 2.8. Suppose that all the hypothesis of Corollary 2.7 are satisfied,
we have

b a —a)(Y—
oL [ - LO0)  6=ar=p

Proof. If we take 1 (b,a,m) = b —ma with m = 1 in inequality (2.7), then we
have the required inequality. [J

For deducing the following results, we consider another case of boundedness of
f.

THEOREM 2.3. Under all assumptions of Lemma 2.1, suppose that f is bounded
on (ma,ma+n(b,a,m)), i.e., ||f'|| = sup|f’(x)| < eo. Then the following inequality

for the tempered fractional integral operators with 0 < A < 1, oo >0 and p > 0 holds:
|y, 25m,m,a,5)| < 0 (bsam) ||l As (e A, ), 2.8)
where Ay(o, A, 1) is defined as in Theorem 2.1.

Proof. Utilizing Lemma 2.1, we have

’jf(a7y,7t;n7m7a7b)’

b7 ; A !l A
_ M{‘E/o yun(b’a’m)(a,k(l—t))f’(ma+ Etn(blen))dt

2 |

A *
- 5/0 Yun(b,a,m)(a7k(1 _t))f/ (ma—|— (1 B 5t>1‘](b,a,m)>dt
gy (s )

+%/01 f’<ma+ (1—%t)n(b,a,m)) dt}

(A
<n@amlf (5 [ nvam (020 -0

= n(b’a’m)”lew ~A1(OC,A,,,U).
This finishes the proof. [J

Y[Jn(b,a,m)(aaz'(l _t)) dr

Y[Jn(h,u,m) ((X,A,(l - t))‘
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COROLLARY 2.9. Ifwe take i =0 in Theorem 2.3, then we have

2270+ 1) [, A
W[ mat S (ma—|— En(b,a,m)>

A
+ I wasnvam) -t (’"a+ (1 - 5) n(b,a,m))]

_ % [)Laf(ma) —l—l“f(ma—i— Tl(b,a,m))] ‘
A% (b,a,m)||f"]]-
2(a+1) ’

specially for o =1 and A = 1, we get

1 ma-+1(b.am) f(ma)+ f(ma+n(b,a,m))
U(b,a,m) /ma f(t)dt a 2 (29)
g n(b7a7'Z)Hf/H°°

COROLLARY 2.10. Suppose that all the hypothesis of Corollary 2.9 are satisfied,
we have

b a —a oo
’bia/a f(t)dz—f();f(b) <(b inH .

Proof. If we take n(b,a,m) = b —ma with m = 1 in inequality (2.9), then we
have the desired inequality. [

2.4. |f'| and |f'|7 are generalized (s,m)-preinvex

Considering the mappings whose the absolute values of the first derivative are
generalized (s,m)-preinvex, we are capable of establishing certain tempered fractional
integral inequalities with regard to such kind of mapping.

THEOREM 2.4. If |f'| is generalized (s,m)-preinvex with certain fixed s,m €
(0,1], then the following inequality for the tempered fractional integral operators with
0<A<1, a>0and u >0 holds:

m|f'(a)| + |/ (b)]

2s n(b7a7m)'Al(a,A«,‘u), (2.10)

Tr(o, A m,a,b)| <

where Ay(o, A, 1) is defined as in Theorem 2.1.
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Proof. In terms of Lemma 2.1 and the generalized (s,m)-preinvexity of |f’|, we
have

‘yf(a,%/l;n,m,a,b)‘

< Nb,a,m)

A
ST, l/oz|Yun<b,a,m>(%/1—2f)’|f/(ma+”7(b»a»m>)ldf

1
+/1 N Yun@am (@A =2420)||f' (ma+1m(b,a,m))| dt]
2

<A [/o [Tantsam (0,2 = 20| (1= 1|/ (@)] +2°| () o

- Wit (0.2 ~220] (1 =1 @) +r“>f’<b>udr]

_ M[ ' (a |</0%(1—t)s|yﬂn(b7a7m)(a7l—2t)}dt
+/11%(l—t)“'}yun(h7u7m>(a,7t—2+2t)}dt>
+|1 ()] (/ng |yﬂn(b7a7m)(oc,l—2t)}dt—i—/ll_%ts }yun(h7u7m>(a,7t—2+2t)|dt)]

:M< | (a) }+}f’(b)|)/ok(t+( )}Yyn}mm(‘)”L 21)| dr

< M( ' @]+1r'®)]) /0% iam (b (00 4 —20) | dr.
To prove the last inequality above, we use the fact
(-1 <2,
forall 7 € [0,1] and s € [0,1].

Also, by means of the change of the variable u = %t, we have

A
/02 |’J/yn(b,a,m)(a7l — ZI)}dZ

!
- E/O ’yl”l(b,a,m)(ohl(l _t))dt
= AI((X,A"LL)'

Thus, the proof is completed. [
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COROLLARY 2.11. Ifwe take A =1 in Theorem 2.4, then we have

20711 ()
n (b7a7m>a%‘[(b,a,m) ((Xa 1

) {f,,(lfff“)f (ma—f—%rl(b»a»m))

(e.2u) 1 f(ma) + f(ma+n(b,a,m))
+/(ma+n(b,a,m))f<ma+§n(b7a7m))] - 3
n(b,a,m) {yu(a,n(b,mm)) B Yu(o+ Ln(b,a,m))}
b 25+1Yn(b,a,m)(avl) na(b»a,m) Tl““(b,a,m)

y [m|f’(a>l+lf’<b>l],

specially for n(b,a,m) = b —ma with m =1, we get
29711 (ar) [ (021 <a+b) (021 (a—i—b)] fla)+ f(b)
; n _
b o@D |77 G 2

b—a yﬂ(mb—a) _yﬂ(OH—l,b—a) ' ,
< 2S+17(b—a)(avl)[ (b_a)a (b—a)‘“‘l :||:}f( )“—}f (b)}]

COROLLARY 2.12. If we take i = 0 in Theorem 2.4, then following inequality
for Riemann—Liouville fractional integrals holds:

29710 (0 +1)
n%(b,a,m)

+ 2 arn(vam)-f (ma+ (l a %) n(b’a’m))]
_ % [Nf(ma) +/l°‘f(ma+n(b7a7m))} ‘

1t

specially for oo =1= A, if the mapping 1 (b,a,m) with m =1 degenerates into 1(b,a)
and we choose s = 1, then we have

[/nmf (ma + %ﬂ(b,a,m))

A% (b,a,m
oo+ 1)2s+1

[m|f'<a>| P

n(b,a) 2

<100 @)+ 1w

1 /a+n(h7a)f(t)dt  [fl@+flatn(ba)) ‘

This is one of the inequalities established in [8, Theorem 2.1].
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THEOREM 2.5. If |f'|? is generalized (s,m)-preinvex with certain fixed s,m €
(0, 1], then the following inequality for the tempered fractional integral operators with
0<A<1, a>0and u >0 holds:

‘jf(a,;,tﬂ;n,m,a,b)‘

o s34

o 2.11)
1®) )

where,

1 A2 1
L) = ot 0~ a0 ).

Proof. By utilizing the properties of modulus on Lemma 2.1 and using the Cauchy
integral inequality, we obtain

(e A, m,a,b)

< M([/% V() (04 —2t)dt]£ UOZ ’f’(ma—f—tn(b,a,m))fdt} %

0

1 51l 3
+[/1%ylzm(bﬂm)(oc,l—Z—i-Zt)dt} [/1l}f’(ma—l—tn(b,a,m))fdt} )

2

Due to the generalized (s, m)-preinvexity of |f’|> on [a,b], we have

/ |/ (ma+m(b,a m))|2dt

<)y [

2
0| e

7'(b) ﬂ d
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and

1
/1_% ’f/(ma+tn(b,a,m))|2dz
1
<Jy[ma-or
m AN
S (5)

r@f +o o) |a

()

/ 2 1
f(@) g

1
:/1 A J’zun(b,a,m)(()h/l —242t)dt
-2
2

A—=21
:/ (/ xale[,ln(h,u,m)xdx) dr
0 0
A A— A—
< /2 [/ x (xoc—l)zdx/ 2 (e—yn(b,a,m)x>2dx:| dt
0 0 0

A

1 7
_ A—2 200—1 1— —2un(b,a,m)(A—2t) d
220 — )un(b,a,m) (/o ( ) ( ¢ ) !

1 AZa
~ 4o~ D)un(b,a,m) (ﬁ - yz“”(”’“”“)(za’/l)) '

Also,

A
’y2/,tr)(h,u,m)(2a7l) _ /O u2a71672u7‘l(h,u,m)udu

2An(b,a,m
R / b )tz"‘*le*’“dt

(2n(b,a,m))** Jo

1
= —— (20,240 (D

(21‘](b,a,m))2°‘yu( o, n( 7a7m))7
where we use the change of the variable r = 21 (b,a,m)u. A simple combination leads
to the desired inequality (2.11). This ends the proof. [

COROLLARY 2.13. Ifwe take A =1 in Theorem 2.5, then we have

20711 () {
n (b7a7m>a%‘[(b,a,m) ((Xa 1)

F Iy (mat S0 | - LS )

/rflgfu)f (ma + %n (b7a7m))

ma+n(b,a,m))~ 2
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m s+l _q 2 1 1 s+1
S T\ T f’(a)’ + 5
2 s+1 2 s+1\2
mo (NN 21 o, 2\?
! 21 )
+<s+l<2) f(a)‘ +s+l< 2s+1 )f() )
specially for n(b,a,m) = b —ma with m =1, we get
201 (o 2 a+b 2 a+b
s [ () + e (4

(b—a)*Yp-a)(0t,1)
1 2s+l -1 ,
<S+1 ( 25+l ) !

NS el |
f@’*m(W)

f’(b)\zf

< n(baaam)g%(a7 17”)

)

]_f(a)Jrf(b)

b—a
2

1 1 s+1
“(7:(3)

specially for s =1, we get

2971 (ar) |:/a(f62#)f< >+jba2u (a-iz-b)]_f(a);rf(b)

b= @ 1)
f’(b)\z)i(% f’(b)iz)ﬂ.

COROLLARY 2.14. Ifwe take i =0 and s =1 in Theorem 2.5, then we have

< L3 (o, 1,1)

2 1 ;o203
f(a)“Fg

. f/(a)‘ +t3

<—$%(0@17#)[<§

20-1T(g + 1)
n%(b,a,m)

A
+/(?;m+n(h,u,m))*f (ma+ (l - E) n(b7a7m)):|

[x"‘f(ma) + A% f (ma+ n(b,a»m))] ‘

P At (mat Gnio.am))

1
2

< n(b’za = (2(22?1))5 Km(mg—/mz)

(S o]

/
@[ + ¥
specially for oo =1 and A = 1, if the mapping N (b,a,m) with m = 1 degenerates into

"(a)| +

2

,(b)‘z)%
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n(b,a), then we have

ﬂ(;,a) /Olf(aﬂn(b,a))dt_ f(">+f(az+n(b,a))
< L(Elrel f’“’)‘z)i (slr@f+3 f’(b>\2)%].

In the next theorem, we use the following confluent hypergeometric functions [6].

1
1F1(a;b;z):7)/ W1 —w) et du, b >a >0, —oo <7< 400
—a) o

THEOREM 2.6. If |f'|9 for ¢ > 1 is generalized (s,m) -preinvex with certain fixed
s,m € (0,1], then the following inequality for the tempered fractional integrals with
0<A<1, a>0and u >0 holds:

)j}c(my,k;mmmb))

1-1
< 7”(1”2’"1)7“ (%) A o)
! (2.12)
f’(b)\q>

1

o))’

x [(mA3<a,x,u>

f(@)["+ms e 2,

+ (o) @)+ a2

where,
AT (s +2)T (@)
2((x7 nu’) 2S(S+l)r(s+a+2)6'un(b’a’m)z’ 1 l(s+ S"’(X"’ un( a m) )
227s
A3(a7x’7.u) = Al(avx'a.u)_A2(a7x7”)7

A
and Ay (o, A, W) is defined as in Theorem 2.1.

Proof. For g > 1, if we use the Lemma 2.1, the power-mean integral inequality
and the generalized (s,m)-preinvexity of |f’|, then we have

‘jf(a,u7/l;n,m,a,b)‘

n(b,a,m)
2

Al A
5/0 ’)/[Jn(b,a,m)(aax(l_t))f/<ma+5tn(b7a7m))dt

A sl , A
_ 5/0 Ym(b,a,m)(%/l(l —t))f (ma—l— (1 - Et)n(lzcum))dt
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1

b,a,m)A 1 -3
S T

th>‘ll
(v s =0p | (s (150

< M (%/O% YVun(b.am) (06 A _2t)dt)l_é
x { [/Oli’un(h,a,m(a,k(l —1)) <m<1 B %)‘ f’(a)’q+ <%>X
+ U()lmn(bﬂm)(a,)t(l_t)) (m (%)S f/(a))q+ (1_&>5

b,am)A [ 2 - -1
:¥<1) A (oA, )

X { |:m
O [ (%) noam(era -]’

7@ [ (%) tnam(er1-0)a

f’(b))q/o1 (1 - %)Sn,ﬂbw)(mul —t))dt] % }

Using the change of the variable u =1 — %y and changing the order of the integration,
we have

YA
/0 (7) Y;ln(b,a,m)(aal(l_t))dt

N

f (ma+ %m(b,a,m)>

F@ [ (1-5) Huntam (o210

+

|

+

Il
7 N

N

1 A(1—
s </ (=) yale[,ln(h,u,m)ydy> dr
0

s .1 t
0 1

06/1(1 _ u)aflefun(h,u,m)l(lfu) (/ut.\'dt> du
0 0

>

N> N> N> N>
o\ S

Il
7N N N
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:< ) / SHL(] = )@ Lo tn(bam)A(1-u)g,
s+1

s
_ & 2o 1 efyn(b,a,m)l / u.\'Jrl (1 _ u)aflepn(b,a,m)ludu
2 s+1 0

_ ATOT (s +2)0(a)
©25(s+ DT (s + o+ 2)ettn(bam)

= 1Fi(s+ 255+ o+ 2;um(b,a,m)A).

Also,
1 At
[ (1- 2) Vuntbam) (0 2(1—1))ds

Voo (A
g/(; (21 T (7) )y;ln(b,a,m)(a7z’(1 _t))dt

= oz ( / Y (b.am) (0 A (1 —t))dt) /0 <7L2t> Yun (b.am) (0 A (L —1))dt

2—s

A

Ao, A ) —Ag(o, A, ).

Thus, the proof is completed. [

COROLLARY 2.15. Ifwe take u =0 in Theorem 2.6, then we have

2971 (o + 1)
n(b,a,m)

A
+j(?:1a+n(b,a,m))*f <ma+ <1 - 5) Tl(h“;’”))}

. % [;Laf(ma) + A% f(ma+ n(b,a,m))} '

[f,,’f‘u+f (ma + %n (b,a,m))

< Oﬂ’l(b,a,m)x< (Aa )1;

h 4 alo+1)

S )

, lfsz/a A.\'Jra
(@) ‘q+ (é(aJrl) e et a>>

st+o

25(s+1)

B(s+2, ) ’(b)ﬂ %’

'(b)\“]é},

f@|'+

AerOt
+ [m 2S(s—|—l)B(S+2’ o)

where,

B(a,B) = /01 (1 = )P du,
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In particular, if we take oo = 1 = s, then we get

/mﬁ;n (b,a,m) ma-+1(b,a,m)

1
- £)dr + t)de
T](b,a,m) [ ma f( ) ma+(1*%)7‘l(b7avm) f( ) ]

- % [f(ma) + f (ma+ n(b7a7m))}
(2.13)

'+

= 4 2 12
2 i
4 (mk— f’(b)‘q) }

COROLLARY 2.16. Suppose that all the hypothesis of Corollary 2.15 are satis-
fied, we have
f fla)+ f(b)
t)dr —
‘b a/ S)
(b—a)(l)l—g Ly, ‘q 5
< — - -
1 \2 @] +13

(@) |

Proof. If we take A = 1 and 1n(b,a) = b —ma with m = 1 in inequality (2.13),
then we have the desired inequality. O

T () (A o)
o, Mo-2)

(a) D

f’(b)’q>;

'(a)

‘q 1
12

3. Examples

EXAMPLE 3.1. Considering the function f(x) = £x°, for x € [0, 1] Then |f'| =
}‘xz is a generalized (s,m)-preinvex funct1on withregard to 1(y,x,1) = 3 4y _xfors=1

and m=1.Ifwetake a=0,b=1, ax = 2, W =1 and A = 1, then all assumptions
in Theorem 2.4 are satisfied.
Clearly, the left-hand side part of (2.10) is:

‘%(a,u,l;n,m,a,b)‘

1 4 1
5v10 2 2 %3 4 (s 2\2 53
= - —t t>dt 5 t—— tdt
‘ 9% {e /o (5 ) ¢ +e/§ 5) ¢

1 4
ﬁe‘?‘dt

375 Jo
~0.004273.
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The right-hand side part of (2.10) is:

m|f'(a)| + /' (D)
ZS

1[/5\% /4 5\3

51 5 3
=—|(2 Tetdr— (2 2ed
20[(4) /ote a (4) /ote t}

L s V5 (3 4)

n(b,a,m)A; (e, A, )

“16° 2567\ 25
~0.009627.

It is clear that 0.004273 < 0.009627, which demonstrates the result described in The-
orem 2.4.

REMARK 3.1. Case 1: Assume that the parameter ( is not a fixed constant in

Example 3.1. For instance, u € [1,3], based on Theorem 2.4, we get the result for the
parameter U as below:

V(15 34\ e iH
32 gu)™\2'5) " 16
1 4 1
5VI0[ 4. f3/2 \:2 4, 3/ 2\2 8 1 4
< —3zU - 2ut .3 gp/ _ = —2ut 3 _ / T 5Hqy
< o6 [e /()(5 t)e t’dt+e : t5 e t7dt —3750te

V3 15 34\ e 3K
< _ - g . 3.1
32 (1 8;1)”’“‘ (2 5>+ 16 S

0.01

0.008

0.006

0.004 - T

0.002 - T

Function value f(u)
o
T
I

-0.002 Middle\ 7
-0.004 ///
-0.006

-0.008

-0.01
1 1.2 1.4 1.6 1.8 2 22 24 2.6 28 3

Variable 1

Figure 3.1: Graphical representation of Example 3.1 for the variable o, = %
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The three functions given by the double inequalities on the left, middle and right

sides (3.1) are plotted in Fig. 3.1 against u € [1,3]. The graphs of the functions prove
the validity of dual inequalities.

Case 2: Suppose that the parameter ¢ is not a fixed constant in Example 3.1. For

instance, o € [1,3], based on Theorem 2.4, we get the result for the parameter o as
below:

A A AN
4o 4 )"\*5) " 16
5¢ s 32 o 2.3 s (3 2\ -2t.3
ém{e 5/0 (g-t) e tdt+€5/; (l‘-g) e tdt:|
8 4,
——— | t2e 5'dt
375}€ ¢

sl (0 5q 4\  es

The visualization results of the three functions given by the double inequalities on the
left, middle and right sides (3.2) are plotted in Fig. 3.2 against o € [1,3]. As can be
seen from Fig. 3.2, the results given in Theorem 2.4 are always true if the parameters
u=1and o € [1,3] are given any value.

0.02

0.015

0.01

o — Fignt

o
o
=)
o
T

o
T

Middle b

Function value f()

-0.005

-0.01

-0.015

-0.02

Variable o

Figure 3.2: Graphical representation of Example 3.1 for Variable u =1 and o € [1,3]

Case 3: Assume that the parameters o0 and p are not two fixed constants in Ex-
ample 3.1. For instance, o, € [1,3], based on Theorem 2.4, we get the result for the
parameters ¢ and U as below:
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S(X 2 a-1 4 2 o—1
< 3.90+3 {e‘gﬂ/ (5 —t> eZutt3dt+e§u/25 <t— g) e_zptt3dt]
. 0 .

1
— 3273—5 101 5hrgy
0

BN ORI AV R AN
S Gat 4 ) M\ *5) T Ten

Let us discretize the region of [1,3] x [1,3]. From the visual perspective of graphics,
Fig. 3.3 vividly describes the result exhibited in Example 3.1.

0.02 4

0.015 —

0.01 —

0.005 —|

Function value f(a, )
o
1

-0.005 —|

-0.01 —

-0.015 —

-0.02 = 5

1.5

Variable a Variable

Figure 3.3: Graphical representation of Example 3.1 for Three-dimensional

EXAMPLE 3.2. Considering the function f(x) = —2-0.52, for x € [0,1]. Then
|f'(x)|> = 0.5% is a generalized (s,m)-preinvex function with regard to n(y,x,1) =
2y—xfors=1andm=1.Ifwetake a=0,b=1, a = %, u=1and A =1, then
all assumptions in Theorem 2.5 are satisfied.

Clearly, the left-hand side part of (2.11) is:
{‘%(a’u7)’;namaaab){

<

L[ 5! 3 200 g4 2 [? 3 -2 <h 3
N — 2 2 — 2 2 _ 2
lnz[e /0(1 12 e20.55dr + e /1 (1= 1)} e 20.55dr +1n4/0te dr

~ 0.0207.
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The right-hand side part of (2.11) is:

ez (- (-4 o s 3 o)
(@) ol (-3

- [i5-getoe)] - (735)

~0.1697.

It is clear that 0.0207 < 0.1697, which demonstrates the result described in Theorem
2.5.

REMARK 3.2. Case 1: Suppose that the parameter {1 is not a fixed constant in
Example 3.2. For instance, u € [1,3], based on Theorem 2.5, we get the result for the
parameter [ as below:

it (5 o)) (250)

1
In2

3 Ly )
— | t2e Mt
+1n4/0 ¢

<[ 5w (F55).

<

S

1 2
[ﬁ“/ (1—;)%e2“f0.5%dz+e2”/ (1—1)2 e 210,55 dr
0 1
(3.3)

where,

16 8 2] 4
Y(3,4)=—=— [——I———i——]e L
H ( ) u ‘LL2 ‘ug
The three functions given by the double inequalities on the left, middle and right sides
(3.3) are plotted in Fig. 3.4 against u € [1,3]. The graphs of the functions prove the
validity of dual inequalities.
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0.2

o
o
a

T
I

Function value f(u)
o
T
1

Middle

0.2 I I I I I I I I I

Variable
. . . . . _3
Figure 3.4: Graphical representation of Example 3.2 for the variable o = 5

Case 2: Assume that the parameter ¢ is not a fixed constant in Example 3.2. For
instance, o € [1,3], based on Theorem 2.5, we get the result for the parameter o as
below:

[y (s e (725)
1
In2

+i/1t°‘_1e_2tdt
In4 Jo

<[y (s sz (25),

The visualization results of the three functions given by the double inequalities on the
left, middle and right sides (3.4) are plotted in Fig. 3.5 against o € [1,3]. As can be
seen from Fig. 3.5, the results given in Theorem 2.5 are always true if the parameters
u=1and o € [1,3] are given any value.

<

1 ; 2 !
[e2/ (1 —t)aflez’O.SZdhLez/ (=1 e 0.52dr
0 1

(3.4)
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Middle

Function value f(a)

Variable a

Figure 3.5: Graphical representation of Example 3.2 for Variable u =1 and o € [1,3]

Case 3: Suppose that the parameters o and p are not two fixed constants in
Example 3.2. For instance, o, u € [1,3], based on Theorem 2.5, we get the result for
the parameters ¢ and U as below:

[ (2 s | (55)

1 1 1 2 13
< {e%ﬂ/ (1—zy**e%“05fdr+e%ﬂ/ @-—U“Ie%”05zdﬂ
0

In2 I
3 1
-~ tocfl 72ptdt
+1n4/o ¢

<[y (s~ e | (75°5)

Let us discretize the region of [1,3] x [1,3]. From the visual perspective of graphics,
Fig. 3.6 vividly describes the result exhibited in Example 3.2.
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0.3 —
0.2 —

0.1

-0.1 —

Function Value f(, )
o
L

-0.2 —

22 2

18 16 14 4o

Variable o

1 1 Variable

Figure 3.6: Graphical representation of Example 3.2 for Three-dimensional

4. Conclusion

In this study, we first introduce the conception of (g, n)-incomplete gamma func-
tions. Then we establish a general fractional-type identity with parameters. Using
the identity and the new notation, we derive certain parameterized inequalities of the
Hermite-Hadamard type pertaining to the tempered fractional integrals. Moreover,
some examples are presented to identify the correctness of the results. The obtained
results in this work substantially generalize certain previous findings in the literature of
Hermite—Hadamard-type inequalities.
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